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GENERALIZED CAMERON-STORVICK TYPE THEOREM
VIA THE BOUNDED LINEAR OPERATORS

SEUNG JUN CHANG AND HYUN SoO0 CHUNG

ABSTRACT. In this paper, we establish the generalized Cameron-Storvick
type theorem on function space. We then give relationships involving the
generalized Cameron-Storvick type theorem, modified generalized integral
transform and modified convolution product. A motivation of studying
the generalized Cameron-Storvick type theorem is to generalize formulas
and results with respect to the modified generalized integral transform
on function space. From the some theories and formulas in the functional
analysis, we can obtain some formulas with respect to the translation
theorem of exponential functionals.

1. Introduction

The concept of the integral transform F, g was introduced by Lee on ab-
stract Wiener space (B, H,m) [21]. Since then many mathematicians have
studied the integral transform F, g, the Fourier-Gauss transform G, s and the
generalized Fourier-Gauss transform Gg 7 of functionals on (B, H,m) [1,2,9,12—
19,21]. The function space Cy [0, T, induced by generalized Brownian motion,
was introduced by J. Yeh in [23] and studied extensively in [4,5,7,8,10,11].
In [6-8,11], the authors studied the generalized integral transform F. g of
functionals on Cy[0,T]. The space (Cup[0,T],C; [0, T], 1) as an example
of abstract Wiener space was initiated by Chang et al in [4]. The classical
Wiener space and (Cl, [0, 17, Ab[O, T], i) are the most important examples of
an abstract Wiener space, for more details see [4,5,7,14,20,23].

The Cameron-Storvick type theorem is that the function space integrals
involving the first variation can be expressed by the ordinary forms without
concept the first variation. For this reason, it is also called the integration
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by parts formula. Numerous constructs and theories regarding the Cameron-
Storvick type theorem have been studied and applied in many papers [3,4, 6,
8,10,11].

In this paper we establish the most generalized Cameron-Storvick type the-
orem via the bounded linear operators. We then establish some relationships
between the modified generalized integral transforms and the modified convo-
lution products involving the first variations for the exponential functionals via
the generalized Cameron-Storvick type theorem. We are going to work in the
framework of general Gaussian space (Co [0, T], Cy, [0, 77, ). Our transform
and the Cameron-Storvick type theorem are more general than various trans-
forms and the Cameron-Storvick type theorem considered in previous papers.

The results in this paper are quite a lot more complicated because the gen-
eralized Brownian motion used in this paper is nonstationary in time and is
subject to a drift a(¢). The generalized Brownian motion can be used to explain
the position of the Ornstein-Uhlenbeck process in an external force field [22].

2. Definitions and preliminaries

Let D = [0,7] and let (2,8, P) be a probability measure space. A real-
valued stochastic process Y on (2, B, P) and D is called a generalized Brownian
motion process if Y (0,w)=0 almost everywhere and for 0 = tp < t; < -+ <
t, < T, the n-dimensional random vector (Y (t1,w),...,Y (t,,w)) is normally
distributed with density function

1~ ((uy = alty)) = (uj—1 — a(t;_1)))?
* eXp{z b(t;) — b(t;—1) }

where @ = (u1,...,up), ug = 0,t = (t1,...,t), a(t) is an absolutely continuous
real-valued function on [0, 7] with a(0) = 0, /(t) € L?[0, T] and b(t) is a strictly
increasing, continuously differentiable real-valued function with 5(0) = 0 and
b'(t) > 0 for each t € [0, 7.

In [24], Yeh showed that the generalized Brownian motion process Y de-
termined by a(-) and b(-) is a Gaussian process with mean function a(t) and
covariance function r(s,t) = min{b(s),b(t)}, and that the probability measure
w induced by Y, taking a separable version, is supported by C, [0, T] (which is
equivalent to the Banach space of continuous functions z on [0, 7] with 2(0) = 0
under the sup norm). Hence (C, [0, 7], B(Cy[0,T]), 1) is the function space
induced by Y where B(C,[0,T]) is the Borel o-algebra of C,;[0,7]. We
then complete this function space to obtain (Cy [0, T], W(Cy 5[0, T]), ) where
W(C,[0,T7) is the set of all Wiener measurable subsets of C, 5[0, .
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Let

L2,00.7] = {v : /OT v?(s)db(s) < o0 and /OT v?(s)dla|(s) < oo},

where |a|(t) denotes the total variation of the function a(-) on the interval [0, ¢].
For u,v € Lg’b[O,T], let

