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REGULARITY AND MULTIPLICITY OF SOLUTIONS
FOR A NONLOCAL PROBLEM WITH
CRITICAL SOBOLEV-HARDY NONLINEARITIES

SARAH RSHEED MOHAMED ALOTAIBI AND KAMEL SAOUDI

ABSTRACT. In this work we investigate the nonlocal elliptic equation with
critical Hardy-Sobolev exponents as follows,

|u|p:'(t’>72u

(—Ap)*u = AMu|9™%u + P in Q,

(P) _
u=0 in RN\ Q,

where @ C RY is an open bounded domain with Lipschitz boundary,

0 <s<1,A>0isaparameter, 0 <t < sp < N, 1< qg<p<p}

where p¥ = NIXZp’ pi(t) = %Nf;;), are the fractional critical Sobolev
and Hardy-Sobolev exponents respectively. The fractional p-laplacian
(—=Ap)®u with s € (0,1) is the nonlinear nonlocal operator defined on

smooth functions by

(pr)Su(:v) — 2lim |’U,($) - u(y)‘p_z(u(x) - U(y))
O JRN\ B, |lw — y|N+ps

The main goal of this work is to show how the usual variational meth-

ods and some analysis techniques can be extended to deal with nonlocal

problems involving Sobolev and Hardy nonlinearities. We also prove that

for some a € (0,1), the weak solution to the problem (P) is in C**(Q).

dy, z e RV,

1. Introduction

The purpose of this paper is mainly to study the nonlocal elliptic equation
with critical Hardy-Sobolev exponents as follows,

f0-2,

(—Ap)%u = A|u|72u + WT in Q,

®) n &,
u=0 in RV \ Q,

where  C RY is an open bounded domain with Lipschitz boundary, 0 < s < 1,

A > 0is aparameter, 0 <t < sp < N,1<qg<p<p} Asusualp! = N]\i’;p and

pi(t) ==L ](VI\:;) are the fractional critical Sobolev and Hardy-Sobolev exponents
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respectively. The fractional p-laplacian (—A,)*u with s € (0, 1) is the nonlinear
nonlocal operator defined on smooth functions by

Al =20 | - u|(xy Hp;&fﬁ) — gy, s er

The problems of this type are important in many fields of sciences, notably
the fields of physics, probability, finance, electromagnetism, astronomy, and
fluid dynamics, it also they can be used to accurately describe the jump Lévy
processes in probability theory and fluid potentials for more details see [1, 10]
and references therein.

Before giving the important result that we will investigate in this work, let
us briefly recall the literature concerning related problems with Sobolev and
Hardy nonlinearity. In [9] Chen, Mosconi and Squassina using Nehari manifold
approach and fibering maps established existence and multiplicity of solutions
for a class of nonlinear nonlocal problems with Sobolev and Hardy nonlinearity
at subcritical and critical growth

{(—Ap)su = Al 2u+ pld 2 iy,

1) T

u=0 in R™\ Q,

where Q C RY is a bounded domain with Lipschitz boundary, 0 < s < 1,
A, > 0 are two parameters, 0 < a < sp < N, 1 <p <r <pi p<qg<

pi(a) where pf = N]\zp, pila) = pEVNf;;‘) are the fractional critical Sobolev

and Hardy-Sobolev exponents respectively. Yan [36] using abstract critical
point theorems proved the existence, multiplicity, and bifurcation results for
the Brezis-Nirenberg problem for the fractional p-Laplacian operator involving
critical Hardy-Sobolev exponents

Te)-2,

{(—Ap)su = Mu|P~%u + WT in Q,

2) .
u=>0 in RV \ Q,

where Q C RY is a bounded domain with Lipschitz boundary, 0 < s < 1,
A>0,0<a<sp<N.
If ¢ = 0, then the problem (P) is reduced to

(=Ap)%u = Au|92u + |ulPs =2y in Q,

3)

where A > 0 is a parameter and p} = Nj\ii rE We point out that many re-

searchers are paying a lot of attention on this nonlocal problem (3). Iannizzotto-
Liu-Perera-Squassina [20] established an existence result via Morse theory in
the subcritical case. The critical case is treated in Perera-Squassina-Yang
[26] with additional new abstract based on a pseudo-index related to the Zo-
cohomological index. These restrictions are used to prove the existence of a
range of the validity of the Palais-Smale condition. Note that, in this work,
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the bifurcation and multiplicity results are obtained for some restrictions on
the parameter A. The Brezis-Nirenberg type existence result is studied in [24].
In [15] Ghanmi-Saoudi using the method of Nehari manifold and fibering maps
proved the existence and multiplicity of nonnegative solutions to the nonlo-
cal problem for subcritical concave-convex nonlinearities. Also, the Dirichlet
boundary value problem in the case of fractional Laplacian with concave-convex
type nonlinearity using variational methods has been studied in [2,14,29] and
references therein.
In the local setting (s = 1), the problem (P) becomes

[[*

@ —Ayu = A2y + ey
u=20 in €,

where Q C RY is a bounded domain with smooth boundary, 1 < p < N,
A > 0is a parameter, 0 < ¢t < p, 1 < p < ¢ < p*(s) where p* = NN—EJ,
is the critical Sobolev exponent and Ayu = V - (|[Vu[P~2Vu) denotes the p-
Laplace operator. The results obtained by Ghoussoub-Yuan [17] is the starting
point on quasilinear problems with Hardy-Sobolev exponent. The authors ob-
tained the existence of infinitely many non-trivial solutions for the problem
(4). From this pioneering work, a lot of contributions have been done related
to existence, multiplicity, stability and regularity results on problems involving
Hardy-Sobolev exponent see [19,23,27,30,35] and references therein. In [23],
the authors studied an elliptic equation involving the critical Sobolev-Hardy ex-
ponents and singular potential. They obtained the existence of infinitely many
small solutions using concentration-compactness principle and a new version of
the symmetric mountain-pass lemma due to Kajikiya. In [19,35], the concave
convex problems with multiple Hardy type terms is studied where multiplic-
ity results are obtained using Nehari manifold approach and fibering maps.
Perera-Zou [27], using critical point theorems based on a cohomological index
and a related pseudo-index proved the existence, multiplicity, and bifurcation
results for the case A > A1 and extend results in the literature for 0 < A < Ay,
where A1 > 0 is the first eigenvalue of the eigenvalue problem

5) —Apu = AuP~2u %n Q,

u=0 in Q.
In the local setting case (s = 1 and p = 2) the problem (P) is reduced to
the semilinear problem with Sobolev-Hardy exponents

||

(6) —Au = du+ ‘ulQ*ju in Q,
u=0 in Q,

where  C RY is an open bounded domain with smooth boundary, A > 0
is a parameter and 2* = % is the critical Hardy-Sobolev exponent. This

problem has been paid more attention by many authors. We refer the readers
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o [8,22,34] and references therein. Cao and Han [8] proved the existence
of sign-changing solutions of problem (6) and obtained some estimates for all
weak solutions in H!(RY). In [34], the authors studied problem (6) with two
critical Hardy-Sobolev exponents and boundary singularities. Using Ekeland’s
variational principle and strong maximum principle, they proved the existence
and multiplicity of positive solutions. Jiang and Tang [22], using variational
methods obtained the existence of positive solutions of problem (6) when the
Hardy-Sobolev-Mazaya potential is concerned.

