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A PARALLEL ITERATIVE METHOD FOR A FINITE FAMILY
OF BREGMAN STRONGLY NONEXPANSIVE MAPPINGS
IN REFLEXIVE BANACH SPACES

JoNG Kyu KiMm AND TRUONG MINH TUYEN

ABSTRACT. In this paper, we introduce a parallel iterative method for
finding a common fixed point of a finite family of Bregman strongly non-
expansive mappings in a real reflexive Banach space. Moreover, we give
some applications of the main theorem for solving some related problems.
Finally, some numerical examples are developed to illustrate the behavior
of the new algorithms with respect to existing algorithms.

1. Introduction

Many kinds of problems in mathematics and physical sciences can be recast
in terms of the problem for finding a fixed point for Bregman strongly nonex-
pansive mappings in Banach spaces, for instance, convex feasibility problems,
null point problems for maximal monotone mappings, generalized mixed equi-
librium problems, variational inequality problems (see Section 4). Due to the
practical importance of these problems, iterative algorithms for finding fixed
points of Bregman strongly nonexpansive mapping continue to be flourishing
topic of interest in nonlinear analysis. Many authors have studied iterative
methods to find the fixed point of Bregman strongly nonexpansive mappings
and some related problems, see for instance, Chidume et.al. [14], Duan et.al.
[17], Eskandani et al. [18], Kassay [20], Reich et al. [35-38], Suantai et al. [41],
Tuyen [43,44], Wang et al. [45], Zegye [48].

Let X be a real reflexive Banach space, X* be the dual space of X, and
T, : X - X,i=1,2,...,N, be Bregman strongly nonexpansive mappings
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which satisfy F(T;) = F(T;) for all i € {1,2,..., N} and
N
F = F(T) #0,
=1

where F(T;) (resp. F(T})) is the set of fixed points (resp. asymptotic fixed
points) of T;
Let f: X — R be a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on bounded subsets of X.
In 2010, Reich et al. introduced two algorithms for finding an element in
F by using Bregman distance. They proved the strong convergence of the
following two algorithms in a real reflexive Banach space.

Tg € X,
yt =Ti(xy +€), i=1,2,...,N,
Cl ={z€ X :Ds(2,y}) < D¢(z,2, +€},)},
N
Cn:=NC:,
i=1
Qn={z€ X :(Vf(x0) = Vf(2n),z — zn) <0},
Tn+1 = projé”an (CL'()), n >0,

and

Tg € X,

Ci=X,i=1,2,...,N,

y, =Ti(z, +¢€4), i=1,2,..., N,

(2) i1 =12 € O} 1 Dy(z,47,) < Dy(z,20 + )},
N

Cny1:= ) C;+1v
=1

Tpt1 = projén+1 (zg), n >0,

where the sequences of errors {el, } C X satisfy |le},|| — 0 foralli =1,2,..., N.
We can see that in the iterative methods (1) and (2), it is difficult to find
the element z, 1. Indeed, for each iteration step, in (1), we have to find the
Bregman projection of xg onto the set of the intersection of N closed and convex
subsets of X. Particularly, in (4), we have to find the Bregman projection of
Zo on the set of the intersection of N(n 4 1) closed and convex subsets of X.
For N =1, in 2012, by using Halpern’s iterative method, Suantai et al. [41]
gave the following iterative method: for fixed u € X and starting point z; € X,

(3) Tnt1 = V[ (an 7 f(u) + (1 =) v f(Tz,)),Vn > 1,
to find a fixed point of a Bregman strongly nonexpansive mapping 1" on X,
where f* is a Fenchel conjugate function of f. They proved that if the sequence
{an} C (0,1) satisfying the following conditions:

(C1) limy,—00 vy =0,
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(C2) Yool an = o,
then the sequence {z,} defined by (3) converges strongly to projé(u)7 where

F =F(T) and proj? is the Bregman projection of v € int dom f onto F'.
In 2014, to find a common fixed point of a finite family of Bregman strongly

nonexpansive mappings 71, ..., Tx, Zegeye [48] introduced the following itera-
tive method
(4) Tng1 = Proj&(VF* (om 7 f(u) + (1 = an) 7 f(T'x,))),

where T = TnyTn—_1---T1. He proved that if the sequence {a,} C (0,1)
satisfying the conditions (C1) and (C2) and

N
F = F(T;) #0,
i=1

then the sequence {x,} generated by (4) converges strongly to projé(u).

We can see that in the iterative method (4), to compute the element z, 41, we
have to compute T'(z,,) by T(zy) = Tn(Tn-1(- -+ (T1(x,)))). For instance if T,
i =1,2,..., N is huge size matrix, then the computation process the element
T(z,,) is not easy. So, there exists an open question is posed as follows:

Can we introduce a new parallel algorithm for finding a common fixed point
of a finite family of Bregman nonexpansive mappings without using the product
mapping, that is, we only have to compute T;(x,) at each iteration step?