(11, V) = / w(t)o(t)db(t) + |al()]

Then (-, -)a,p is an inner product on L7 [0, T] and (L7 ,[0,T1, |||, is a separa-
ble Hilbert space, where ||-||a,0 = /(s *)a,b- We note that ||v||,,, = 0 if and only
if v(t) = 0 almost everywhere on [0,7]. In addition, for each v € Lg’b[O,T],
the Paley-Wiener-Zygmund (PWZ) stochastic integral (v, z) exists for p-a.e.
x € Cup[0,T]; see [4,6-8,11]. Then the PWZ stochastic integral (v,z) is a

Gaussian random variable with mean fOT v(t)da(t) and variance fOT v2(t)db(t).
Let

Wbl0,T] = {w € Cupl0,T] : w(t) = /0 z(s)db(s) for some z € Li)b[O,T]} :

For w € C!, [0, T], with w(t) = [ z(s)db(s) for t € [0, T}, let Dy : C!, ,[0,T] —
L2 ,]0,T] be defined by the formula

Dyw = z(t) =

Then Cy, ,[0,7] with inner product

T
(wl,’LUQ>C‘/le :/ Dt’wlthgdb(t)

’ 0
is a separable Hilbert space. Note that the two separable Hilbert spaces,
Lg,b[O, T] and Cy ,[0,T] are homeomorphic. Furthermore, we note that

—_—

Capl0,T] = Cop C C74[0,T] = C;, ,[0,T] C Capl0,T7,
where 6’;, is the topological dual space of C, [0, T].

Remark 2.1. Recall that the function a : [0,7] — R is an absolutely continuous
real-valued function on [0, T with a(0) = 0, /(t) € L?[0,T]. But the function
a(t) = ¥, t € [0,T], is not an element in L2 ,[0,7] even though a'(t) =
%t‘% € L2[0,T). In order to apply the translation theorem, we have to add
a condition for the function a. Our conditions on b : [0,7] — R imply that
0< My <bV(t) < M for all ¢t € [0,7] and some positive real numbers M; and
M. Now throughout this paper we add the condition

(1) / 0/ (&) Pdlal(£) < 0.
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Let wq(t) = ‘;,l—gtt)) Then we see that

alt) = /0 Z:((jidb(s)— /0 wa(s)db(s)

and
T

| wkOdpo + 10l0)] < 5Elelson + 5 [ OFdel0) <

by condition (1), and so w, is an element of Lg’b[O,T]. Thus a is an element
of €}, ,[0,T7.

We denote the function space integral of a W(C, [0, T])-measurable func-
tional F' by

BIF)= EF@) = [ Fla)du
Ca,b[O,T]
whenever the integral exists.
For the purposes of this paper, we define a complexification of C, [0, T] by

Kq3[0,T] ={z:[0,T] = C | 2(0) =0, Re(x) € Cy[0,T)
and Im(z) € Cq [0, 77}
We also let K| ,[0,T] = K|, denote the complexification of CY, [0, 7.

For z € Cq[0,T] and w € Cy [0, T] with w(t) = fot z(s)db(s) for t € [0,T],
(w,2)~ = (Dyw, z) = (z,x) is a well-defined Gaussian random variable with
mean (w,a)¢r | and variance [|wl|Z., ,- Then we have the following observations:

(i) For each w in C}, [0, T, (w,a)™ = (w,a)cr , and (w,w)™ = [|w]|Z, .
(ii) For x € K,[0,7] and w € Cy [0, 7], let (w,x)~ = (w, Re(z))™ +
i(w, Im(x))"™.
(iii) For z € Cup[0,T] and w € K,[0,T], let (w,z)~ = (Re(w),z)™ +
i(Im(w), z)"~.
(iv) In views of (ii) and (iii), for x € K, [0, 7] and w € K7 ,,
(w,2)~ = (Re(w), Re(x))™ + i(Im(w), Re(x))™
+ i(Re(w), Im(x))~ — (Im(w), Im(z))".
In this case (-,-)™ is the complex bilinear form on fa;b x Kq.[0,T).

We next state the following useful formula for function space integrals;
namely that for w € K7, , and = € C, [0, T7,

@ Bulespl(w,2)}] = exp{ 5w, 0 + (w0}

If also w € Cy, ,[0,T], then

Bulewp{(u:2))] = exp{ S ul,, + (e .
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We finish this section by stating the definitions of the modified generalized
integral transform (MGIT), the modified convolution product (MCP) and the
first variation of functionals on K, [0, 7.

