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WEIGHTED MOORE-PENROSE INVERSES OF
ADJOINTABLE OPERATORS ON INDEFINITE
INNER-PRODUCT SPACES

MENGIJIE QIN, QINGXIANG XU, AND ALI ZAMANI

ABSTRACT. Necessary and sufficient conditions are provided under which
the weighted Moore—Penrose inverse AEWN exists, where A is an ad-
jointable operator between Hilbert C*-modules, and the weights M and
N are only self-adjoint and invertible. Relationship between weighted
Moore—Penrose inverses A}LW  is clarified when A is fixed, whereas M and
N are variable. Perturbation analysis for the weighted Moore—Penrose in-
verse is also provided.

1. Introduction and preliminaries

During the past decades, the weighted Moore—Penrose inverse (In brief,
weighted M-P inverse) and its various applications have been intensely stud-
ied. When the weights M and N are both positive definite, the study of the
weighted M-P inverse A}LWN can be found in [3,9-11,15] for matrices, in [12] for
Hilbert space operators, in [1,8] for elements in a C*-algebra or in a Banach
algebra, and in [13] for Hilbert C*-module operators, respectively.

Some new phenomena may happen if the weights M and N are not positive
definite (positive and invertible), since in this case the weighted spaces induced
by M and N are usually indefinite. Along this direction, the weighted M-P
inverse A}LVI ~ Was generalized in [2] for Hilbert space operators to the case when
M and N are only positive semi-definite, and in [4] for matrices when M and
N are only Hermitian and nonsingular.

Before stating our results, let us recall some basic facts about Hilbert C*-
modules and introduce our notation; more details can be found e.g. in [6,7].

An inner product module over a C*-algebra 2 is a (right) 2-module H
equipped with an 2-valued inner product (-,-), which is C-linear and 2-linear
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in the second variable and has the properties (z,y)* = (y, z) as well as (z,z) > 0
with equality if and only if 2 = 0. H is called a (right) Hilbert 2-module if it

is complete with respect to the norm ||z|| = H(x,a:)”é
Suppose that H and K are two Hilbert 2-modules, let £(H, K) be the set
of operators T': H — K for which there is an operator 7% : K — H such that

(Tx,yy = (x,T"y) for every x € H and y € K.

It is known that (see, e.g., [6, p. 8]) every element T' € L(H, K) must be a
bounded linear operator, which is also ™A-linear. We call L(H, K) the set of
adjointable operators from H to K. Note that some bounded linear operators
between Hilbert C*-modules cannot be adjointable (see [6, p. §]).

For each T € L(H, K), the range and the null space of T are denoted by
R(T) and N (T), respectively. In case H = K, L(H, H) which is abbreviated
to L(H), is a C*-algebra. Let £(H )4 be the set of positive elements in L(H).
The notation 7' > 0 is also used to indicate that T' is an element of £(H ).

Let H be a Hilbert 2-module. If H; and Hy are submodules of H such that
H, N Hy = {0}, then their direct sum is defined by

H1+H2:{h1+h22hi€Hi, i:l,Q}gH.

Given a subset M of H, let M+ = {xz € H : (z,y) =0 for every y € M }. In
the special case that M is a closed submodule of H and H = M + M, M is
said to be orthogonally complemented in H.

Although Hilbert C*-modules generalize Hilbert spaces by allowing inner
products to take values in a certain C*-algebra instead of the C*-algebra of
complex numbers, some fundamental properties of Hilbert spaces are no longer
valid in Hilbert C*-modules in their full generality. Therefore, when we are
studying Hilbert C'*-modules, it is always of interest under which conditions
the results analogous to those for Hilbert spaces can be reobtained, as well as
which more general situations might appear.

In this paper, inspired by [4], we focus on the case that the weights are only
self-adjoint and invertible, and study the weighted M-P inverse in the general
setting of adjointable operators on Hilbert C*-modules.