The purpose of this work is to give a new parallel iterative method for finding
a common fixed point of a finite family of Bregman strongly nonexpansive
mappings by using Bregman distance tool and the Halpern’s iteration [19] to
answer the above open question.

Furthermore, in Section 4, we give some applications of our main result to
solving convex feasibility problems, problem of finding a common zero of max-
imal monotone mappings, generalized mixed equilibrium problems, problem of
finding a common zero of Bregman inverse strongly monotone mappings and
variational inequality problems. Finally, in Section 5, we give two numerical
examples to illustrate the obtained results and show its performance.

2. Preliminaries

Let X be a real Banach space, X* be the dual space of X and C be a
nonempty, closed and convex subset of X. We denote the norm in X and
X* by || - || and || - ||«, respectively, and we denote the value of the functional
z* e X*at x € X by (z*,x).

Let f: X — (—o0,+00] be a function. We denote the domain of f by
dom f, that is, dom f = {z € X : f(z) < +oo}, and the interior of a set
K by int K. The function f is called lower semi-continuous at zy € dom f
if liminf, ., f(x) > f(zo) and f is called lower semi-continuous if it is lower
semi-continuous at every point of its domain. For any x € intdom f and y € X,
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we defined by f/(z,y) the right-hand derivative of f at x in the direction y,
that is,

The function f is called Gateaux differentiable at z if

o F@ 1) = £(@)

t—0 t

exists for any y. In this case f'(x,y) coincides with (7 f)(x), the value of the
gradient 7 f of f at . The function f is called Gateaux differentiable if it is
Gateaux differentiable for every x € int domf.

The function f is said to be Fréchet differentiable at x if this limit is attained
uniformly in |Jy|| = 1 and f is said to be uniformly Fréchet differentiable on a
subset E of X if this limit is attained uniformly for z € E and |jy|| = 1. It is
known that if f is Gateaux differentiable (resp. Fréchet differentiable) on int
domf, then f is continuous and its Gateaux derivative 7 f is norm-to-weak™
continuous (resp. continuous) on int domf (see [6]).

Let f : X — (—o0,+0o0] be a proper, lower semi-continuous and convex
function. For = € int domf, the subdifferential of f at z is defined by

Of(x) ={z" € X" : f(x) + («",y —z) < f(y), Vy € X},
and the Fenchel conjugate of f is the function f* : X* — (—o0, +0oo] defined
by
[r(@%) = sup{(z”, z) — f(x)}.

reX
Let X be a reflexive Banach space. Then a function f : X — (—oo, +0o0] is
called Legendre if it satisfies the following two conditions:

(L1) The interior of the domain of f is nonempty, f is Gateaux differentiable
on int domf, and domy/f = int domf;
(L2) The interior of the domain of f* is nonempty, f* is Gateaux differen-
tiable on int dom f*, and domyy f* = int domf*.
Since X is reflexive, we know that (9f)~1 = 9f* (see [6]). This, with (L1) and
(L2), imply the following equalities:

vf = (vf) rany f = dom v f* = int dom f*
and
rany/ f* = dom 7 f = int dom f,
where ran v/ f denotes the range of /f.

When the subdifferential of f is single-valued, it coincides with the gradient,
that is, 0f = 7 f (see [10]). By Bauschke et al. (see [4]) the conditions (L1) and
(L2) also imply that the function f and f* are strictly convex on the interior
of their respective domains. If X is a smooth and strictly convex Banach space
(see [15,31]), then the Legendre function is f(z) = %H:EHP, 1<p< +oo.

From now on we assume that X is a reflexive Banach space.
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Let f: X — (—00,+00] be a convex and Gateaux differentiable function.
The function Dj : domf x int domf — [0, 400), defined by

(5) Di(y, ) = fy) — f(z) = (Vf(x),y —2),
is called the Bregman distance with respect to f (see [12]). The Bregman

distance has the following two important properties, called the three point
identity: for any = € dom f and any y, z € intdom f,

(6) Dy(x,y) + Dy(y,z) — Df(z,2) =(Vf(2) = Vf(y),z —y),
and the four point identity: for any y,w € dom f and any z, z € int dom f,

(1) Dyly,x) = Dy(y, z) = Df(w,x) + Dy(w,2) = (Vf(2) = Vf(2),y —w).

Let f: X — (—o0,+00] be a convex and Géateaux differentiable function.
The Bregman projection of z € int domf onto the nonempty, closed and convex
subset C' C domf is the necessary unique vector projé(a:) € C satisfying

Df(projé(x),x) =inf{D¢(y,x) : y € C}.
The normalized duality mapping J : X — 2% of X is defined by
Jr:={z* € X*: (¢, 2) = ||z|* = [|=*]*}

for every z € X.