Now, we state the theorems that we will proved in this paper.

Theorem 1.1. There exists A € (0,00) such that,

(i) V A € (0,A), the problem (P) has a minimal solution.
(ii) For A = A the problem (P) has at least one solution.
(iii) V X\ € (A, 00) the problem (P) has no solution.

Theorem 1.2. For every A € (0,A), the problem (P) has multiple solutions.

2. A functional framework for the nonlocal problems

In this section, we start by recalling some notations which will be frequently
used throughout the rest of this work. We start by defining the following
function space. Define the fractional Sobolev space

WP(RY) = {ue LP(RY) : u measurable, |u|,, < +00,u =0 a.e. on Q°y,
and the homogeneous fractional Sobolev space
WeP(RN) := {u € LP(RY) : u measurable, |ul,, < +o0o},

the usual fractional Sobolev space with the Gagliardo norm
allsp = (lullf + lul2,) 7

For a detailed account on the properties of W*P(RY) we refer the reader to
[25].

Let © C RY and define Q = R2V \ (RY \ Q) x (RV \ Q)), then the space
(X, |- I|x) is defined by

X = {u : RY — R is measurable, u|qg € LP(Q2) and M € LP(Q)}

[z —y[
equipped with the Gagliardo norm

‘u )P %
ullx = [lull, + |Nﬂ,S N drdy

Here ||ul|, refers to the LP-norm of u. We further define the space

Xo={ueX:u=0ae in RV\Q}
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equipped with the norm

u %
Jull = [ )

The best Sobolev constant is defined as
Jo el dxdy

1mn
u€Xo\{0} (fQ |ps|dq;) H

We now state the following definitions to the problem (P). At first, associated
to the problem (P) we have the functional energy E) : Xg — R defined by

1 [ Jule) () 0
B =3 [ ety s = 2 e

Remark 2.1. Obviously, every critical point of E) is a weak solution of the
problem (P).

(7) S =

Now, we define a weak solution to the problem (P) as follows.

Definition 1. We say that u € X is a weak solution of the problem (P) if for
all ¢ € Xy, one has

/\u — u()*(ula) — u(w) (Gla) o) ,

|z — y|NFep

Ju[PE D=2y

= /\/ |u|9™%uep dx + ———¢dz.
Q Q ||
Definition 2. One calls a solution uy of problem (P) is minimal if uy < v

almost every where in 2 for any further solution v of problem (P).

Then, we state the definitions of a sub and a super-solution to the problem

(P).

Definition 3. A function u, € Xy is called a weak subsolution to the problem
(P) if

) uy >0, and
Ju () — uy () P~* (u (2) — ur (1)) (d(2) — $(y))
/ |z — y|Ntes ey
ORI

_ )\/ |Q)\‘q_22)\¢d$ _/ mit*(bdx <0
Q Q ||
for every positive ¢ € Xj.

Definition 4. A function u) € Xy is called a weak supersolution to the prob-
lem (P), if
(i) uy > 0, and



752 S. RSHEED MOHAMED ALOTAIBI AND K. SAOUDI

@ [ ia(@) = 1 ()P () — () (D) = 60)

|z — yIN“’S

2_
- |u)\\q 2unodx — u’\(bdx >0

for all p031t1ve ¢ € Xop.

We now list out the embedding results (See [31,32] for more details).

Lemma 2.2. The following embedding results holds for the space Xy.

(1) If Q has a Lipshitz boundary, then the embedding Xo — L1(Q) for
q € [1,p%), where pt = N]\ii)s'

(2) The embedding Xo < LP(Q) is continuous.

For u € LPs)(RYN), we denote by

pit)y A\ /Pe®
|up§(t) = </RN |z da:) :

We now must recall fractional Hardy-Sobolev inequality.

Lemma 2.3 (Hardy Sobolev inequality [9]). Assume that 0 < t < ps < N.
Then there exists a positive constant C' such that

pi(t) 1/p:(t) ‘U(ZE) _ u( P 1/p
s y)|

< [ S . B,
®) ( o |zl da:) =¢ </JRZN |z — y|[NFep dxdy)

for every u € W3 ().

The following embedding results has been proved in [9].

Lemma 2.4. (1) The embedding WP () — LI(S, %) is continuous for

q € [L,p;(t)] and compact for q € [1,p;(1)).
(2) Forp>1, W;P(Q) and D*P(RY) are separable reflexive Banach space
with respect to the norm [

s,p°
We will also define for any a € [0, ps] the positive numbers

Stinf{/R [@) = w44y e wer @) mth/'“

an |z — y| VP

pe(t)
dr = 1}.

This section is devoted to show the existence of a solution to the problem (P).
Our first result is to show that the functional E possesses a local minimum in
a small neighborhood of the origin in Xy. We start by proving the coerciveness
of the functional F. Precisely, we have the following result.

3. Existence of weak solutions

Lemma 3.1. There exist \g > 0, Ry > 0 and 09 > 0 such that Ex(u) > g >0
for all |lul| = R,
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Proof. Using Holder inequality and the fractional Sobolev-Hardy inequality, we
have

EA(U):E dedy—i/ |u|qu—i/ de
pJo lz—y[Nter 7 Ja pr(t) Jo |zl

1 A 1
> —|ul|%. — =Collul|2 pe(t)
2 M, = Collullg = s 11
1 A Cq
= ullf(=ulP~ = 20, — u|[Ps M=),
[l el 0~ o )

where Cy, Cy are two positive constants. Put f(z) = %xp 7— pc(l)xps ()—a _

A(0y. We find that there is a constant R = ( (D (p—q) )1/1)5 “- > 0 such
q pC1 (pz(t)—q)
that f(R) = I]?gécf( ) > 0. Choosing \g =
constant dg > 0 satisfying
E\ (U) > 50 >0
for all A € (0, A\g). The proof of Lemma 3.1 is now completed. O

Lemma 3.2. FE) possesses a local minimum close to the origin in Xo for all
A€ (0, A).

Proof. Let A\g, Ry and &g as in Lemma 3.1. Noting that for all ¢ € Xy, ¢ > 0,
@ # 0 and r > 1, we have

s (t) pe(t)
Bxtre) = L gl = 2peit [ fopras - o [ 1B
) Jo ol
Hence, E)(r¢) — —oo as r — 400 since ¢ < p < pi(t). So, Ex(ru) < 0
as r — oo for all u > 0. That is, for ||Ju|| < Ro sufficiently small, we have
c= inf E)(u) <O0.