The paper is organized as follows. In Section 2 the existence and the unique-
ness of the weighted M-P inverse are investigated. In the case when A is an
adjointable operator and the weights M, N are only self-adjoint and invertible,
some necessary and sufficient conditions are provided in Theorem 2.4 under
which the weighted M-P inverse A}L\/l ~ exists. Consequently, a generalization of
both [4, Theorem 1] and [13, Theorem 1.3] is obtained. Two examples are also
provided in Section 2 to illustrate certain new phenomena. In the case when
A is fixed, the relationship between weighted M-P inverses A}LV[ y for variable
weights M and N is clarified in Section 3. Results obtained in [13, Section 2]
and [15, Section 2] are then generalized, since all the weights considered in [13]
and [15] are positive definite, whereas in Section 3 of this paper they are only
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needed to be self-adjoint and invertible. Finally, we study the perturbation
analysis for the weighted Moore—Penrose inverse.

Throughout the rest of this paper, C"*"™ is the set of m xn complex matrices,
I,, is the identity matrix in C™"*™, 2l is a C*-algebra, H and K are Hilbert 2I-
modules, Iy (or simply I) is the identity operator on H.

2. Conditions of the existence of the weighted M-P inverse

The purpose of this section is, in the general setting of self-adjoint and
invertible weights, to figure out necessary and sufficient conditions under which
the weighted M-P inverse exists.

Lemma 2.1 (cf. [6, Theorem 3.2] and [14, Remark 1.1]). Let A € L(H, K).
Then the closedness of any one of the following sets implies the closedness of
the remaining three sets:

R(A), R(A*), R(AA") and R(A*A).

Furthermore, if R(A) is closed, then R(A) = R(AA*), R(A*) = R(A*A) and
the following orthogonal decompositions are valid:

H=N(A) FRA") and K =R(A)+N(AY).

Definition. An element M of £(K) is said to be a weight if M = M* and
M is invertible in £(K). If furthermore M is positive, then M is said to be
positive definite.

Definition. Let M € L(K) be a weight. The indefinite inner-product on K
induced by M is given by

(x,y)pr = (x, My) for every z,y € K.

Lemma 2.2 (cf. [13, Remark 1.1]). Let M € L(K) and N € L(H) be two
weights. Then for each T € L(H, K), it has

(Tx,y)n = (2, T*y)n  for everyx € H and y € K,
where T# is called the weighted adjoint operator of T and is given by
(1) T# =N7'T*M € L(K, H).
Definition. Let M € £(K) and N € L(H) be weights and A € L(H, K). The

weighted M-P inverse AR/[ y (if it exists) is the element X of L£(K, H) which
satisfies

(2) AXA=A, XAX =X, (MAX)*=MAX and (NXA)*=NXA.

If M =1 and N = Iy, then AEWN is denoted simply by AT and is called the
M-P inverse of A.

The following lemma indicates that the weighted M-P inverse is unique
whenever it exists.
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Lemma 2.3. Let M € L(K) and N € L(H) be weights, and A € L(H,K). If
A}fw N exists, then it is unique.

Proof. Put P = AA}LVIN and Q = A}fWNA. Then from (2) and Lemma 2.2, both
P and @ are idempotent such that
R(P)=R(A), P*¥=P and Q¥ =Q.
If (2) is satisfied for any X € L(K, H), then both P = AX and Q' = X A are
also idempotent such that
R(P')=R(4), (P)*=P and (Q)*=0Q"
It follows that R(P) = R(P’), hence PP’ = P’ and P'P = P, which yield
P =p# = (P'P)# = P#(P)# = PP' = P'.
In addition, we have
R(Q) = R(QF) = R(A% (4], 5)¥) = R(4¥) = R(A% X¥) = R(Q),
which leads to Q = @’ as illustrated before. Therefore,
Al y=Al N P=Al P =QX =Q'X = X. O

Now we present the main result of this section as follows:

Theorem 2.4. Let M € L(K) and N € L(H) be weights, and A € L(H, K).
Then AR/[N exists if and only if the following conditions are all satisfied:

(i) R(A) is closed,

(i) R(AN~1A*) = R(A);

(iii) R(A*MA) = R(A*).
Proof. “==": For simplicity, we put X = AFWN. Then R(A) = R(AX) is
closed. Also, since X A is idempotent, H can be decomposed directly as H =
R(XA)+ N(XA), which leads furthermore to the direct decomposition of H
as
(3) H=R(N"'A*) 4 N(A).

Indeed, the equalities of N(XA) = N(A) and R(A*X*) = R(A*) can be
derived clearly from the first equation in (2). We can then use the last equation
in (2) together with the invertibility of N to conclude that

R(XA) =R(NT'TA*X*N) = R(N"H(A*X*)) = R(N'4%).