It is known that X is strictly convex and reflective, then the duality mapping
J of X is one-to-one and onto, and J~! : X* — 2% is the duality mapping of
X*.

If X is a smooth and strictly convex Banach space and f(z) = ||z||? for all
x € X, then v f(x) = 2Jx for all x € X, where J is the normalized duality
mapping from X into 2%, and hence Dy (z,y) is reduced to

S, y) = ll2l* — 2(z, Jy) + lyll*,

for all z,y € X, which is a Lyapunov function introduced by Alber in [1]

and the Bregman projection projé(x) is reduced to the generalized projection

II¢(x) which is defined by

¢(llc(z),x) = 228 oy, x).

I

If X = H is a Hilbert space, then J is the identity mapping and hence
Bregman projection projé(m) is reduced to the metric projection of H onto C.
Let f: X — (—o00,+00] be a convex and Géateaux differentiable function.
Then f is called:
(a) totally convex at = € int domf if its modulus of total convexity at x,
that is, the function vy : int dom f x [0, +00) — [0, 4+00) defined by

vi(z,t) == inf{Ds(y,2) : y € dom f, |y — = = t},

is positive, whenever t > 0;
(b) totally convex if it is totally convex at every point « € int domf;
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(c) totally convex on bounded sets if v (B, t) is positive for any nonempty
bounded subset B of X and ¢ > 0, where the modulus of total convexity
of the function f on the set B is the bi-function vy : intdom f x
[0, +00) — [0, +00), defined by

vp(B,t) = inf{vs(x,t) : z € BNintdom f}.
A function f: X — (—o0,+0o0] is called:

(a) cofinite if dom f* = X*;

(b) coercive (see [48]) if the sublevel set of f is bounded which is equivalent
to lim| |- 400 f(2) = 00, where the sublevel of f is defined by

levl(r) = {z € X : f(zx) <1}
for some r € R;
(c) strongly coercive if limz| o0 % = o0.

Let f : X — R be a convex, Legendre and Gateaux differentiable function.
Following [1] and [12], we make use of the function V; : X x X* — [0,00)
associated with f, which is defined by

Vi(w,2%) = fo) — (%, 2) + f*(a%), Vo€ X,z" € X",
Then V; is nonexpansive and Vy(z,z*) = Dy(z, 7 f*(z*)) for all z € X and
z* € X*. Moreover, by the subdifferential inequality,
(8) Vi(z,z™) + (y", v (@") —x) < Vi(z, 2" +y7)
for all z € X and z*,y* € X* [26]. In addition, if f : X — (—o0,+0o0] is a
proper lower semicontinuous function, then f* : X* — (—oo, +0o0] is a proper

weak™ lower semicontinuous and convex function (see [28]). Hence, V7 is convex
in the second variable. Thus, for all z € X, from /f = (7 f*) ™1, we have

N N
Dy <Z7Vf* (Zti Vf(%))) = Vf(Z’Zti < f(x))

N
< Ztin(Zv V(i)

=1

N
(9) = Ztin(Z,J?i),

where {z;}¥, C X and {t;}¥, C (0,1) with vazl t; =1

Let C be a convex subset of int domf and let T" be a self-mapping of C'. A
point p in the closure of C is said to be an asymptotic fixed point of T (see
[13], [32]) if C contains a sequence {x,} which converges weakly to p such that
the strong lim,, 0 ||z, — Tx,|| = 0. The set of asymptotic fixed points of T
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will be denoted by F (T). A point p € C is called a strong asymptotic fixed
point of T if there exists a sequence {x,} in C' which converges strongly to p
and lim,, oo ||2n — Tzy|| = 0. We denote the set of all strong asymptotic fixed
points of T' by F(T).

Recall that the mapping T is said to be Bregman quasi-nonexpansive [35] if
F(T) # 0 and

D¢(p,Txz) < D¢(p,z), Yz € C, pe F(T).

A mapping T : C — C is said to be Bregman relatively nonexpansive [35] if

the following conditions are satisfied:
i) F(T) is nonempty;
iii) F(T) = F(T).

In 2013, E. Naraghirad and J. C. Yao [30] introduced a new class of Bregman
quasi-nonexpansive type mappings. A mapping T : C — C is said to be
Bregman weak relatively nonexpansive if the following conditions are satisfied:

i) F(T) is nonempty;
ii) Dy(p,Tx) < Dy(p,x), Vo € C, p € F(T);
iii) F(T) = F(T).

Remark 2.1.

a) It is easy to see that any Bregman relatively nonexpansive mapping
is a Bregman-quasi nonexpansive mapping. It is also obvious that
every Bregman relatively nonexpansive mapping is a Bregman weak
relatively nonexpansive mapping, but the converse is not true in general
[30, Example 1.1].

b) If X is a smooth and strictly convex Banach space and f(z) = ||z||? for
all z € X, then the notations Bregman quasi-nonexpansive mapping,
Bregman relatively nonexpansive mapping, Bregman relatively nonex-
pansive mapping and Bregman weak relatively nonexpansive mapping
are called quasi nonexpansive mapping, relatively nonexpansive map-
ping, relatively nonexpansive mapping and weak relatively nonexpan-
sive mapping, respectively.