UEBRO
Now, by the definition of the infimum, we consider a minimizing sequence
{un} for c. Then, using the reflexivity of Xj, there exists a subsequence, still
denoted by wu,,, there exists u such that

Up — U weakly in X
u, —u strongly in L*(Q, &%) for 1 <k <pi(t)
Up —> U pointwise a.e. in €.

Thus, by Brezis-lieb Lemma [5] we get,

t (t
(9) Jun 22(5) = [ul22) + un — ul22(0) + o(1),
(10) 2 = [al? + [ — wl2 + o(1),
(11) ] [P = [[u][7 + [ [t = ] [* + o(1).

Therefore, using Equations (9), (10) and (11), we conclude that

p3 (1)
p (t) +o(1).

1 1 1
Ex(up) = Ex(u) + =||un —u||? — =|up —u|? — ——=|un —
(un) )+l =7 | p*f(t)'

S
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Moreover, we observe that from Equations (9), (10) and (11) u,u, —u € B,
for u sufficiently large and

—uPr® > o(1).

1 1
_ _ p_ _ q __
p\lun ul| qIUn ul pi(t) =

-
R
T pr(t)

S

Hence, as n — oo, we deduce that
Ex(un) > Ex(ux) + o(1).

Since ¢ = | |i|1r1f< E)(u) we have u # 0, which is a minimizer of Ey over X
u XO_T‘
for all A € (0, Ag). O

Let us define
A :=inf{\ > 0: (P) has no weak solution}.
We show the following result regarding A.
Lemma 3.3. Assume 1 <p < q<p:. Then 0 <A < oo.

Proof. From Lemma 3.2 u # 0 is a local minimizer of E) over Xjy. So, since
Ey(ru) < 0 for r small, we have ¢ < 0. Hence, there exists uy € B, satisfying
E,\(U)\) =cand
(12) (_AP)S'U/)\ = )\|U)\|q72u)\ + |u>\||p;‘(:)727 in Qa

uy =0 in R™\ Q.

From the strong maximum principle of the fractional p-Laplacian we deduce
that uy > 0 in . Consequently, uy is a weak solution to the problem (P).
Hence A > 0.

Now suppose A = co. Then, we know from above that the problem (P) has
a solution for all A. Choose A, > 0 such that
p;(t)—2,
x|t

|r

|92 + > (A +e)rPtforallr >0, e€(0,1) and A > \,.

Clearly @ = uy is a supersolution of the eigenvalue problem
(13) u€ Xo and (=A)Su= (A1 +€)[ufPu in Q
for all € € (0,1). Moreover, we can choose k small enough such that u := k¢,
is a subsolution of the problem (13) (¢; is the eigenfunction associated to the
eigenvalue A;). Therefore, using the boundedness of uy (see Theorem 6.3)
combine with the boundedness of ¢, we can choose k small enough such that
u < u.

Now, we define the following monotone iterative scheme:

up = ko,
un € Xo and  (=A)Su, = (A1 + €)[un [P~ %u, in Q.
From the weak maximum principle, it is easy to see that

up SUp S S Up S Upgr S S U
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Hence, the sequence {u,} is bounded in X, and consequently, has a weakly
convergent subsequence {u,} that converges to up. Then, ug is a solution to
the problem (13) for any arbitrary e € (0, 1), contradicting the fact that A; is an
isolated and simple point in the spectrum of (fA); in Xy and by consequence
A < 00. The proof of Lemma 3.3 is now completed. O

Combining the result Lemma 3.3 with the previous notations provides the
following existence result.

Lemma 3.4. Suppose that u, is a weak sub-solution while Ty is a weak super-
solution to problem (P) such that uy, < @y. Then, there exists a weak solution
uy to (P) such that uy < uy <y a.e. in Q.

Proof. Our proof is inspired from Ghanmi-Saoudi [14]. Consider
MZ{u,\EXOZQASUXSE)\}.
So, it is simple to see that M is a closed convex set. Moreover, it is clear that

E) is weakly lower semicontinuous on M. Applying Lemma 5.4, we obtain the
existence of uy € M satisfying

Ex(uy) = 1n§\/[E>\(u0).

ug €
Now, we proceed to prove that uy is a weak solution to the problem (P). For
this, we introduce ¥ € M define by ¥, = uy + €p — ¢¢ + ¢ € M where
¢ = (un + €6 —u\)t > 0and ¢ = (uy +€ep —u,)” >0 for any ¢ € X, and
€ > 0. Then, again from Lemma 3.2, since u) is a local minimizer of Ey on M,
one has
(E)\(ux), e — ux) > 0.

So,

(E\(ur), @) > =((E\(ur), ¢°) — (E5\(ur), ¢e))-

a |-

Which gives,
[ o) = o) s @G =801,
Q

o — g7
Py (t)—2 1
(14) - / (/\quQUA + M) odr > ~(H — H,),
Q CC\ €
where
— p—2 _ € _ €
= [ 1) = a2 ) 0= 00
o) |z — y|N+sp
ps(t)—2
— / ()\|U)\|q2u>\ + M) o°dx
Q x|t

and

= [ 1) = 00— ) 6e) = 60
‘ Q

|z — y| N
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ps(t)—2
_/ /\\uk|q_2u,\—|— M dedz
Q ||t

Now, let us recall the following inequality
(15) la —b|P <2772 (|alP"2a — [b]P7%b) (a—b) for p>2, a,beR.

Putting Q° = {uy +€p >y > ur}t and Q. = {ur +€d < wuy}. So, as Uy, is a
super-solution, we obtain

(4 (), )

(B5(un) = BA(@), 6°)

- [ ) = @) ) = ),
Q

|z —y|NHer

Y

- )\/ (|U)\|q_2’U)\ — ‘ﬂ)\‘q_Qﬂ))Qﬁede‘
Q
- [ (M - B v
x|
B -/‘XQ‘ /9fo /QXQ‘

ur(@) — ux(y)[P* (ur(@) — ur(y))(¢*(z) — ¢°())

[ — gV
—/\/ |u>\|q U)\—|U)\|q 2’(1,)\)
)=

pL(t) =2y, Py (t
/< o] )““

- () = ()|~ () — () (2 =) (@) = (o =T @)
Qe xQe

dxdy

uy  |uy

o — y| Vo
+ e/Qéme lux(x) — uA(y)Ip—j(qu(iﬁNiix(y))w(x) - ¢(y))dxdy
n /mm‘ ux(z) — U/\(y)Ip_Ti'u;\(;sz;:)\(y))(UA - @)(x)dxdy
" e/mg lux () — UA|(Q::y)_|P;|2A(IQi;Ex) —ux(y)) o) dudy