Definition. Let £ = L(K, [0, T]) be the set of all bounded linear operators on
K, [0,T]. Let ¥ and ® be functionals on K, [0,T] and let S, R, A,B,C,D €
L. Then the MGIT Fg r(¥) of U is defined by the formula (if it exists)

(8)  Fer(¥)y) - /C L VS R,y € Kaaf0T)

Also, the MCP (U % ®) apcp of ¥ and @ is defined by the formula (if it exists)
(W x ®)apcp(y)

4
W o[ e BYR(Cr+ Do),y € Kagl0,T)
Ca)b[O,T]

and the first variation of ¥ is defined by the formula (if it exists)

0
(5) 0V (z|u) = == U(x + ku) , x,u € Kq[0,T].
ok K0 ’
Remark 2.2. (1) When S = v and T = 3, for nonzero complex numbers v and
B, Fsr is the generalized integral transform used in [7,8].
(2) When A = %,B = %,C = —% and D = %, for a nonzero complex
number v, (¥ x ®) 4pcp is the convolution product used in [8].
(3) The first variation 0 F (z|u) acts like a directional derivative in the direc-

tion of wu.

3. Fundamental formulas

In this section we list various fundamental formulas with respect to the
MGIT, the MCP and the first variation for the exponential functionals.

For the study of our MGIT and MCP of functionals on K, [0, 7], we will
use a fundamental set of L?(C,[0,7]). We then introduce a meaningful class
of functionals on K, [0,T]. Let A be the class of all functionals which have
the form

) 0, (0) = exp{ (w.2)" = (000)” = (w0)”

for each w € I?C:b and © € C,4[0,7]. Hence E[¥,] = 1. The functionals
given by Equation (6) are called the generalized exponential type functionals
on C, 5[0, T]. We also note that each ¥, is an element of L?(C, ;[0,7]). Then
we have the following observation to understand this paper. For each w €

Kop,x € Cop[0,T] and S € L
(w, Sz)~ = (S"w,x)".

Because S € L, S* € L(I?;b,f(:b) and hence S*w € I?:b is well-defined and
so (S*w,z)™ is also well-defined.
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Our goal in the remainder of this paper is to establish various formulas and
relationships for the MGIT, the MCP and the first variation of the generalized
exponential type functionals defined by (6) above which we proceed to do in
Sections 4,5 and 6 below.

For notational convenience we adopt the following notation: for Ry, Ro, ...,
R, €L and w e Kgp, let

M(Ry,...,Ry;w)

(7) = exp{;((iRjR;‘I)w,w)NnL((iR;I)w,a)N},

where R? is the Hilbert-adjoint operator of Rj, 7 =1,2,...,n. Note that the
symmetric property for M (-;w). That is to say,
M(Ry, Ry, ..., Ry;w) = M(Rr1), Rra)s - - 5 Rrny; w)

for any permutation 7 of {1,...,n}.
To obtain simple expressions for our formulas and results, we use the follow-
ing lemma which plays a key role in this paper.

Lemma 3.1. Let ¥, = T, € S(C,[0,T]) be a generalized exponential type
functional of the form (6) and let Ry, Ry € L. Then
(8) M (Ry; wn) exp{(Rywn, y)™} = M(Rq, Ro; wn) ¥ Ry, (y)-

The following theorem was established in [11, Theorems 4.3,4.4 and 4.5].
Theorem 3.2. Let ¥,,¥,, € S(Cy[0,T]) be generalized exponential type
functionals of the form (6) and let u be an element of C| ,[0,T]. Then for
S,R,A,B,C,D € L, the MGIT Fs r(V,,) of ¥,,, the MCP (¥,, « U ,) apcp of
U, and U, and the first variation §V,(-|u) of U,, exist, and are given by the
formulas

(9) Fs.r(Vn)(y) = M(S, B;wn) V¥ pew, (y),

(W * V) aBep(Y)

(10) = M(A, B;w,)M(C, D;wy,) exp {(C’A*wn7 wm)N}\IJB*wn V)V praw,, (y)
and
(11) 0W, (z|u) = (W, u)~ U, ().

Furthermore, they are also generalized exponential type functionals.
In our next theorem, we obtain the composition formula for the MGIT.

Theorem 3.3. Let ¥,, € S(Cy[0,T]) be a generalized exponential type func-
tional of the form (6) and let S1,S2, R1 and Ry be elements of L. Then we
have

(12) ‘Fsl,Rl (./_'.52_’32\1/")(]4) = ‘FS(%RS (\Iln)(y)’
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where Ry = Ry Ry if and only if the following condition
M (S2, S1 Rz, Ry Ro;wy,) = M(S3, R3;wp)
holds.