It follows directly from (3) that R(A) C R(AN~1A*), which can happen only
if R(A) = R(AN~1A*). The proof of R(A*M A) = R(A*) is similar.

“<=": Suppose that conditions (i)—(iii) are all satisfied. In what follows,
we construct an operator X € L£(K, H) which satisfies (2).

Firstly, we provide the direct decompositions of K and H, respectively.
Given every x € K, by item (iii) we have A*Mxz = A*M Au for some u € H,
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then x — Au € N (A* M), therefore © = Au+ (v — Au) € R(A) + N(A*M). By

the arbitrariness of z in K, we have

(4) K =R(A)+N(A™M).

Furthermore, given every w € R(A) N N(A*M), we have A*Mw = 0 and

w = Av for some v € H, hence v € N(A*MA). By item (i) and Lemma 2.1,

we know that R(A*) is also closed such that R(A*)+ = N(A). So R(A*MA)

is also closed by item (iii), hence by Lemma 2.1 once again we have
vEN(A*MA) = R(A*MA): = R(A")F = N(A),

which gives w = Av = 0. This shows that R(A) NN (A*M) = {0}. Hence from
(4) and item (ii), K can be decomposed directly as

(5) K =R(AN'A*) + N(A*M).
Similarly, H can be decomposed directly as
(6) H=R(N'A*MA) +N(A).

Secondly, we construct two operators X and Y based on the obtained direct
decompositions. Let X : K — H be given by

(1) X(AN7'A*u; +up) = N~ A*uy  for every uy € K, up € N(A*M).
In view of (5) and

N(ANTIA*) = R(ANT1 AN = R(A)F = N(A*") = N(N714%),
we know that X is well-defined. It follows from (7) and (1) that
(8) R(X)=R(N'4*) =R(A*) and N(X)=N(A*M) = N(A¥).
Similarly, the operator Y : H — K defined by
(9) Y (N YA*MAv, 4 vy) = Avy  for every vy € H, vy € N(A)
is also well-defined such that

RY)=R(A) and N(Y)=N(A4).

Thirdly, we show that the constructed operator X is adjointable. To this
end, we show that

(Xu,v)ny = (u,Yv)p forevery w € K and v € H.
In fact, for u € K and v € H, according to (5) and (6) we know that
(10) u=AN"1A"u; +us and v=N"T1TA*MAv; + vy

for some uy € K, us € N(A*M), vy € H and vy € N(A). Therefore, from (7)
and (9) we have

(Xu,v)y = (N A%uy, N"PA* M Avy + vo)
= <N71A*U1,A*MA’U1 +N’l)2>
= (N7 A*uy, A* M Avy) + (uq, Avy)
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= (MAN~'A*uy, Avy)

= (MAN7'A*uy, Avy) + (A* Muy,v1)

= (MAN ' A*uy + Musy, Avy)

= (AN LAy + ug, Av1)

= (u, Yv)m

Now, we put

(11) X*:=MYN~%

Note that R(N) = H and for every u € K and v € H, by (11), we have
(Xu, Nv) = (Xu,v)n = (u, Y0)pr = (u, MY N"'Nv) = (u, X*Nv),

which shows that X* is the adjoint operator of X.

Finally, we prove that X is exactly the weighted M-P inverse AJ]rV[ ~- Note
that every v € H can be decomposed as (10) such that v; € H and ve € N(4),
so by (7), (11) and (9) we have

AXAv = AX(ANT'A* M Avy) = A(NTTA*M Avy) = Av
and
(NXA)*v = A*MYv = A*MAv, = NN 'A*MAv, = NX Av.

This completes the proof that AXA = A and (NXA)* = NXA.
Let u € K be any given by (10) such that u; € K and us € N(A*M). Then
since us € N(A*M), we have

(12) A*Mu = A*MAN ™1 A*u,.
Similarly, from (7), (11), (12) and (9) we can obtain
Xu=N"1A% = XA(N'A*u;) = XAXu
and
(MAX)*u=MYN 'A*MAN ' A*uy = MAN ' A*u; = MAXu.
This completes the proof that X AX = X and (MAX)* = MAX. O

Remark 2.5. Let M € L(K) and N € L(H) be weights, and A € L(H, K) be
given such that AL N exists. We can see from (8) that

R(Aly) = RINTIAT) = R(A#)
and
(13) N (A ) = N(A"M) = N (4%).
Moreover, items (ii) and (iii) in Theorem 2.4 can be rephrased as

(14) R(AA") =R(A) and R(A*A) = R(A¥).
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Indeed, R(AN~1A*) = R(AN~'A*M) = R(AA#), and
R(A*MA) = R(A*) «—=R(N'A*MA) = R(N"1A*M)
“=R(AT A) = R(AT).