(2) — u()P~2(ua () = wr (1) (a ~ T (Y)
- /Q x Qe | — y|N+sp dxdy

) — m )P (@) — ua(v))
- E/Qem |z — y[NTep ¢(y) dedy

— /\/ (|’U,)\|q_2’u,)\ — ‘ﬂ)\|q_2ﬂ)\) (UA — ﬂ)\)d(ﬂ
QE
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_/ ('“AV’Z“"% [a
Qe ||t

P () =27,

) (uy —uy)dx

x|t

||t ||t
7 —_ 77 P
> 3_/ [(ux — ) () ](VUA uy)(y)] dudy
2P72 Jaexqe |z — y|NFsp

uA(@) = i ()P~ (@) — @) (6(x) — 6(»))
+€/Q€><Qe |z — y[Ntsp dxdy

ps(t) T |Ps ()
_/\/ (|U)\|q—|ﬂ>\|q)dx—/ (|U>\ I A : )dm
‘ o \ |zl ks
—on [ (jualr - i )
Qé

pL(t)—27
(e )

x|t x|t

[l w2 (@) — @) (@) = D) 5 0
Qe xQe

|z — y|NFsp

*(t)—2 -
Pa(t) =24, B [x

> €

— €\ (|u,\|q_2u — |ﬂ>\|q_2ﬂ>\) odx
Qé
pi (D=2

_e/ ('“* T A>¢da;

follow from the inequality (15). Now, since the measure of the domain of
integration Q¢ go to zero as € — 0. So LH® > o(1).

In the same way, we prove that %HE < o(1). Therefore, using (14) and letting
€ — 0, we obtain

[ iale) = o) - s B = 801 o,
Q

|z —y|Nrep

*(t)—2 -
Pa(t) =24, B [x

x|t

PL(t) =24

_/ ()\|u>\|q_21t,\ + [
Q

since ¢ is an arbitrary test function, we obtain the equality if we change ¢ by
—¢. Hence, u)y is a weak solution to the problem (P). O

As a consequence of Lemma 3.4 we obtain the following crucial result.

Lemma 3.5. For all A € (0,A], the problem (P) has a weak solution uy € Xo.
Moreover, uy is a local minimum for E/\|Cl(§)~
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Proof. From the definition of A there exists u € (0, A) such that the problem
(P) has a solution by Lemma 3.3, say w,. So, Uy = w, becomes a super-
solution to the problem (P) with A < u. Consider the eigenvalue problem as
follows:

(=Ap)°¢1 = M[o1[P72¢1 in Q,
¢1>0 in €,
(251 =0 in RN \ Q,
where ) is the smallest eigenvalue and ¢; is the corresponding eigenfunction.
Now, let € > 0, satisfying e¢; < and e#~ %)™ 7 < ;‘1
Putting, u, = e¢; ones has

(-8 = he e

ePi (D) -

)—2
<XV |90 + o1

= Ay "%y + =

x|t

So, u, is a sub-solution to the problem (P). Hence, applying the weak maximum
principle, we get u, < uy. Consequently, from Lemma 3.4, we obtain that
problem (P) has a solution uy for all A € (0,A) such that u, < uy < @y.
Hence, by the strong maximum principle it follows that uy, < uy < uy and by
the regularity results uy € C1#(Q) for some 3 € (0,1). Therefore, we can find
0 > 0 small enough such that if u € C' = {u e CH(Q)\ |Ju— uxllor @) < 1}.

Thus, uy, < u < uy in Q. Further, uy is a local minimum of E) this completes
the proof of Lemma 3.5. O

Now, we show the following result.
Lemma 3.6. Problem (P) has at least one solution if A = A.

Proof. Consider an increasing sequence { A}, oy such that A converge to A as
k — o0. So, from Lemma 3.5 uy = uy, be a weak solution to the problem (P)
for A = Ag. Therefore,

) s () = (P2 s () ~ ) 6) 0D

o=y

U

(16) = )\k/ w9~ Qukqﬁd:lc—i—/ L ¢dx.

Then, take ¢ = uy, in (16), we obtain

|ug () — ur(y)[”

o=y ¥

<(®)

"

(17) dxdy — )\k/ |ug|9dx — x=0.

Q
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Again, from Lemma 3.5

|ur () — ur(y)[”
(18) B (ur) = » Qdedy

A 1 :
- —k/ |ug|?dr — — / —dz < A,
q Jo pi(t) Ja |zl

where A is a positive constant. Now, injecting (17) in (18), we get

1 p;(t)
(19) - (Ak / lug|7dz + mtdx)
p Q o |zl
A 1 pi(t)
_J/|uk\qu_ - / —dzr < A.
7 Ja pi(t) Jo |zl

Which implies that,

(20) <1 L ) P < A4 (1 1>/| o
- — r < A+ - — = u x.
p pit)) Jo |zt "e p) )"

Again, injecting (20) in (17), it follows that,

(21) uklly,” < A1+ 77—
[|u ||xO
where A; and A; are two positive constants.
Therefore, from Equation (21), we can easily obtain that sup||ux,||x, < co.
keN

So, since the space Xy is reflexive, we obtain the existence of a sub sequence
which still denoted by {uy}, satisfying up, — up in Xy as k — oo. Taking the
limit in (16) as k — oo, we obtain that:

PR R ;A<y>><¢<x> 0 410,
q—2 |UA|pS(t) *u
_A/ N qubdx—i—/ BT pdx.

Therefore, uy is a weak solution to the problem (P). This completes the proof
of Lemma 3.6. O

We next prove that problem (P) possesses a minimal solution.

Corollary 3.7. For all A € (0,A] problem (P) has a minimal solution uy in
X,.

Proof. From Lemma 3.5 we know that problem (P) has a solution for all A €
(0,A). Now, we define a sequence {u,} by the following monotone iterative
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scheme:
Upg = Uy, .
(=A)Stn g1 = An |7 %up + ‘u”‘p‘r;i%“" in Q,
Uy, >0 in €,
Up =0 in RV \ Q,

for each n € N and wug is a weak sub-solution to the problem (P). Now, by
the choice of ug we have ug < uy where uy is any solution to the problem (P),
whose existence follow from Lemma 3.5 for all A € (0,A) and from Lemma 3.6
for A = A. From the weak maximum principle, it is easy to see that

ug <up < Sty SUpgr <o S Uy

Moreover, from Theorem 6.3, we know that uy is in L>(2), which gives that
{un} is uniformly bounded in Xj. Again, as in Lemma 3.5 it is simple to show
that {u,} converges @ to be a weak solution to the problem (P). Now, to
prove that 4 is the minimal solution, we let that wy to be a weak solution
such that vy = u, < wy. Using again the weak maximum principle we have
u, < wy for each n € N. Passing to limit, we get uy < wy and that 4 is the
smallest solution. The proof of Corollary 3.7 is now completed. O