A mapping T : C — C is called (quasi-)Bregman strongly nonexpansive
(BSNE for short, see [28]) with respect to a nonempty F(T') if

(10) Dy(p, Tx) < Dy(p, )

for all p € F(T) and z € C. If {z,} C C is bounded, p € F(T), and
(11) Jim (Dy(p,n) = Dy(p, Trp)) = 0,

then we have

(12) lim D¢(Tzp,z,) =0.

n—oo
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A mapping T : C — C is called Bregman firmly nonexpansive (BFNE for
short) if

(13)  (vf(Tz) = f(Ty), Tz = Ty) < (Vf(x) =V f(y), Tz = Ty)

for all z,y € C. It is clear that from the definition of Bregman distance (5)
that inequality (13) is equivalent to

Dy(Tz,Ty) + Dy(Ty, Tx) + Dy(Tz,x) + Dy(Ty,y)
< Dy(Tz,y) + Dy(Ty, z).
In [36] (see Lemma 1.3.2), Reich et al. proved that for any BFNE mapping T,

F(T) = F(T) when the Legendre function f is uniformly Fréchet differentiable
and bounded on bounded subsets of X. In the case that, if T is a BFNE
mapping, then T is a BSNE mapping with respect to a nonempty F(T') = F(T)

The following lemmas will be needed in the sequel for the proof of main
results in this paper.

Lemma 2.2 ([2, Theorem 1.8]). If f : X — R is uniformly Fréchet differen-
tiable, then f is uniformly continuous on X.

Lemma 2.3 ([33, Proposition 2.1]). If f : X — R is uniformly Fréchet dif-
ferentiable and bounded on a bounded subset of X, then </ f is uniformly con-
tinuous on a bounded subset of X from the strong topology of X to the strong
topology of X*.

(14)

Lemma 2.4 ([39, Proposition 2.2]). Ifx € int domf, then the following state-
ments are equivalent:
(i) The function f is totally convex at x;
(ii) For any sequence {y,} C domf,
lim D¢(yn,x) =0,

n—oo

implies that lim,_, ||yn — x| = 0.

Recall that the function f is called sequentially consistent (see [10]) if for any
two sequences {z,} and {y,} in int domf and domf, respectively, such that
the first one is bounded and lim,, o0 D ¢(Yn, ) = 0 implies that lim, o [|yn —
x|l = 0.

Lemma 2.5 ([8, Lemma 2.1.2]). The function f is totally convex on a bounded
set if and only if it is sequentially consistent.

Lemma 2.6 ([10, Corollary 4.4]). Suppose that f is Géateauz differentiable and
totally convex on the dom f. Let x € int dom f and let C C intdom f be a
nonempty, closed and convex subset. If T € C, then the following conditions

are equivalent:

(i) T = projL(z);

(ii) T is the unique solution of variational inequality

(Vf(x)=vfly),z—y) >0y e
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(iil) T is the unique solution of inequality
Dy(y,2) + Dy(z,2) < Dy(y,z) ¥y € C.

Lemma 2.7 ([34, Lemma 3.1]). Let f : X — R be a Gaiteaux differen-
tiable and totally convex function. If xg € X and the sequence {D¢(xy,xo)} is
bounded, then the sequence {x,} is bounded too.

Lemma 2.8 ([27]). Let {s,} be a real sequence which does not decrease at
infinity in the sense that there exists a subsequence {sy, } such that

Snp < Spp+1 VE > 0.
Define an integer sequence {T(n)}, where n > ng, by
7(n) :=max{ng <k <n:sg < Skt1}.
Then T(n) — oo as n — oo and for all n > ng, we have
max{s-(n), Sn} < Sr(n)+1-
Lemma 2.9 ([46]). Let {s,} be a sequence of nonnegative numbers, {ay,} be

a sequence in (0,1) and let {c,} be a sequence of real numbers satisfying the
following two conditions:

(1) Sn+1 < (1 - an)sn + ancy;
(i) D02, an = +oo, limsup,, . ¢, <0.
Then lim,, s Sy, = 0.

3. Main results

Let X be a real reflexive Banach space. Let T; : X — X be Breg-
man strongly nonexpansive mappings which satisfy F(T;) = F(T;) for all
ie€{1,2,...,N} and

N
F=()F(T;) #0.

Let f: X — R be a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on a bounded subset of X.
We consider the following problem:

(15) Find an element z* € F.

