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Abstract

The objective of this study is to propose closed-form solutions to the free vibration response of single-degree-of-freedom (SDOF) systems,
as part of fundamental research on dynamic systems with Coulomb friction. The motion of a dynamic system with Coulomb friction is
described by a nonlinear differential equation, and, due to the variation in the sign of friction force term with the direction of motion, it is
difficult to obtain the closed-form solution. To solve this problem, the nonlinear differential equation is directly computed by numerical
integration, or an approximated solution is indirectly obtained using a linear differential equation wherein the damping effect due to Coulomb
friction is replaced by an equivalent viscous damping term. However, these conventional methods do not provide a closed-form solution from
a mathematical point of view. In this regard, closed-form solutions to the free vibration response of SDOF systems with Coulomb friction are
derived herein by considering that the sign of the friction force term is reversed in each half-cycle of motion and by expanding it to the entire
time history using the power series function. In addition, for a given initial condition, both the number of free vibration half-cycles and the
response at the instant when free vibration motion stops are predicted under the condition that the motion of free vibration is stopped when the
amplitude of the friction force is higher than that of the restoring force due to stiffness.

Keywords : coulomb friction, friction damping, single-degree-of-freedom (SDOF) system, free vibration response, closed-form solution
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Fig. 1 SDOF system with coulomb-friction damping
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Fig. 2 Free vibration response to expanded solution
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Table 1 SDOF model with only coulomb-friction damping

Cases Mass Natural Friction Initial
[ton] Freq.[Hz] Coef.[%] Displ.[m]
Casel 100 1.0 10.0 0.25
Case2 100 1.0 10.0 -0.25
Case3 100 1.0 5.0 0.25

Displacement[m]

-0.3
0

~-Case1(exact)
- Case1(numeric;
1 | o Case1(peaks)
-—Case2(exact)
--=Case2(numeric)
o Case2(peaks)
4 |—C; t)

—~Case3(numeric)
A Case3(peaks)

Timef[sec]

(a) Displacement

Acceleration]m/s?]

"""" Case1(exact)
~=Case1(numeric)
© Case1(peaks)

=-=Case2(exact)
=-=—Case2(numeric)
oc

\;A —Case3(exact)

—Case3(numeric)
A Case3(peaks)

1 15 2 25 3
Time[sec]

3:5 4 4.5

(b) Acceleration

5

Fig. 3 Free vibration response to closed-form solution
considering viscous damping

Table 2 Results calculated from closed-form solution

No. of half cycle at
. . Permanent Permanent
Cases motion-stopping ) s
- Displ.[m] Accel.[m/s”]
Exact Numeric
Casel 5 5 -0.0015 1.0406
Case2 5 5 0.0015 -1.0406
Case3 10 10 0.0015 -0.5501
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Fig.5 Free vibration response to expanded solution
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Table 3 SDOF model with both viscous and coulomb-friction
damping
Cases Mass | Natural Viscous Friction Initial
[ton] | Freq.[Hz] | Damp.[%] | Coef.[%] | Displ.[m]
Casel | 100 1.0 3.0 10.0 0.25
Case2 | 100 1.0 3.0 10.0 -0.25
Case3 | 100 1.0 3.0 5.0 0.25

- Casel (exact)
- Casel(numeric)
© Casel(peaks)
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o Case2(peaks)

—Case3(exact)
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(a) Displacement
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—cC
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Acce\eration[m/sz]

Time[sec]
(b) Accelerat

Fig. 6 Free vibration response to closed-form solution considering
viscous and friction damping

Table 4 Results calculated from closed-form solution

No. of half cycle at
Cases motion-stapping Pe@ment Permanen;
Exact Numeric Displ.[m] Accel.[m/s7]

Casel 4 4 0.0057 -1.2070

Case2 4 4 -0.0057 1.2070

Case3 7 7 -0.0018 0.5609

4.2 2

B Aol i FEUPERAL ERE BAFEA Y A5
AeeH= ol BH oz Jgs] AS5T = =l s At
ahgick. 2l S AR, Foln 27 MglRRE gkl
o3 A5 AE SFo] AAFHE 277 9] BIF] Mol 4
A, &0l FAIStE U7 #pol 274 o A F 5=
AT = A= M, S B 7 Sl tigh drbs| AlA,
250 HATH 27k M HE PES ERaL 9

ol2|gt &3l o & ol-gsto] Al A Fo K S
S 1S BAREAY ARAESHE At on
HH-0., AL EEURRAE A0l i e
wA9) A AES TS AT 53, Fate] 2l Fof
A AR 7H09] Aol AL B sot Yete) A
Sh 20 Salstsct

2

e o
=2
L2 X
2
2
<
0
ol
%
ﬂllﬂl
o
o
o
=)
N
2
™
B
N
&
do
2

e
H
r2
[
I
P
(]
o
o
T
Ao
™
>
[
w
M
X
ok
N
o
N
o
D

15



FEUPES 2 SR EA L) AR5l B R o

References

Chopra, A.K. (2007) Dynamics of Structures, 3rd ed., Pearson
Education Inc., p.876.

Lee, S.K. (2018) Simultaneous Estimation of Viscous Damping
Ratio and Friction Coefficient Using Free-Vibration Response
of Structures, J. Reg. Assoc. Archit. Inst. Korea, 20(4), pp.37~44.

Lee, S.K.,, Park, Y.S., Song, S.H., Lee, W.G. (2019) Free Vibration
Displacement and Acceleration Response Characteristics of
Structures with Friction Damping, J. Reg. Assoc. Archit. Inst.
Korea, 21(3), pp-31~38.

Park, J.H., Kang, K.S. (2006) Experimental Study on the

Probability-based Equivalent Linearization of a Friction
Damper-Brace System, Trans. Korean Soc. Noise & Vib. Eng.,
16(4), pp-394~403.

Rao, S.S. (1995) Mechanical Vibrations. 3rd ed., Addison-
Wesley Publishing Company, p.912.

Seong, J.Y., Min K.W. (2011) Design of Friction Dampers
Installed at a Multi-Story Building under Seismic Load, J.
Comput. Eng. Inst. Korea, 24(4), pp.457~462.

Tamura, Y. (2006) Amplitude Dependency of Damping in
Buildings and Estimation Techniques, 12th Austral- asian

Wind Engineering Society Workshop, Queenstown, New
Zealand.

A
£ Q4 FRABE 2 FANLY 71220 G2 o
2 Btk 2RO TSk FAA LT SF YA S5
EES ﬂﬂ%ﬂ%@%ﬂ#ﬂeﬁﬂﬂﬂfﬂﬁ% 415

x|

7].%1/&-]71—),]% ;qg]_s]_ A—]‘c‘ﬂ U]_u‘i_
J SHollA 23l s & AlFskAl &

_I

<t EPEW 2 Aol A

%%%%@ﬂwﬂmfﬂ%ﬂwq A5 oo # %ﬂ%zaa,qga%¢§q 4@ﬂ?ﬂo A0 2H
%%ﬂé%ﬂa@ﬂﬂwEﬂAH-lE&”ﬂﬂﬂHr@@<i%§8%%-a%#EﬂUWEAEﬂ}P%ﬂﬂﬂ%
f12j0] 7] 5} A= 7ol A AT L5o] AAFHE 2AL o] §R0RA ol 272 Ao] A ST A v

719] 20} £50] AR HHe o] HeHE S S AL

SYgol : FBULE, TP, THAEA, AR S

16

MM EZEE =2 H33H X[15(2020.2)