4. C' versus W*P local minimizers of the functional energy

This section is devoted to prove a crucial lemma in showing multiplicity of
solutions. It has been shown in the case p = 2 in [6] for the case of critical
growth functionals Ey : H}(Q) — R, Q@ ¢ RN, N > 3, and later for critical
growth functionals Ey : Wy?(Q) =R, 1<p< N, QC RN N >3in [13]. A
key feature of these latter works is the uniform C'1:® estimate they obtain for
equations like (P.) but involving two p-Laplace operators. Using constraints
based on LP-norms rather than Sobolev norms as in [13], the equations for
which uniform estimates are required can be simplified to a standard type
involving only one p-Laplace operator. This approach was followed in [7] in
the subcritical case, in [11] in the critical case adopted in [18, 28] and also
adopted in this work to deal with the nonlocal elliptic equation with critical
Hardy-Sobolev exponents. More precisely, we have the following result:

Theorem 4.1. Let u € X be a local minimizer of Ey in C*-topology; that is,
3r1 > 0such that uw € CH(Q), |lu—uollcra) <r1 = Ex(uo) < Ex(u).
Then, also ug is a local minimum of Ey in Xg topology; that is,
Ire > 0such that u € Xo, ||u — upllx, < 12 = Ex(ug) < Ex(u).
Proof. Firstly, using the smoothness of 2, we have from Theorem 6.4, that

u € CHA(Q) for some 3 € (0,1). Define

1
(22) x(w) = p—z /Q |w — uo

Pede,w € X,
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and

Ce={u€ Xo:x(u) <e}.
Now, we proceed by contradiction, i.e., suppose that the conclusion of the
Theorem 4.1 does not holds. wu is not a local minimizer. Then, as in [6],

we first make a truncation argument to get the weak lower semi-continuity
property of the energy functional. Further, consider the truncated functional

1 1 T (w)Ps =27
Eyj(u) = —[lullx — f/ |u|?dx —/ 5w i) dz, Vu € Xo,
b q.Jo Q

pi(t)|z]*
where
-7 w< -7,
Tj(w) =qw —j<w<y,
J  w2=].

By the ‘Lebesgue theorem’ we have, for any u € Xo, Ex j(u) — Ex(u) as j — oo.
It follows, from the truncation and this convergence that for each € > 0, there
is some j. (with je — oo as € — 07) such that E ;. (ue) < Ex(uc) < Ex(uo).

On the other hand, since C. is closed, convex and since E) j_ is weakly lower
semicontinuous we deduce that F) ;, achieves its infimum at some u. € C..
Therefore, for € > 0 small enough, we have

E)ij (UE) < E)\(ue) < E)\(’U,()).

By Lagrange multiplier, there exists e such that EY ; (uc) = pex’(ue). We
will first show that p. < 0. Suppose p. > 0, then 3 ¢ € X such that

(B3 j(ue), @) < 0 and (x'(uc), ¢) < 0.
Then for small § > 0 we have
Eyj(uc +0¢) < Ey j(ue),
X(ue +6¢) < x(ue) =€

which is a contradiction to u. being a minimizer of E) ; in C; it follows that
e < 0.

By the construction we have u. — ug in LP: () as e > 0 and we deduce the
boundedness of u, in Xj.
Claim: {u.} is bounded in L*>(Q2) as € — 0.
Case i: infoccc1{pte} > —00 (pte € (—1,0) where [ > —o0).
Look at

| T (w) [P= (D=2 (u)

(Pe) : (—8p)"u = [ul"Pu+ a7 PR ),

+ pe|u — ug

which is satisfied weakly by u.. Further, since —I < pu. < 0, there exist M, ¢
such that

(—Ap)* (ue = 1)" < M + ¢ (ue — 1) 7722 (ue — 1)
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By the Moser iteration method we get {u.} is bounded in L*°(92). By the
compact embedding 18 (Q) < C**Q) for any k < 3, we have u, — ug which
contradicts the assumption made.

Case ii: infocec1{pe} = —o0.

Let us assume p. < —1. In this case, there exist M > 0, independent of ¢, and
€g > 0 such that for 0 < € < ¢

_ T, (w)|Ps O 2T (w
|w|q 27JJ+| ]( ) $|t ]( )+ILLE|U)—U0(JU)

Pe=2(w — ug(x)) < 0, if w > M.

Then from the weak comparison principle on (—A,)®, we get u, < M for e > 0
sufficiently small. Since ug is a local C'-minimizer, ug is a weak solution to
(P) and hence

(23)  ((—D,)*uo, ¢ /\uo\q 2u0¢dw+/ 175 (o)

V¢ € CX(0). In fact, we have for every function w € Xy, ug satisfies

Y|P (= 2T (uo)
x|t

¢dx

ps s(@) 2T (uo)

T
(24) (=Ap) ug, w /|u0\q 2uowclac—k/' (o) i wdz.
T
Similarly,
1107202 (1)
(25) (=Ap) ue, w /|U K wdx—i—/ P wdzx

On subtracting Eq. (24) from Eq. (25) and testing with w = |uc — ug|*~* (u, —
ug), where 8 > 1, we obtain

0< /8<(_Ap)sus - (_Ap)SUOa |u€ - u0|571(ue - u0)>
— / (|u€|‘1_2uE — |u0|q_2u0> |ue — u0|5_1(u6 — ug)dzx
Q

(1T (o)
L )

(26) e — ug|? ™ (ue — up)dx + ue/ e — uo|P= A V.
Q

P72y (ue) [T (uo)[P:

By the Holder’s inequality and the bounds of u., ug we obtain

(27) —lhel|ue — u

Here C is independent of ¢ and 5. On passing the limit § — co we get
—pte|le — ugl% ;! < C. Working on similar lines we end up getting u. is
bounded in C1#(€Q)) independent of ¢ and the conclusion follows. This marks
an end to the prove of the claim of Case ii. The proof of Theorem 4.1 is now
completed. (I

pr—1
Ollpr+p—1 =
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5. Multiplicity of weak solutions

This section is devoted to show the existence of a second critical point wvy
different from the critical point u) of the functional E) energy obtained in
Section 3. The critical point vy of E) is also a point where the Gateaux
derivative of the functional E) vanishes. Therefore, vy will solve the problem
(P). We will prove vy # uy. First, we now introduce a generalized notion of
Palais Smale sequence for F).

Definition 5. Let F' C €, be closed and ¢ € R. Then a sequence {v,} C Xj
is said be a Palais Smale sequence [in short (PS)p ] for the functional energy
E, around F at the level ¢, if

lim dist (x,, F) =0, lim Ex(z,) =c & lim |E\'(z,)] = 0.

n—oo n—oo n—oo
Now, we start by proving the compactness property for the functional energy
E.