Proof. Equation (12) can be obtained immediately from the definition of MGIT
and Equation (9) repeatedly. O

4. Cameron-Storvick type theorem

In this section we are going to establish the generalized Cameron-Storvick
type theorem with respect to the MGIT. In order to do this, we need the
following Lemma 4.1 below.

The following lemma was established in [10, p. 379].

Lemma 4.1 (Translation theorem). Let z¢ be an element of C, [0, T]. If F
is p-integrable on Cq (0,1, then
1 ~
(13) Ex[F(z+m0)] = exp{—2||x0||%éyb — (w0, a)cy, }Ew [F(z) exp{(z0,x)~}].
Using Equation (13), we establish a more generalized translation theorem
to obtain the generalized Cameron-Storvick type theorem.

Theorem 4.2 (Translation theorem with respect to the operators). Let S;

be an elements of L with S7S1 = I, where I is the identity operator and let

Sy € l:(C'(’l)b,é;;). Let F be a integrable functional on Cy[0,T] and let x¢ €
w0, T]. Then

1
BIF(Sia -+ Samo)] = oxp{ ~318iSaral?y , — (SiSazn.aley, |

x E.[F(S12) exp{(S] S2z0,x)™ }].

(14)

Proof. We first note that for 2o € €7, ,[0,T], Sewg € Cayp C C.,,[0,T]. Since

S1 € L, Sf € E(I?,;;,,Kayb) and hence S7Ssxg is well-defined and it is an
element of Cyp C Cf 4[0,T]. Thus, Equation (14) immediately follows from
Equation (13) by replacing Fs, by F, where Fg, (z) = F(S1z). Because we
note that

F(Sl.%' + Sgl‘o) = F(Sl (m + STSQ.Z‘Q)) = Fg, (1‘0 + 90)
with 90 = STSQ:L’O. (I

Corollary 4.3. Theorem 4.2 tells us that our translation theorem is the most
generalized theorem to date. All version of the translation theorem is a corollary
of Theorem 4.2. Furthermore, if we take the Gaussian process Zp(x,t) as
operators S1 and Sz, then Theorem 3.2 established and used in [3] is a corollary
of Theorem 4.2 above.
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From now on, we are going to establish the generalized Cameron-Strovick
type theorem.

The first version of the generalized Cameron-Strovick type theorem is that
the MGIT of the first variation for the exponential functional.
Theorem 4.4. Let S,R € L with S*S = I and let U,, € S(Cy1[0,T]) be a

generalized exponential type functional of the form (6). Also, let uw € Cuyp C
é,b[O,T], Then we have

Fs.r(0Wn(|u))(y) = Fs.r((u, )" ¥n(-)(y)

= ((B™u,9)™ + (57w, a)™) Fs,r(¥n) (y)-
Proof. The existence of Equation (15) is obtained from Theorem 3.2. We left to
show that the equality in Equation (15) holds. This equality (15) are immediate

consequence of Lemma 4.1 and Theorem 4.2 by replacing S; and Ss by S and
I respectively. O

(15)

Equation (15) tells us that
(16) Fs.r((U, )" Wn())(y) = Fs.r(6Un(-u))(y)
+ (R7u,y)™ = (5%u,a)™) Fs,r(¥n)(y)-

In fact, it is not easy to calculate the MGIT involving polynomial weight. That
is to say, a calculation of the following function space integral

/ (ur, )™ exp{(uz, 2)™ }dpu(z)
Ca,5[0,T]

is not easy unless u; and uy are orthogonal. In these cases, we have to use the
concept of the Gram-Schmidt process and the usual function space integration
formulas. From Equation (16), we note that the MGIT of exponential func-
tionals with polynomial weight can be calculated very easily from the MGIT
of exponential functionals.

From an example, we explain the usefulness of the Cameron-Storvick type
theorem.

Example 4.5. Let ¥,, € S(C,[0,T]) be a generalized exponential type func-
tional of the form (6). Also, let u € C7, [0, T]. Using Equations (10) and (12),
we obtain that

Fs,r(¥n)(y) = M (S, R;wn) V¥ Rew, (y)
and
U, (z|u) = (wp, u)~ ¥, ().
Hence using Equation (16), we have
Fs.r((u, )" ¥n(-))(y)
= (wn,u)” M(S, R; wn) ¥ gew, (y)
+ (R, y)™ = (5w, @)™ )M (S, B; wn) ¥ gew,, ()
= ((wn, )™ + (R*u,y)™ = (5%u, a)™)M(S, B; wn) ¥ g, (y)-
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In Theorem 4.6, we give the second version of the Cameron-Storvick type
theorem. This is that the first variation of the MGIT for the exponential
functional.