If both H and K are finite-dimensional spaces, then R(A) is always closed and
rank(A#) = rank(A), so (14) can be reduced to

(15) rank(AA%) = rank(A% A) = rank(A).
In view of the observation above, we have the following corollary.

Corollary 2.6 ([4, Theorem 1]). Let M € C™*™ and N € C"*™ be weights,
and A € C™*"™, Then A}[MN exists if and only if (15) is satisfied.

Theorem 2.4 can also be simplified in the infinite-dimensional case if the
weights M and N are both positive definite.

Corollary 2.7 ([13, Theorem 1.3]). Let M € L(K) and N € L(H) be both
positive definite. Then for every A € L(H,K), A}LWN exists if and only if R(A)
is closed.

Proof. Tt needs only to prove the sufficiency. Let T = AN —2. It is clear
that AN“1A* = TT* and R(T) = R(A), which means by Lemma 2.1 that
R(AN~1A*) is closed whenever R(A) is closed. Similarly,

R(A*MA) is closed <= R(A") is closed <= R(A) is closed. O

Another special case of Theorem 2.4 is as follows.

Corollary 2.8. Let M € L(K) and N € L(H) be weights, and A € L(H, K).

If both M and N commute with A, then ARIN exists if and only if R(A) is
closed.

Proof. Since both M and N commute with A, we have
R(ANT'A*) = R(AA*N 1) = R(AAY)
and
R(A*MA) =R(A*AM) = R(A*A).

So if R(A) is closed, then items (ii) and (iii) of Theorem 2.4 will be satisfied
by Lemma 2.1. O

There exists a weighted M-P inverse Ajw n such that neither M nor N is
positive definite, and also neither M nor N commutes with A. Such an example
in the infinite-dimensional case is as follows:

Example 2.9. Let S be the unilateral shift on the Hilbert space ¢?(N), that
is, Se,, = epy1 for every n € N, where {e,, : n € N} is the orthonormal basis
of (N). Put A = C,H = K = (?(N) and A = S. Then A*A = I and
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AA* =T — Py is a diagonal operator, where P; is the projection from H onto
its linear subspace spanned by e;. In particular, R(A) is closed.

Given positive numbers ¢1, ¢, d; and da, and two sequences {a, } and {b,}
taken in the real line such that

c1 <lap| <dy and ¢ < |by| < dy for every n € N,
let M, N € L(H) be diagonal operators determined by
Me, = ane, and Ne, =b,e, foreveryn € N.

Then both M and N are self-adjoint and invertible, whereas M fails to be
positive if there exists ng € N such that a,, < 0. The same is true for N.
Since A*A = I, it is obvious that

AA"A=A, A"AA* = A and (NA*A)" = NA*A.

Also, we have (MAA*)* = MAA*, since both M and AA* are diagonal and
self-adjoint. Therefore, by (2) we know that AL N =A%

Remark 2.10. Let A € L(H, K) be given such that R(A) is closed. Put
W(A) = {M € L(K): M is a weight such that R(A*MA) = R(A*)}.

Clearly, a weight M in £(K) is a member of W(A) if and only if R(A*MA) is
closed and A*MA(A*MA)T = A*(A*)T. Assume that {M,,} is a sequence taken
in W(A) such that M,, - M as n — +oco. Then obviously, M is self-adjoint
and A*M,A — A*MA. If M is also invertible and R(A*M A) is closed, then

since
A* M, A(A* M, A)T = A*(A*)T for every n € N,
we know from [5, Theorem 1.6] that
M € W(A) <=A*"MA(A*MA)T = A*(A*)T
< lim A* M, A(A* M, AT = A*MA(A*MA)T

(16) <=>sup{H(A*MnA)TH :n € N} < +o0.
An example can be constructed as follows, in which (16) is not satisfied.