Lemma 5.1. Let F C Q be a closed and ¢ € R. Let {v,} C Xo be a (PS)p,
sequence for the functional energy Ex. Then, E) satisfies the (PS). for all

11 N
<2 ——)srr.
(p p:(ﬂ) !

Proof. Since {v,} is a (PS)r, sequence for the functional energy Ey, so from
Definition 5, we have

(28) Ex(vn) =c+on(1),  (EA(va),vn) < cllvallx,-
That is,

1 AMop |2 |vn P
29)  —|jo P—/ ( +
(29) p” nll a\ ¢ pi(t)

Py (t)
@) el - [ (Avn|‘1+'“”x> dw = (B} (v), v} = 0u(1)] o]

as n — o0o. Therefore, it follows that

(t)

> dz = Ex\(v,) = ¢+ 0,(1),

¢+ on(D)||vn]] > pEx(vy) — (E\(vn),vn) = A <1 - Z) |vp |9 da

. ey )

Now, since p*(t) is greater than p, then (31) implies

(32) /|

for some constant C' > 0. Moreover, using the Holder inequality and Eq. (31),

we obtain
v |4
|un|de:/ fel®
Q ()

nlP"® de < O(1+ [[val])
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“(t) G0}
<C ( - dm)

(33) < Cy (1+ ljunl|779)
for some constant C; > 0. So Eqgs. (29)-(30) combine with Egs. (32)-(33) gives
(34) [[on|[” < Co(1 4 [lvnl])

for some constant Cy > 0. Which implies the boundedness of {v,}, in Xj.
Now, since the space Xg is a reflexive space, there exists vy € Xg such that
v, — vy in Xy, strongly in L*(Q) for all k € [1,p?], and a.e. in Q (see [25],
Corollary 7.2). Let p’ the Holder conjugate of p given by p’ = %, then
[on () = v (9)[P72 (va () = vn(y)) /|2 — y| N TP/#" is bounded in LF'(R*Y) and
converges to |vx(z) — va(y)|P 2 (valz) — vay))/|z — y| NV TP/P" in R2N and
(va(x) — or())/|w —y| N FPP e LP(RPN), s0

[ 1) =m0~ )0 =30,

|z —y|[Nep

Q
s [ ) =2 nte) DR =0 o any
Q

|z —y|[Nep
Moreover,
|v |97 20, ® dz — |v,\|q_ v ® dz
and (o)
Un NLE
/ | |x\t vnq)d:r / | Al i v;}de
-2, . O
since [wnl” —2" is bounded in (Lps (t)) and converges to loal” a.e. in €,
|| P2 (®) || P35 @

and - € LPs® . Hence, taking the limit when n — oo in (30) and applying

|| 2t

the embedding result in Lemma 2.4 we conclude Ej(vy) = 0. Consequently,
since (E (vx),vx) = 0, it follows that

(35)  Ex(va) A<1 1)/I 94 +<1 - ) *(t)d >0
v = - — — v xr - — xr .
A poa) o p pit)) Jo |zff -

Next, we prove that v, — vy strongly in Xy. Indeed, combine Lemma in [9]
with the boundedness of {vy, },, we get

ps(t)

1 1 |Un_U)\
36) Ex(v,) = Ex(vy) + —||vn — vpllP — / dz + 0,(1),
(36) Exa) = Ex(ea) + Sl —vall -~ | 1)

||*
and
on(1) = (E\(vn),vn) — (E)(va),va)

(37) :||vn—v>\||p—/ [vn = oafP™
Q
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Therefore, Equation (37) gives

1 1 v — vp[Ps D)
(38) ~Jfom — val [P — — /' 2
p ps(t) Q |J}|
1 1
=|-- Uy, — UA|P + 0n(1).
(p p;‘(t)> I I @

Now, using Eq. (35) and Eq. (36), we obtain

Then, for ¢ < ( 7 (t)) S‘” Pt , it follows that

(39) lim's <1 L )| ||p<<1 1 )SN
imsup ( = — —— | [Jlvn, — v -—— .
w o \p p@) p prt)) "

So Equation (39) combine with the fractional Sobolev-Hardy inequality, gives

|vn — Uy ps(t)
on(1) =l =l = s [ o

—pi(t)
2 [lvn —wallP =5, 7

|vn

—pi(t)
hmvnw(la 5 o “p)

- C3||Un _UAHP

for some constant C3 > 0. Therefore, the proof of the claim follow and com-
pletes the proof of Lemma 5.1. O

Now using Lemma 3.2 with the fact that Ey(tu) — —oo as t — oo for all
u € Xp,u > 0, we conclude that the functional E) has the mountain pass
geometry close to uy. Consequently, we may fix e € Xy, e > 0 satisfying
E\(e) < 0. Define the complete metric space

I' ={n € C([0,1], Xo) | n is continuous, n(0) =0, n(1) = e}
and the mini max value for mountain pass level

= inf E .
o = gy P

Let R = |le — uy|| and ro > 0 be small enough such that uy is a minimizer of
Ey on B(uy,r9). We distinguish between the following two cases:
(P1) “Zero altitude case” inf{Ej(u)|u € Xo, ||u|| =1} <0 for all I < Ry.
(P2) 311 < Ry such that inf{Fx(u)|u € Xo, ||u| =11} > 0.
Note that (P1) (resp. (P2)) implies that 79 = 0 (resp. v > 0). In case
where “Zero altitude case” occurs, we can construct a (PSr ) sequence with
F = {|Jull =1} where I < Iy and obtain at least a second weak solution to (P).
Precisely, we obtain the following result.
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Lemma 5.2. Suppose Case 1 holds, then for 1 <p<oo, 1<g—1<p—1<
pi—1, and X € (0,A), there exists a weak solution vy of (P) satisfying vy # ux.

Proof. From Theorem 1 in [16], we can guarantee the existence of a (PS)ps,
sequence {v,} for every r < Ry. From Lemma 5.1, we can conclude that the
sequence {v,} is bounded in X, and it converges, upto a subsequence, to a
weak solution vy of the problem (P). To prove vy # uy, it is sufficient to prove
the strong convergence of {v,} to vy in Xy. So, since v,, — vy weakly as
n — oo, from the embedding result v, — vy in LF(Q) for 1 < k < p¥, and

pointwise almost everywhere in Q. Now, we recall the following result from [9].
(40) [on]l = llon = oall + [loxl] + 0n (1) and
[onllLag@) = llon = vallLag) + [0allLa(@) + 0n (D).

and for all p < ¢ < p%(t) such that ¢, — pi(t) as k — o0

qk o pe(t) pe(t)
(41) /'”"‘ d:c:/ [on Z oAl dx+/ 21 dx + 0,(1).
Q Q Q

t t t
] ] ||

So, since vy, is a weak solution to the problem (P), we get

. \v,\p:(t)
(42) foalP = Aol — [ 2h—do =0,
o |l

Hence, letting n — oo we get

) ene) = g o) o) (0 = 1)) e = ) 1,
Q

|z —y|NHes

Pi=2,,
o (vp, — vx) dz + 0, (1).