In order to solve Problem (15), we propose the following algorithm:
Algorithm 3.1. For an initial guess ©o = * € X and u € X, define the
sequence {x,} by

Yin = Ti(zn), i =1,2,...,N,
chosse i, such that
Dy (Yin,ns ) = maxi=1,2,.. . N{Df(Yin, xn)}, and let yn = yi, n,
Tpt1 =V (a0 7 f(u) + (1 —an) V f(yn)), n >0,
where {a,} C (0,1).
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Now, we will prove the strong convergence of the above sequence {z,} under
the following conditions:

(C1) limy,— 00 vy = 0;

(C2) Y0y an = 0.

First, we have the following propositions.
Proposition 3.2. In Algorithm 3.1, we have that the sequence {x,,} is bounded.
Proof. Let p € F, from (9), we have

Df(pv anrl) = Df(pv v.f*(an \Y4 f(u) + (1 - an) \V4 f(yn)))

(16) < anDy(p,u) + (1= an)Ds(p,yn)-

From the definition of T; and y,, we get that

= Dy¢(T;,(p), T, (%))

(17) < Df(paxn>'

From (16) and (17), we obtain that

Df(pa $n+1) S Otan(]L u) + (1 - an>Df(p7 .’L‘n)
< maX{Df(pv U), Df(pa xn)}

<max{Dy(p,u),Ds(p,x0)}.
This implies that {Df(p, )} is bounded. It follows from Lemma 2.7 that the
sequence {z, } is bounded. O

Proposition 3.3. Let {x,} be a sequence generated by Algorithm 3.1. Then
for all p € F, we have the following estimate

(18) Sn+1 < (1 - an)sn + apcp,
where sy, = Dy(p,xn) and ¢, = (V f(u) =V f(p), Tns1 — ).
Proof. For any p € F, from (8), we have

Di(p,xns1) = Vi(p,an 7 f(u) + (1 — an) 7 f(yn))

SV an v f(u) + (1= an) 7 f(yn) — an(V f(u) — 7 f(p)))
+an(Vf(u) =7 f(p), Tny1 — p)

=Vip,an vV f(p) + (1 = an) ¥ f(yn))
+an(Vf(u) =V f(p), Tnt1 —p)

< Vi(p, Vf(p) + (1 — an)Vi(p, v f(yn)
+an(Vf(u) =V f(p); Tny1 —p)

(19) = (1= 0an)Ds(p,yn) + an(Vf(w) = Vf(p), Tni1 — p).
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Thus, combining (17) and (19), we obtain that
Sn+1 S (1 - an)sn + QpCp.
This completes the proof. (I

Now, strong convergence of the sequence {x,} in Algorithm 3.1 is given by
the following theorem.

Theorem 3.4. Let X be a real reflerive Banach space. Let T; : X — X be
Bregman strongly nonexpansive mappings which satisfy F(T;) = F(T;) for all
1€{1,2,...,N} and

N
F=(F(T;)#0.
i=1

Let f : X — R be a strongly coercive Legendre function which is bounded,
uniformly Fréchet differentiable and totally convex on a bounded subset of X .
If the conditions (C1) and (C2) are satisfied, then the sequence {x,} generated

by Algorithm 3.1, converges strongly to =* = proj’;(u) as n — oo.

Proof. Let z* = proj?(u) and {s,} be the sequence generated in Proposition

3.3 with p = x*. We will show that s,, — 0 by considering two possible cases.

Case 1. The sequence {s,} is eventually decreasing, i.e., there exists Ny > 0
such that {s,} is decreasing for n > Ny and thus {s,} must be convergent.
This implies that

lim (Df(z*, 2pt1) — Dy(z",2p)) = lm (Sp41 — Sn)

n— oo n—oo

(20) ~0.

Now, we use the proof line as in [36]. From (17) and the boundedness of
{zn}, there is M > 0 such that

f@®) = (7 f(yn), 2%) + (7 f(yn)) = Vi(@®, 7 f(yn)
= Df (I*v yn)
< M.
Hence, {</ f(yn)} is contained in the set levi (M—f(z*)), where ¢ = f*—(-, z*).
Since f is lower semicontinuous, f* is weak* lower semicontinuous. Hence, the
function 1) is coercive by Moreau-Rockafellar Theorem (see [40, Theorem 7A]
and [29]). This implies that {7 f(yn)} is bounded. Thus, from the condition
(C1), we get that
Jim |7 f(@nt1) = V()| = Hmanl| 7 f(u) =7 f(ya)l
(21) =0.
Since f is strongly coercive and uniformly convex on a bounded subset of X,

f* is uniformly Fréchet differentiable on a bounded subset of X* (see [47,
Proposition 3.6.2]). Moreover, f* is bounded on a bounded subset of X* (see
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[47, Lemma 3.6.1] and [4, Theorem 3.3]). It follows from Lemma 2.3 that 7 f*
is uniformly continuous on a bounded subset of X* and hence we get
Jim (lzp gy —yall = Im (|7 [V f(2n12)) = V(T F ()]

(22) =0.
Thus, from Lemma 2.2, we obtain that
(23) Tim (£ (@as1) ~ £l =0.