Theorem 4.6. Let S € L with S*S =1 and R € L(C}, ;,Cop). Let ¥, €
S(Cup[0,T]) be a generalized exponential type functional of the form (6). Also,
let u be an element of C, [0, T]. Then

an 6Fs,r(¥n)(ylu) = Fs.r((Ru, )~ ¥n(-))(y)

— ((Ru, Ry)™ + (5" Ru,a)™) Fs,r(¥n)(y)-

Proof. The existence of Equation (17) is obtained from Theorem 3.2. We left
to show that the equality in Equation (17) holds. In order to do this, we shall
use Equations (9), (11), (14) with replacing S; and S3 by S and R respectively.

Then the equality in Equation (17) is immediate obtained by the integration
by parts formula. O

Remark 4.7. From Equations (15) and (17) in Theorems 4.4 and 4.6 respec-
tively, we can conclude that

6Fs.r(Un)(ylu) = Fs r(0Wn(-|Ru))(y).

5. Relationships

In this section we establish various relationships among the MGIT, the MCP
and the first variation for generalized exponential type functionals via the gen-
eralized Cameron-Storvick type theorems in Theorems 4.4 and 4.6.

The following relationships were established in [11]. These relationships are
called fundamental formulas with respect to the MGIT, the MCP and the first
variation for the exponential functionals.

Theorem 5.1. We list various relationships between the MGIT and the MCP
as follows:

(i) The MGIT is a commutative operator, that is to say,
Fs5. R (Fsy R, (Wn))(Y) = Fs, Ry (Fsy. Ry (V) ()
if and only if
S1 =085 RiRy=RyRi and RSy = RyS;.
(ii) The MCP is a commutative operator, that is to say, (V,*V,,)apcp =
(U, % U,) apep if and only if
A=C and B=D.

(iii) Fundamental formula 1:

(18) f51731 (\Iln * \Ilm)AlBlchl (y) = (‘FS2,R2<\IITL) *]:53,R3 (\I]m))A2BzczD2 (y)

if and only if the following conditions hold:
(a) BlRl = R2B2 and D1R1 = R3D2;
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(b)  M(Ay, B1S1;wn)M(Cy, D1S1;wp,)
= M(S2, Rp Ag; wy,) M (S3, R3C2; wy,);
(C) ClA’{ + (DlSl)(Blsl)* = (R3CQ)(R2A2>*
(iv) Fundamental formula 2:
(U * W) apop (ylu)
= ((0Un(|Bu) * ¥m) apop + (¥n * 6Wm ([ Du)) acp)(y)-
In our next theorem, we establish the fundamental formula with respect to

the MGIT and the MCP. Equation (20) is called the Fubini formula or the
Bearman formula.

Theorem 5.2. Let S;, R;, A, B,C and D be elements of L fori=1,2,3. Let
U, Uy, € S(Cop[0,T)) be generalized exponential type functionals of the form
(6) and let u be an element of Cy ,[0,T]. Then

(19)

(20) ]:SLTl (\Il’ﬂ * \Ilm>ABCD(y) = ]:S2,T2 (\I]n)<y)]:53,T3 (\I/m)(y)
if and only if the following conditions hold:
(a) B=D=1,

(b) M(A,S1;w,) = M(Sa;wy,) and M(C, St1; wy,) = M(S3;w,);
(¢c) CATS157 =0.

Proof. First using Equations (3), (9) and (10), we obtain that
(21)
Fs1, Ry (Wn * V) apcp(y)

= M(A;wn)M(C;wm)/ exp{((BRl)*wn + (DRy) wm,y)”~
Cayb[O,T]

+ ((BS1)*wn, + (DS1) Wi, )™ + (CA Wy, wiy,)™

(A"~ Dwna)™ + ((C° — f)wn,ar}du(x)
= M(A, BS1;w,)M(C, DS1;w.,)

X exp{((BRl)*wn + (DRy) W, y)~ + ((CA* + (DSl)(le)*)wn,wm)N}.