Example 2.11. Let A= (}9), M =(93), N = I, and put

e

Then R(AN,1A*) = R(A) and R(A*M,A) = R(A*) = C & {0}, therefore
ALH n,, exists for each n € N, whereas A}Lw n does not exist, since the supremum
in (16) turns out to be +oc.

0
0
) and N, =1, foreverynecN.

DO 3 =
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3. The relationship between weighted M-P inverses

Unless otherwise specified, in this section A € L(H, K) is fixed such that
R(A) is closed, M, My, My € L(K) and N,Ny,Ny € L(H) are weights such
that all the weighted M-P inverses exist.

We begin with an auxiliary lemma as follows:

Lemma 3.1. Let P,Q € L(H) be two idempotents. Then P = @ whenever
R(Q) € R(P) and N(Q) S N(P).

Proof. Suppose that R(Q) C R(P) and N(Q) C N(P). Then PQ = Q since
R(Q) C R(P), and P(I — Q) = 0 since R(I — Q) = N(Q) C N(P). Therefore,
0=P(I—Q)=P—PQ=P—Q, and hence P = Q. 0

To clarify the relationship between weighted M-P inverses, we need two
lemmas:

Lemma 3.2. The following equations for the weighted M-P inverse are valid:
AAY = AAY and AL A=Al VA
Proof. Clearly, R(AA;’VINI) =R(A) = R(AARJNz), and by (13) we have
N(AA}y,) = N(A}py,) = N(A"M) = N (Al x,) = N(A4] ).

By Lemma 3.1 we can obtain AA, N, = AAT, N+ since both of them are
idempotents. Similarly, it can be shown that A;rwl NA = A;rwz NA. O

Lemma 3.3. The following equations for the weighted M-P inverse are valid:
(17) (I — Al ANTIN AT A =0,
(18) AAY, My M (T - AAY, ) = 0.
Proof. Let Q = A;rWNlANl_lN?A;rWNZA' By (2) we have
NoAl y, A= (AL, A)*No and Al ANT' = N7 YA, A)Y,
which lead to
Q= Ny (A, A) (A, AN

= Nfl(A}L\/sz (AAj\/leA)) Ny

= Ny M4, A) N

= N7 ' No A,y A
This completes the proof of (17). The proof of (18) is similar. O

The relationship between Ajw N, and Ajw N, can be described as follows.
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Theorem 3.4. The following equation for the weighted M-P inverse is valid:
AEWNl = RM§N1;N2 : A‘]“WNz’
where
(19) Rupny vy = Al A+ (I = Al ANTIN,.
Furthermore, RN, N, 15 invertible in L(H) if and only if
(20)  R(( Al A Nall — Al 4)) = R((T — Al 4)°).
Proof. Tt follows from (19) and (17) that
Rusivy vy - Ay, A= Al (AAL  A) = Al A,
which is combined with Lemma 3.2 to conclude that
RM§N1,N2 ' A—]'.\/INQ = RM;N1,N2 ’ A;r\/[NgAA;r\/INQ
= RM§N1,N2 ' A;MNQAA;rWNl
= A1MN1AA1MN1 = A}-WNl'
Let P = A;rleAv Hy =R(P) and Hy = R(I—P). Then P is an idempotent
and H = Hy + Hy. Hence RN, N, can be partitioned as

R S H N\ ([ In O H,
Ml =\ Ro1 Rao Hy )7
where

(21) Roo = (I—P)Nl_lNz(I—P)|H2
and
Roy = (I — P)Nf1N2P|H1.
It follows that
RNy N, € L(H) is invertible <= Ras : Ho — Hp is a bijection.
In addition, by (2) we have N; PN; ! = P* and thus
R(N:(I — P)) = R(N:(I — P)N;') =R((I — P)*),

which means by the invertibility of N; that the morphism Ni|g, : Hy —
R((I—P)*) is a bijection. Therefore, Ros is a bijection if and only if Ny |z, - Rao
is a bijection. Since R(R22) C Ha, we know from (21) that

Nilm, - Rz = NiRoo = (I — P)"Nao(I — P

It follows that Ros : Ho — Hs is a bijection if and only if

22) T (1-PyNy(I-P)|, : Hy = R((I - P)*) is a bijection.