Now, we have
Dy(x" yn) — Dp(a”, xn) = f(27) = f(yn) = (Vf(yn); 2" = yn) — Dy(z", 2)
= [(@ng1) + f(@ns1) — f(yn)
(Vf(@n41),2" = Tng1) +(Vf(@n41), 2" — Tppa)
(Vf(Wn), 2" = yn) — Dy(a", zn)
f(x*axn+1) + (f(xn-&-l) - f(yn))
(Vf(@n41),2" — Tny1)
<Vf(yn)a r* - yn> - Df(x*’ xn)
(@ Tng1) + (f(@nt1) — f(yn))
(Vf(@nt1) = f(yn) 2* = Tnta)
(Vf(Yn)s Yn — Tny1)-
From (21)—(24), we obtain

(25) lim (Dy(a*,ya) — Dy(a*,20)) = lim (Dy(a", Ty, () — Dy(a", 2,))

n— oo
=0.
It follows from (10)-(12) that
(26) nl;rr;o Dy (yYn,xn) = nl;rr;o Dy(T;, (), 2,) = 0.

From the definition of y,,, we have
(27) nh_}rr; D¢ (Yin,Tn) = nh_)n;o D¢(Ti(xp),2,,) =0
foralli=1,2,...,N.

Since X is reflexive and {z,} is bounded, there exists a subsequence {z,, }
of {z,,} such that z,, — v and

limsup(v./(u) = 7 (a"), 2, = ") = (VS () = 7f@"),0 = ).

On the other hand, from (27), lim, oo Ds(T;(zy),z,) = 0 for all i =
1,2,...,N, we have v € F. It follows from the definition of Bregman pro-
jection and Lemma 2.6 that

limsup(v f(u) — 7 f(z%), 2n — ") <0,

n—o0
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that is, limsup,,_, . ¢, < 0, where ¢, is in Proposition 3.3.
Applying Lemma 2.9 to (18), we get lim,_, o s, = 0, that is,

nlggon(x ,&n) = 0.
It follows from Lemma 2.4 that z,, — z*.

Case 2. Suppose {s,} is not a monotone sequence. Then, from Lemma
2.8, we can define an integer sequence {7(n)} for all n > ng (for some ny large
enough) by

7(n) = max{k <n: sk < Sg41}-
Moreover, 7 is a nondecreasing sequence such that 7(n) — oo as n — oo and
Sr(n) < Sr(nt1) for all n > ny.
From (19), we have

0< Sr(n)+1 — St(n) < 2a7(n) <Vf(u) - Vf(p)7m7'(n)+l - p>

Since () — 0 and the boundedness of {x,}, we derive

(28) lim (Sr(n)-‘rl - Sr(n)) =0.

n— oo

By a similar argument to Case 1, we can verify limsup,,_, . ¢;(») < 0 and

Sr(n)+1 < (1 - O‘T(n))sﬂ,, + A (n)Cr(n)-

Since sr(n)+1 > Sr(n) and a,(,) > 0, we have

Sr(n) < Cr(n)-

Thus, from limsup,, ., ¢rn) < 0, we get limy, o0 $7(,) = 0. This together with
(28) implies that lim, oo S7(n)41 = 0. Now, we have

0<s, < maX{ST(n)a Sn} < Sr(n)+1 —7 0.

Therefore, s, — 0, that is, {x,} converges strongly to z* = proj?(u). (see,
Case 1).
This completes the proof. O

We know that if X is a smooth, strictly convex and reflexive Banach space
and f(z) = |lz|* (see, Section 2), then the notion of the Bregman strongly
nonexpansive mapping is reduced to the notion of the strongly relatively non-
expansive mapping. So, we have the following corollary for finding a common
fixed point of a finite family of strongly relatively nonexpansive mappings [49].

Corollary 3.5. Let X be a smooth, strictly convex and reflexive Banach space
and J be the normalized duality mapping from X to 2X°. Let T; be strongly
relatively nonexpansive mappings on X for alli € {1,2,... N} and

N
F=(F(T)#0.
=1
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Suppose that v € X and define the sequence {x,} as follows: zo € E and
Yion = T‘Z(.’I}n>7 1= 1,27...,N,

chosse i, such that
O (Yip s Tn) = maXi=1,2. . N{PWi,n, Tn)}, and let Y = Yi, n,
Tn+1 = Jﬁl(anJ(u) + (1= an)J(yn)), n>0,

where {a,} C (0,1). If the conditions (C1l) and (C2) are satisfied, then the
sequence {x,} converges strongly to ©* = Ilp(u) as n — co.