On the other hand, using Equation (9) repeatedly, we have
Fs3,15 (V) (Y) Fss,15 (Vi) (y)
(22) = M (Sa, Ro;wy) M (S3, R3; 0 )V Ry, (Y)Y R3w,, (V)
= M (So;wy) M (S3;wy,) exp{(Rswn + R3wy,,y)™ }.
By comparing two Equations (21) and (22), the proof of Theorem 5.2 is com-
pleted as desired. (I

From Theorem 3.2 thru 5.2, we gave some conditions for the operators to
establish various results and formulas. From now on, we shall omit these con-
ditions to avoid being expressed in complexity in the statements.



GENERALIZED CAMERON-STORVICK TYPE THEOREM 665

We recall the basic property of the first variation. For exponential function-
als U, and ¥, (0, 0,,)(z|u) = 0P, (x|u)¥,, + 0,00, (z|u). It looks like
that the derivative of the product for the exponential functionals. Using this
basic property with relationships which were obtained in Theorems 5.1 and 5.2,
we have the following theorem.

Theorem 5.3. Let ¥, ¥, € S(Cy[0,T]) be generalized exponential type
functionals of the form (6) and let u be an element of C}, ,[0,T]. Then we have
6(Fsy,m: (Un * W) aop) (ylu)
= Fsa,ra (R, )W () (4) Fisy ms (V) (1)
(23) + Fsa.rs (B3, )" Wi () (1) Fsy, ro (Un) ()
— ((R5R2u + R3Rsu,y)~ + (95 Rou + S5 Rzu, a)™)
X Fsy,m2 (W) () Fsg,ms (P ) ()

Proof. Using Equation (20) together with the basic property with respect to
the first variation to Fs, r,(¥n)Fs, g, (Um) instead of F'G, we have

0(Fsy,ry (¥ * U ) apep)(yluw)
(24) = 5(}—527132 (\I/n)]:S:a,RB (\Ilm))(mu)
= 5~F52732(\Pn)(y|u)f53,133(\Ijm)( )+‘FS2 R2( )( )6]:53 R3( m)(y‘u)

Applying Equation (17) to the two terms in the last expression of Equation
(24), we have

0(Fsy,m, (W * Vi) apcp) (y[u)
= Fsa.Ro (Rt )" Wi () (y) Fisy, s (Vi) (1)
— ((Rau, Roy)™ + (93 Rau, a)™) Fsy, my (V) () Fsy, s (¥m) ()
+ Fig,ms (B, )" W (1)) () F sz, ro (¥n) (y)
— ((Rsu, Rsy)™ 4 (S3R3u,a)™ ) Fsy, ko (V) (¥) Fsy, ms (W) (¥),
which yields Equation (23) as desired. O

In our next theorem, we give a relationship between the MGIT and the
MCP.

Theorem 5.4. Let ¥, U, € S(C,[0,T]) be generalized exponential type
functionals of the form (6) and let u be an element of C; ,[0,T]. Then we have
Fs1,1 (6(Wp % Ui ) apon (+u)(y)
= ,/—"52732((31,6, ')N\Ijn('))(y)‘FS&RS (\I’m)(y)
(25) + fss,Rz.((Duv ')N\Ilm('))(y)]:Sz,Rz (\Ijn)(y)
— ((R3Bu+ R3Du,y)~ — (S3Bu+ S35 Du,a)™)
X ]:52,32(\I/n)(y)‘FSS,R3(\IIm)(y)'
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Proof. In order to establish Theorem 5.4, we first use Equations (11) and (20).
Then we have
(26)

Fsy, Ry (6(Wy % W )ABCD( [u))(y)
=Fs1, 1 (095 (| Bu) * Vi) apcp+(¥p % 0¥ (([Du)) apep)) (v)
=Fs1,r, (095 (| Bu) * Vi) aBoD)(Y) +Fsy Ry (Y * 0¥, (-|Du)) acp) ) (y)

= Fs5. Ry (00 (-| Bu)) (Y) Fsy rs (V) (4) +F 55, 8o (V) (¥) Fisy s (W ([ D)) (y).-

We now apply Equation (17) to the two terms in the last expression of Equation
(26), we have

Fs1, R (6(Wn % W) apon(+u))(y)
= Fiy,m, (Bt )" W (1)) (y) Fss, s (¥ ) (y)
— ((Bu, Roy)™ + (S3Bu,a)™) Fsy,my (V0 ) (4) Fisg,mo (V) ()
+ TR (D, )" Wi (1)) (1) Fs, o (¥ ) (y)
— ((Du, R3y)™ + (S5 Du, a)™) Fsy, ko (V) () Fisg me (P ) (1),
which yields Equation (25) as desired. O

We finish this paper by stating a formula with respect to the Fubini theorem
involving the first variation.