(43) = /\/ |vn|q*20n(vn7m)d:€+/ Ponl™ " "0
Q Q
Therefore, from Egs. (40), (43) and Eq. (42) the following holds as n — oo

ps (1)

(44)  lvn —woall” = )\/ v, — va|Tda +/ %
¢ o |

We now consider the following two cases:

1. E)\(’U,,\) 75 E‘,\(’l},\)7
2. E)\(u,\) = E)\(’U)\).

In Case 1 holds, then we are through. In Case 2 holds, from Eq. (40) and (41)
we get,

(45) Ex(vy, —va) = Ex(vy) — Ex(va) + 0,(1) as n — co.

Hence, from Eq. (42) it follows that

dx + o, (1).

(¢
U}\ps()

1 A |vn, —
46) ~||lvp —rllP — = |lvn —val| 7/7
(46) pll [ qll 1740 A L

dx < o,(1) asn — oo.

Therefore, from Eq. (44) and Eq. (46), we get ||v, —vyr|| — 0 as n — oo. Hence
[luax — vall = r and vy # ux. The proof of Lemma 5.2 is now completed. O
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Before we state the multiplicity result for Case 2, let us recall the necessary

tools for this (for more details see [9]).
N-—s N—

Let U(z) = (1+|z[P) "7 and Uy (z) =€ 7 Ut(@), where € > 0, z €
RY and p/ = p’%l. Note that U (x) is a minimizer for S, satisfying

(47) (—A,)) Uy = —t——  weakly in RV,

Let us set,
_ Ut,e(9)
B Ut,e((s) - Ut,e(e(s)’
where €,0 > 0, and 6 > 1. For a fixed €, § > 0, set
0 if 0<k<U.(09),
ges(k) = mfﬁ(k — Ut,c(09)) it Up (06) < k < Ug(0),
k+ Upe(6)(mP 5t = 1) if k > Ue(0)

Me§

and let
i 0 if 0<k<U . (05),
Ges(t) = [ slr)dr = S meslh = Une08) £ Uc(09) < k < U 6),
0 k if k > Uy o(9).

The functions g. s and G¢ s are nondecreasing and absolutely continuous. Con-
sider the radially symmetric nonincreasing function

Ute,5(1) = Ge,s(Ute(r))

Uie(r) if r <9,
e 5(0) = { (1)

which satisfies

0 ifr>606

for all » > 1. We follow here the arguments of [9, Lemma 2.10]. For each
sufficiently small €,6 > 0, we have the following estimates for u; c s.

Lemma 5.3. There exists a constant C = C(N,p,s) > 0 such that for any
0 < 2e <6 < 07 1dist(0,09), there holds

N—t
ps—t € _s _
(48) [lur el < SFF + C(5) NP/ 070,
ps () Mot .
(49) / t,€,0 (I‘) dr Z Stps—t —C(*>(N_t)/(p_1),
ry |2t 5
Moreover, for any B8 > 0, there exists Cg such that
_N=ps e . *
N5 5|log(3)| zfﬂ:%s”
N —ps N—ps
(50) / Ur,es(2)7 > Cp  ede 0 PN 300 i g < B
RN —ps w
6]\[_1\/17p B Zf B > pi‘5
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Also, we have the following estimates cf. [9, Lemma 2.11].

Lemma 5.4. For any 8 > 0, there exists Cg such that for any 0 < 2e < 9§ <
0=1dist(0,09), there holds

_ N-—ps ) *
N log(5) if B=1,

(51) / ut7€’5(x)’8 < Cg eﬁz:fls)ﬁ(sN_pj\(rpiff)ﬁ if B< 5’
RN N7N7p36 . 5*

€ » if B> o

We now prove the following Lemma, when Case 2 holds.

Lemma 5.5. Suppose Case 2 holds, then for 1 <p<oo, 1<g—1<p—-1<
pi—1, and A € (0,A), there exists a weak solution vy of the problem (P) such
that vy # uy.

Proof. From Yang [36], we know that the condition of Palais Smale is satisfied
if

—t ¢
(52) Yo < Ex(uy) + —% 5

- Gsp—t ,
p(N —t)

where S; is the best Sobolev constant.
Claim. sup Ej)(ux + kRoutes) < Ex(un) + p(N t =3
0<k<1
At first, using the approach as in Garcia Azorero and Peral [12] where the
following estimate is proved (see pp. 946 and 949 in [12]):

lux + kRouy < 5P

53 = dz
33 ol
N kRo ps(t) / [ 5|ps(t)
a |zl |z
(t) 2
—|—(p:(t))kRo/ tUAUt,e,(s da
Q 2|
. P, (t)—2
O (o0t [ IRl gy o
Q
with o > (Np p) . Moreover, the following estimate is proved (see Proposition
3.2 in [24]):
|[(ux + kRouy e 5)(w) — (ux + kRoue ) (y)|P
], o=y drd
< [ OBy, , B [ )@l g,
~Jo |z —yNte P Jg |z — y| NP

Finally, we follow here the arguments of Tarantello [33]. Let Ry > 1 and
consider any k € [0,1]; then for a suitable 8 € (0, q) it follows that

/ i + kRotig o 5| — / lua|7dz — (£Ro)? / g 5|7d
Q Q Q
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(55) —qRok/ lur|2upUy dz — q(kRo)H/ U{ Uy cunda
Q Q
= Rgo(eN'_Sp).
Therefore, using Eqgs. (53)-(54) and Eq. (55), we get
(56)

E)\(U)\ + kRout € 5)

_ |(ux + kRouy,e.5)(x) — (ux + kRou,c.6)(y)]?
B / ‘m _ |N+sp dx dy
A/ lux + kR |“d L R
— - Ux Ut .5 T — — "
1Ja o ps(t) Ja ||t
|UA((E) B u}\(y)‘p (kRO)p |ut,e,5(x) - ut,e,5(y)|p
< _—de dy + —Ntsp dx dy
e lryl P Jo |zl
AMERg)4?
_ (qo)/ |Ut,e75|q dx — )\(kRO)qfl‘/ UA|Ut,e,6|q72Ut7€75 da
@ Q

NS

+ AkRg / lux |92 usug e 5 dz + kR /
Q Q
(kRo)P:(t) pL(t)
@) Jo o a2l

+ilokny [
Q
. pi()=2y, e
_ (kRO)ps(t)—l/Q € o Ut,e,8 dz + O(GNT)

(Ut e,6(T) — upes(y)|?
|z —y|NFep

dx

dx

p: (t)fzuAUt,e,ﬁ
L

< Ex(ua) + (kRo)” dz dy

*(t *(t *(t)—2
3 (/fRE)ps( ) |Ut,e,6|fs( ) dr — (kRO)p:(t)ﬂ/ (t) Ute,s
pi(t) o |zl Q |z|
X lua|Ps O 2uyug 5
t)kR ——d
+ ps(t) o/Q l z