4. Applications
4.1. Convex feasibility problems

Let C;,i=1,2,..., N be N nonempty, closed and convex subsets of X such
that

N
C=(Ci#0.
i=1
The convex feasibility problem (CFP) is to find an element in C. We know
that F(projéi) = C; for all i € {1,2,...,N}. And if the Legendre function
f is uniformly Fréchet differentiable and bounded on a bounded subset of X,
then the Bregman projection projéi is BENE and F(projéi) = F’(projéi) (see
[36]). Thus, if we take T; = projéi in Theorem 3.4, then we get an algorithm
for solving the convex feasibility problems.

Theorem 4.1. Let C;, i =1,2,..., N be nonempty, closed and conver subsets
of X such that
N
C=(Ci#0.
i=1

Let f : X — R be a Legendre function which is bounded, uniformly Fréchet
differentiable and totally conver on a bounded subset of X. Then, for each
xg € X, the sequence {x,} defined by Algorithm 3.1 with T; = projéi for all
1=1,2,..., N, converges strongly to projé(u), as n — +00.

4.2. Common zeros of maximal monotone mappings

Let A : X — 2% be a maximal monotone mapping. The problem of
finding an element z € X such that

0€ Ax

is very important in optimization theory and related fields.
Recall that the resolvent of A, denoted by Resf:1 : X — 2% is defined as
follows (see [3]):

Res!) (z) = (Vf + A) 7! o v f(2).
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Bauschke et al. [3] proved that this resolvent is a single-valued BFNE mapping.
In addition, if the Legendre function f is uniformly Fréchet differentiable and
bounded on a bounded subset of X, then the resolvent Res£ is a BSNE mapping
which satisfies F(Resi) = F(Resg) (see [36]). And from F(Resfﬁl) = A710, in
Theorem 3.4, if we take T; = Resf;i foralli=1,2,..., N, we get an algorithm
for the problem of finding a common zero of a finite family of maximal monotone
mappings.

Theorem 4.2. Let A; : X — 2%, i =1,2,...,N be N mazimal monotone
mappings such that F = ﬂﬁ\LlAZIO # (0. Let f : X — R be a Legendre

function which is bounded, uniformly Fréchet differentiable and totally convex
on a bounded subset of X. Then, for each xo € X, the sequence {x,} defined

by Algorithm 3.1 with T; = Res]:li foralli=1,2,...,N, converges strongly to
projf;(u), as n — +oo.

4.3. System of generalized mixed equilibrium problems

Let © : C x C — R be a bifunction, where R is the set of real numbers,
VU : X — X* be a nonlinear mapping and ¢ : C — R be a real valued
function. The generalized mixed equilibrium problem is to find an element
x € C such that
(29) O(z,y) + (Vz,y — x) + o(y) > ¢(z) Yy € C.
The set of solutions of the problem (29) is denoted by GMEP(O, ¢, ¥), that
is

GMEP(O,p,0)={x € C: O(x,y)+ (Ya,y —z) + ¢(y) > p(z) Yy € C}.

Let ®;,7=1,2,..., N be bifunctions from CxC to R, let ¢;, i =1,2,..., N
be real valued-functions from C to R and let ¥;, i = 1,2,..., N be mappings
from X to X*. Solving a system of generalized mixed equilibrium problems
means finding an element « € C such that

N
z € (|GMEP(©;,¢:, ;).

i=1
In particular, if ¥ = 0, the problem (29) reduces to the mixed equilibrium
problem (see [11]) which is to find an element x € C such that

(30) O(z,y) +¢(y) > p(z) Vy € C.

We denote by M EP(©) the set of solutions of the problem (30).
If ¢ = 0, the problem (29) reduces to the generalized equilibrium problem
(see [22,42]), which is to find an element € C such that

(31) O(z,y) + (Vz,y—z) >0Vy e C.
The set of solutions of the problem (31) is denoted by GEP(©, ).
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If © = 0, the problem (29) reduces to the mixed variational inequality
problem of Browder type (see [7]), which is to find an element 2 € C such that

(32) (Tz,y —2) + ¢(y) > p(x) Yy € C.

The set of solutions of the problem (32) is denoted by MVI(C, ¢, ).
If ¢ = 0 and ¥ = 0, the problem (29) reduces to the equilibrium problem
(see [5,21,23-25]) which is to find an element x € C such that

(33) O(z,y) >0Vy e C.

The set of solutions of the problem (33) is denoted by EP(0).

For solving the generalized mixed equilibrium problem, let us assume that
the bifunction © : C' x C' — R satisfies the following conditions:

(C1) O(z,z) =0 for all x € C;

(C2) © is monotone, i.e., O(x,y) + O(y,z) <0 for all z,y € C;

(C3) for all z,y,z € C,

limsup ©(tz + (1 — t)z,y) < O(z,y);
t10
(C4) for each z € C, ©(z,.) is convex and lower semi-continuous.