Theorem 5.5. Let ¥,, € S(Cy3[0,T]) be a generalized exponential type func-
tional of the form (6) and let u be an element of C;, 1[0, T]. Then we have

fs1,Rl((‘F52,R2 (6\IJH)(|R2R1u)))(y)
(27) = Foy,rs (RaRyu, )~ Wi () (y)
- ((R2R1U7 RSy)N + (S*RQRlua a)N)*FssaRs (\Ijn)(y)

Proof. Using Equation (11), we have
F51,Ry (Fsg,ro (0Un) ([ R2Ryw))) (y)
(28) = Fs1,8, (6(Fs5,r, (V) (| R1u)) (v)
= 6(Fs1,Rr, (Fsa,m:(Un))) (ylu).
Form Equations (11) and (20) again, we have
F51.Ry (Fsa,ro (0W0) ([ R2Ryw))) (y)
= F5a,m: (000 (| R2Ryw)) (y)
= Fsa,rs (RoRyu, )" Wi (-)(y)
— ((R2Ryu, R3y)™ + (S*RaRiu,a)™ ) Fsy rs (¥n) (y).
Hence we have the desired result. O

Remark 5.6. Form Theorems 3.3 thru 5.5 above, we obtained various relation-
ships via the Cameron-Storvick type Theorems 4.4 and 4.6. As mentioned in
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Section 1, by choice of operator, one can see that many formulas in previous
papers are the corollaries of the formulas in this paper.

Acknowledgments. The authors would like to express their gratitude to the
referees for their valuable comments and suggestions which have improved the
original paper.

(1]
2]

3]

(4]

[5]

[6]

[9]

(10]

(11]

(12]

(13]

14]

References

R. H. Cameron and W. T. Martin, Transformations of Wiener integrals under transla-
tions, Ann. of Math. (2) 45 (1944), 386-396. https://doi.org/10.2307/1969276

, The orthogonal development of non-linear functionals in series of Fourier-
Hermite functionals, Ann. of Math. (2) 48 (1947), 385-392. https://doi.org/10.2307/
1969178

S. J. Chang and J. G. Choi, Translation theorem for function space integral associated
with Gaussian paths and applications, to appear in the Bull. Iranian Math. Soc.

S. J. Chang, J. G. Choi, and D. Skoug, Evaluation formulas for conditional function
space integrals. I, Stoch. Anal. Appl. 25 (2007), no. 1, 141-168. https://doi.org/10.
1080/07362990601052185

S. J. Chang and D. M. Chung, Conditional function space integrals with applications,
Rocky Mountain J. Math. 26 (1996), no. 1, 37-62. https://doi.org/10.1216/rmjm/
1181072102

S. J. Chang and H. S. Chung, Some expressions for the inverse integral transform via
the translation theorem on function space, J. Korean Math. Soc. 53 (2016), no. 6, 1261—
1273. https://doi.org/10.4134/JKMS. j 150485

S. J. Chang, H. S. Chung, and D. Skoug, Integral transforms of functionals in
L2(C,[0,T]), J. Fourier Anal. Appl. 15 (2009), no. 4, 441-462. https://doi.org/
10.1007/s00041-009-9076-y

, Some basic relationships among transforms, convolution products, first varia-
tions and inverse transforms, Cent. Eur. J. Math. 11 (2013), no. 3, 538-551. https:
//doi.org/10.2478/s11533-012-0148-x

K. S. Chang, B. S. Kim, and 1. Yoo, Integral transform and convolution of analytic
functionals on abstract Wiener space, Numer. Funct. Anal. Optim. 21 (2000), no. 1-2,
97-105. https://doi.org/10.1080/01630560008816942

S. J. Chang and D. Skoug, Generalized Fourier-Feynman transforms and a first vari-
ation on function space, Integral Transforms Spec. Funct. 14 (2003), no. 5, 375-393.
https://doi.org/10.1080/1065246031000074425

S. J. Chang, D. Skoug, and H. S. Chung, Relationships for modified generalized integral
transforms, modified convolution products and first variations on function space, Inte-
gral Transforms Spec. Funct. 25 (2014), no. 10, 790-804. https://doi.org/10.1080/
10652469.2014.918614

D. M. Chung and U. C. Ji, Transforms on white noise functionals with their applications
to Cauchy problems, Nagoya Math. J. 147 (1997), 1-23. https://doi.org/10.1017/
S0027763000006292