 A(kRy)?
q

+ AkRg / lux|T"2unug e 5 dz + o(eNz_TSp ).
Q

/ a5 der — A(kRg)1? / g e 5l 5
Q Q

Hence, from Eq. (53) and Eq. (55), it follows that
Ey(uy + kERouy., 5)

kRO |ue5 uteé( )|p
< Ex(ux / |$_ e dz dy

769

(t)
)\\uA\q*QUA—i— Ut e.5 dx
P
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(kRg)Ps®) |ug, e 5|7
— (7 ; dzdx
pi(t) Q |z
. pe(t)—2 _ep
o (kRo)pS(t)71 /Q u>\|ut,e,5 |x|t Ut e,6 dz + O(ENP )

Arguing as in Garcia Azorero and Peral [12] (see p. 947), and using Eqgs. (48)-
(49) and Eq. (50) we get:

sp—t SSI\;itt

sup Ex(ux + kRouses) < Ex(un) + ———

0<k<3 p(N —1)

which completes the proof of the claim. Now, the compactness of {v,} implies
that Ex(vx) = v > Ex(uy). Therefore vy # uy. Thus, the proof of Lemma
5.5 is now completed. ([l

6. Regularity of solutions

This section is devoted to presented some regularity properties to the weak
solutions of the problem (P). We will use an adaptation of the classical Moser
iteration technique to prove a priori bounds for the bounded weak solutions of
the problem (P). Firstly, let us recall some elementary inequality that we use
to proof the L estimate. We begin by the following elementary inequality
proved in [3].

Lemma 6.1 (Lemma C.2 in [3]). Let 1 < p < oo and 8 > 1. For every
a,b, M > 0 there holds

ﬁpp B+p—1 Btp—1
N 3 _ P
B+p—1)p Apr b )

where we set apy = min{a, M} and by = min{b, M}.

la — b[P~%(a — b)(ay, — b;) >

Lemma 6.2 (Lemma C.3 in [4]). Let 1 < p < o0 and g : R — R be an
increasing function. Then we have

|G(a) = GO)I” < |a—bl"*(a —b)(g(a) — g(b)),
where G(t) = fot g ()7, fort € R.
Theorem 6.3. Let u be a weak solution of (P). Then u € L (Q).
Proof. The proof is adopted from [4]. Let us define uy, = min{(u — 1), k} for
k>0, 8> 1, and consider the non-decreasing function ® = (uy, + p)? — p? for

p > 0. Using Lemma 6.1 combine with the triangle inequality and testing the
equation in the problem (P) with ® € X, we get

(57)

Bp?
B+p-1) /Rzzv

</ ()| =) [P~ (uz)| = u(y) ) ((ur (@) +p) = (ur(y) +2)")
R2N

|z —y|NFsp

Btp—1 Btp—1
P

u, () —u, * (y)| dedy

dx dy
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pe(t)
< [ At 2u((uk + p)? dx+/””||t (u + p)? — p°) da.
Q

Now, using the support of u and using the Holder inequality, we obtain

(58)

/)\|u|q 2u((ug + p)? — pP)da + uk+p)ﬁ—p5)dx

P, (t)—2

-/ Mw*mmﬁmﬁm%M+/ L—j—«w+mﬁmﬁm
u>1 u>1 $|

pL(t)—2
cof il
u>1
(t)—2

|u
pL(t)—
< 20, / [Py
u>1

*(t)—1
< 2Cul2: 7 (g + p)?

)(ug +p)? = p%) da

((ur +p)? = p”) da

where C1 = max{\, 1} and with p’ = p%/(p% + 1 — p%(¢)).
On the other hand, from Theorem 1 in [25], we have

Btp—1 B+p—1|P

/RZN ‘(Uk(.’b) +p) T = (uly)+p)F
(59) = CN’p’S ( /]RN ((uk(x) + p)ﬁ-'—+_1 - l)ﬁ+§_1) N 61’ d$> NJXI;P .

Now, let us recall the following inequality

(60) (ue + p)? < (ug, + p)P TP 1pt

dx dy

So, combine the inequality (60) with the triangle inequality, we get
(61)
N—sp

Bt+p—1 B+p—1 % %
([ (@ +0)57 =p"57) 77 )
RN
N

> (g)p_loN,p,s (/RN ((un (@) +p)%)”% dm) _ g

Therefore, from Equations (58)-(61), we obtain

N—sp

</RN ((wn@) +p)=57) i dx) N

HORS! p-1

|u‘pss /8 +p - 1 N-—sp

p*ﬁ =) |(ur + p)° L + P°1Q1 77
pp P

< ON,p,s
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Moreover, observing that for 5 > 1, we have

(62) W s (52 )

B+p—1)p ~ \B+p—1
Therefore, from estimate (62), it is easy to check
Noap 1. 8+p —1_
Pl EF““JIQP Fur, + p) -
Thus, it follows that
N-—sp
- N

6 ([, (w0 w4 i)

p—1 po(t)—1
f+p—1 [uly;
S C'N,p,s <p1 |(’u’]€ +p)ﬂ|P' X

e

pp 7 o
Then, choose p > 0 by
ps(t)—1 1—
p= (T 1IP0I

Nsp;T > 1, then the inequality (63) can be

Let us now set v = fp’ and 7 =
written as

(64) ( /Q (s () + p)*" dx) v

-1 % P\T (v+pp—p "
< (Crpulol 7 () ( L)kt o)l

v
We want to iterate the inequality (64), by taking the following sequence {v,,}

of exponents
— _ _ -m+1
Vo = 1 Um+1 = UnT =T .

Therefore, by starting from m = 0 at the step m, the inequality (64) can be
written as

(65) |(uk +p)|vm+1

/

_ 1 _sp Z?;O%-, p/ I“)T U‘+p/p—p/ %
S e B A R C s N
3

We now observe that v, diverges at infinity and in addition

> @:Z ﬁ:Til and
m=0

m=0

’ /
bp

e / / /
p vm v + pp—0p v
m—=0 Um, qp
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Tterating inequality (65) infinitely many times, we finally obtain

_ 1 _sp\P 727
(k4 B)lz < (Cxpsl ) T w4 B)lr
Since ug, < (u—1)", we get

/_T

[k + Bl < (Cnpal@ ™7 )7 ([ = 1)y +pI017 ).

Now, letting k — oo, we get

_1_se\P 7T a1
=1 le= < (Copal ) 7 (I = Dy + ol )

Then, providing in the end w is uniformly bounded in L (€2). Which concludes
the proof of Lemma 6.3. ([

Now by the regularity results of ITannizzotto-Mosconi-Squassina (Theorem
1.1 in [21]), we obtain the following uniform C1® estimate.

Theorem 6.4. Let u be a weak solution of the problem (P). Then there exists
constants o € (0,s), M > 0 such that

[ullgra@ < M
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