Suppose that (22) is satisfied. Then (20) is valid, since it is obvious that
R((I = P)*No(I — P)) = R((I — P)*No(I — P)|H2).

1P
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Conversely, if (20) holds, then the operator T defined by (22) is surjective. Note
that (I — P)* is an idempotent, so R((I — P)*) is closed, therefore Lemma 2.1
and (20) yield

£\ L * € *
N({I-P)= R((I—P) ) = R((I—P) NQ(I_P)) = N((I—P) NQ(I_P))7
which clearly leads to the injectivity of T (I
The relationship between A}L\/ll N and A}L\42 n can be described as follows.
Theorem 3.5. The following equation for the weighted M-P inverse is valid:

T _ gt
AMIN - AMzN . LM17M2§N7

where

(23) Lot vy = AAY, v + My "My (1 — AAY ),

which is invertible in L(H) if and only if

(24) R(( = A4l )" MMM, - (1= AAl, ) = R(( - A4, )7).

Proof. Note that A;rng = A;erNAA}L\bN, so from (18) we have
Al My IM(T - AAY, ) = 0.
The equation above, together with (23) and Lemma 3.2, yields
A;rsz “ Lty mpn = (A}L\bNA)AJIF\/[lN = (ARQNA)A;\@N = A;rwlN'

As in the proof of Theorem 3.4, it can be shown that Lz, ar,.n is invertible in
L(H) if and only if (24) is satisfied. d

Based on Theorems 3.4 and 3.5, we can obtain the following result.
Corollary 3.6. The following equation for the weighted M-P inverse is valid:
(25) Al N, = Rataini Ny - A, n, + Ly Mo
where Ryr, N, N, and L, ay:n, are defined by (19) and (23), respectively.
Proof. By (19), (23) and Lemma 3.2, we have

Rary vy Ny = Batying N, and Ly voiNy = Loty Mo -
Thus we can apply Lemmas 3.4 and 3.5 to get
Ahny = Bave v - Ay v, = Baninv o ne - Al v - Lo b
= Ratyiny Vs Abg, vy - Lty Moy U

Remark 3.7. Suppose that My € L(K) and Ny € L(H) are both positive
definite. Let

P=Aly A, T=(I-PN;, Q=AAl  and S=(1-Q)MM,".
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Then by Lemma 2.1, we have
R((I — P)*No(I — P)) = R(TT*) = R(T) = R((I — P)*)
and
R((I — Q) My My My (I — Q)) = R(SS*) = R(S) = R((I - Q)*).

Thus, by Theorems 3.4 and 3.5 we know that both Ras.n, . n, and Ly a,:n
are invertible in L(H).

Remark 3.8. There certainly exist M, My, My € L(K) and N, N1, N2 € L(H)
such that neither Rps,n, n, Dor Las, a,;n is invertible. Such an example is as
follows.

Example 3.9. Let A= (; 1), M =N =1,M; =N, = ({}), My = Ny =
((1) o ) It is easy to verify that both A}[\/INI and A}L\/IlN are equal to (_é _i )
So according to (19) and (23), we have

1 -1 0 1
Ryrny Ny = ( 0 0 ) and  Lar avoN = ( 0 1 );

both of which are singular.

In the above presentation, it is assumed that all the weighted M-P inverses
exist. In view of Theorems 3.4 and 3.5, a slight generalization can be made as
follows.

Theorem 3.10. Let M € L(K) and Ni,Ny € L(H) be weights. If A €
L(H, K) is given such that A}LVINl exists and the operator Ryr,n, N, defined by
(19) is invertible, then AR[NZ exists and is of the form

t o pe1 t
AMN2 = RM;Nl,NQ 'AMNI'

Proof. Let X = RJT/Il;Nl,Nz -ARINI. Then X is adjointable, since both R]T/Il;Nth
and A;rwvl are adjointable. It follows from (19) that ARy N, N, = A, hence
ARyiy, N, = A, which gives directly AXA = A, XAX = X and MAX =

MAA}LWN17 therefore (M AX)* = MAX. Furthermore, by (19) and (2), we
have

NiRusin, N, = NMiAlyy, A+ Ni(I = Al AYNT' N,

(N1Rarin, )" = N1 Al A+ No(I = Al A),
which lead to
(N1 Rarin, v, )Ny "N Al A = NiALy ANG I NLA A
= N Al v, ANy (N1 Ragov, v,)
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It follows that

Ny 'NiAY v A (N Rariny v,) 1) = (N Rarngv,) 1 - NiAL AN

_ p—1 T -1
- RM;Nl,Ng 'AMNlANQ s

and thus
(N1 AL, A) - (N Rarv, ) 1) NS = NaRyfn v, Al A,
which can obviously be simplified to (No X A)* = No X A. O

Similarly, we have the following result.