H. S. Chung and V. K. Tuan, Generalized integral transforms and convolution products
on function space, Integral Transforms Spec. Funct. 22 (2011), no. 8, 573-586. https:
//doi .org/10.1080/10652469.2010.535798

L. Gross, Abstract Wiener spaces, in Proc. Fifth Berkeley Sympos. Math. Statist. and
Probability (Berkeley, Calif., 1965/66), Vol. II: Contributions to Probability Theory,
Part 1, 31-42, Univ. California Press, Berkeley, CA, 1967.



https://doi.org/10.2307/1969276
https://doi.org/10.2307/1969178
https://doi.org/10.2307/1969178
https://doi.org/10.1080/07362990601052185
https://doi.org/10.1080/07362990601052185
https://doi.org/10.1216/rmjm/1181072102
https://doi.org/10.1216/rmjm/1181072102
https://doi.org/10.4134/JKMS.j150485
https://doi.org/10.1007/s00041-009-9076-y
https://doi.org/10.1007/s00041-009-9076-y
https://doi.org/10.2478/s11533-012-0148-x
https://doi.org/10.2478/s11533-012-0148-x
https://doi.org/10.1080/01630560008816942
https://doi.org/10.1080/1065246031000074425
https://doi.org/10.1080/10652469.2014.918614
https://doi.org/10.1080/10652469.2014.918614
https://doi.org/10.1017/S0027763000006292
https://doi.org/10.1017/S0027763000006292
https://doi.org/10.1080/10652469.2010.535798
https://doi.org/10.1080/10652469.2010.535798

668

(15]

(16]

(17]

(18]

(19]

20]

(21]

[22]

23]

[24]

S. J. CHANG AND H. S. CHUNG

M. K. Im, U. C. Ji, and Y. J. Park, Relations among the first variation, the convolutions
and the generalized Fourier-Gauss transforms, Bull. Korean Math. Soc. 48 (2011), no. 2,
291-302. https://doi.org/10.4134/BKMS.2011.48.2.291

B. J. Kim, Conditional integral transforms, conditional convolution products and first
variations for some conditioning functions, Far East J. Math. Sci. (FJMS) 19 (2005),
no. 3, 245-258.

B. J. Kim and B. S. Kim, Parts formulas involving conditional integral transforms on
function space, Korea J. Math. 22 (2014), no. 1, 57-69. https://doi.org/10.11568/
kjm.2014.22.1.57

B. J. Kim, B. S. Kim, and D. Skoug, Conditional integral transforms, conditional con-
volution products and first variations, Pan Amer. Math. J. 14 (2004), no. 3, 27-47.

B. S. Kim and D. Skoug, Integral transforms of functionals in L2(Col0,T]), Rocky
Mountain J. Math. 33 (2003), no. 4, 1379-1393. https://doi.org/10.1216/rmjm/
1181075469

H. H. Kuo, Gaussian Measures in Banach Spaces, Lecture Notes in Mathematics, Vol.
463, Springer-Verlag, Berlin, 1975.

Y. J. Lee, Integral transforms of analytic functions on abstract Wiener spaces, J. Func-
tional Analysis 47 (1982), no. 2, 153-164. https://doi.org/10.1016/0022-1236(82)
90103-3

E. Nelson, Dynamical Theories of Brownian Motion, Princeton University Press, Prince-
ton, NJ, 1967.

J. Yeh, Singularity of Gaussian measures on function spaces induced by Brownian
motion processes with non-stationary increments, Illinois J. Math. 15 (1971), 37-46.
http://projecteuclid.org/euclid.ijm/1256052816

, Stochastic Processes and the Wiener Integral, Marcel Dekker, #Inc., New York,

1973.

SEUNG JUN CHANG

DEPARTMENT OF APPLIED MATHEMATICS
DANKOOK UNIVERSITY

CHEONAN 31116, KOREA

Email address: sejchang@dankook.ac.kr

HyuN Soo CHUNG

DEPARTMENT OF MATHEMATICS
DANKOOK UNIVERSITY

CHEONAN 31116, KOREA

Email address: hschung@dankook.ac.kr


https://doi.org/10.4134/BKMS.2011.48.2.291
https://doi.org/10.11568/kjm.2014.22.1.57
https://doi.org/10.11568/kjm.2014.22.1.57
https://doi.org/10.1216/rmjm/1181075469
https://doi.org/10.1216/rmjm/1181075469
https://doi.org/10.1016/0022-1236(82)90103-3
https://doi.org/10.1016/0022-1236(82)90103-3
http://projecteuclid.org/euclid.ijm/1256052816