Theorem 3.11. Let My, My € L(K) and N € L(H) be weights. If A €
L(H, K) is given such that A?\/le exists and the operator Ly, N defined by

(23) is invertible, then A;rvsz ezists and is of the form

T _ gt -1
AMzN - AM1N ’ LM1,M2§N'

Proof. The proof is so similar to that of Theorem 3.10 that we omit it. O

We finish this section by applying our results to obtain norm estimations for
the weighted M—P inverse. In the sequel, M € L(K) and N € L(H) are two
weights, and A € L(H, K) is given such that A}LV[N exists. By (2) both M (I —
AAL, ) € L(K) and (I — A,y A)N~! € L(H) are self-adjoint, which mean
that 1 and ro are the spectral radii of M (I — AA;fWN) and (I — A;rMNA)N’1
respectively, where

ro= M= AAf )| and e =[(7 - Al AN
Now let dp7-1 € L(K) and o5 € L(H) be self-adjoint such that
(26)  [lars |- max{IM], 11} <1 and (o] - max{| N1, ra} < 1.
Under the above conditions, two weights M and N can be induced as
(27) M=(M)"+6y-1)"" and N =N +dy.
By (19), (27) and Lemma 3.2, we have
(28) Ry =AynA+ (= A yANTIN =T+ (I - Al yAN oy,
which is invertible since by assumption we have
(20) (T = A}y AN "o ]| < I = Al AN flon]) =72 - low ] < 1.
It follows from Theorem 3.10 that A}LV[N exists. Similarly,

Ly siny = Ay + M7IM(I — AAL, )

(30) =T+ 0y M(I - AAY, )

— T —
=1+ 5M71M(I— AAI\/IJV) = LM,JTJ\;]V’
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which is also invertible since by assumption we have
18ar-+ M (I = AAL )| < 18as1 |- [IM(T = AAL )| =7 - I8pr ]| < 1.

. 1 . s
Therefore, by the existence of A MR and the invertibility of L M.ATN We can

conclude from Theorem 3.11 that AI\A/[JV is also existent. Furthermore, we may
combine (28) and (29) to conclude that

1

! T -
(31) w8l S T on]
and

- r2[|dn ||
3 (TR P
(32) MiNNIL = 1 —ro)|dn||
Similarly, we can obtain

1

: Patanl < oy
( ) MM;N|| — 1 —7“1||(5M—1H
and

- r1|8
34 HI—L L H _ o T
(34) MMN = 1 — 7y ||0ps-1]|

Based on the above observations, we have the following theorem.

Theorem 3.12. Let dy;-1 € L(K) and dn € L(H) be self-adjoint such that
(26) is satisfied. Then
ALl

o1l 4t
) |AG5l < a=re 1u> =N

t T rilldp—1ll+r2llon [ =rir2|ldp -1 [ IONIl | 4T .
(i) [ Ay — Anll = =2 S tian - 1Awn;

r2||8
(iii) [ AT A — AbnA|l < 2ok Al Al

(iv) HAA — Al || < 2t gl

177”1”6”[*1 H

Proof. By Corollary 3.6 we have

t _ + — _ p-1 T -1
(35)  Agpg= RM v Aun L AN = Byvw A Ly
0
T T - T -
(86)  Alo— Al = (B o= DAL o+ Al (B3 — 1)
It is noticed by (28) and (30) that AR,y 5 = A = Ly, 57.nA; therefore
(37) ARy o=A=Llo A
It follows from (35) and (37) that
i i 1 i
(38) AL cA— Al A= (R} o - DAL A,
i o 1
(39) AA = AAL = AAL (L) - ).
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Norm upper bounds (i)—(iv) can then be derived from (35), (36), (38), (39) and
(31)—(34). O
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