Let C be a nonempty, closed and convex subset of a real reflexive Banach
space X and let ¢ be a lower semi-continuous and convex function from C' to
R and ¥ : C' — X* be a continuous monotone mapping. Let © : O x C — R
be a bifunctional satisfying the conditions (C1)-(C4). The mixed resolvent of
© is the mapping Resé’wl, : X — 29 defined by

Res ., (7) = {2 € C: 0(2,9) + 9 (y) + (¥r,y —2)
+(VI(z) = vi(@),y —2) > ¢(2) Vy € C}.
Note that, if f : X — (—o00,+0] is a coercive and Géteaux differentiable

function, then the mixed resolvent of © satisfies dom Resé,%q, = X (see [16],
Lemma 4.14).

Lemma 4.3 (see [16], Lemma 2.15). Let f : X — (—o0,+00] be a Legendre
function. Let C' be a nonempty, closed and convex subset of X. If the bifunction
O : C x C — R satisfies conditions (C1)-(C4), then

(i) Resé%q, is single-valued,
(ii) Resg%q, is a BENE mapping;
(iii) the set of fized points of Resé’%q, is the solution set of the corre-

sponding generalized mixed equilibrium problem, i.e., F(Resg}%‘y) =
GMEP(O,¢p,V);

(iv) GMEP(O,¢,V) is a closed and convex subset of C;

(v) forallz € X andu € F(Resé%q,), we have

Dy(u, Resh , 4 (2)) + Dy(Resh ,  (2),7) < Dy(u, ).
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Now, by using Lemma 4.3, we have the following theorem for solving the
system of generalized mixed equilibrium problems.

Theorem 4.4. Let C;, i =1,2,..., N be nonempty, closed and conver subsets
of X. Let ©; : C; x C; — R satisfying conditions (C1)-(C4), let p; : C; — R
be lower semi-continuous and convex functions from C; to R and V; : C; —
X* be continuous monotone mappings, for all i1 =1,2,...,N. Assume that

N
S = GMEP(O;,¢;, ;) # 0.

i=1
Let f : X — R be a coercive Legendre function which is bounded, uniformly
Fréchet differentiable and totally conver on a bounded subset of X. Then, for
each xg € X, the sequence {x,} defined by Algorithm 3.1 with T; = Res(];

foralli=1,2,... N, converges strongly to projg(u), as n — +00.

N

4.4. Common zeros of Bregman inverse strongly monotone mappings

The class of Bregman inverse strongly monotone mappings was introduced
by Butnariu and Kassay in [9]. We assume that the Legendre function f satisfies
the following range condition:

(34) ran (\Vf — A) Cran (V7 f).

Recall that an mapping A : X — 2% is called Bregman inverse strongly
monotone mapping (BISM for short) if (domA) N (int domf) # @ and for any
z,y € int domf, and if £ € Az, n € Ay, we have

(€ =n v (Vf(@) =& - f(Vfly) —n)) =0
Recall that the anti-resolvent of A is the mapping Af : X — 2% defined by

AT =915 (vf - A).

We know that the mapping A is BISM if and only if the anti-resolvent Af
of it is a (single-valued) BFNE mapping (see [9], Lemma 3.5). Reich et al.
proved that if f : X — (—o0,40o0] is a Legendre function and A : X —
2% is a BISM mapping such that A=1(0) # (), then A=1(0) = F(Af) (see
[34], Proposition 7). Thus, if the Legendre function f is uniformly Fréchet
differentiable and totally convex on a bounded subset of X, the anti-resolvent
Al is a single-valued BSNE mapping which satisfies F(Af) = F(A7) (see [36],
Lemma 1.3.2).

Now, let C;, i =1,2,..., N be nonempty, closed and convex subsets of X and
let A;: X — 2X" i =1,2,..., N be BISM mappings such that C; C domA;
for all i € {1,2,..., N} and that f : X — R. From the range condition (34),
we obtain that domAf = (domA) N (int domf) = domA; because in this case
int domf = X. From Proposition 7 (i) in [36], we know that A=1(0) = F(A/).
So, we have the following theorem:
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Theorem 4.5. Let C;, i =1,2,..., N be nonempty, closed and conver subsets
of X such that
N
C:=()Ci #0.
i=1

Let A;: X — 2%, i=1,2,...,N be BISM mappings such that C; C domA;
and

N
§:= () A7(0) #0.
i=1

Let f : X — R be a Legendre function which is bounded, uniformly Fréchet
differentiable and totally conver on a bounded subset of X. Suppose that the
range condition (30) is satisfied for each A;. Then, for each xo € C, the
sequence {xy} defined by Algorithm 3.1 with T; = A{ foralli=1,2,...,N,
converges strongly to projg(u) as n — +00.

4.5. System of variational inequalities

In this subsection, we consider the variational inequality problem: Find an
element z' € C such that
(35) (Al y — 2ty >0 Wy e C,
where A : X — X* is a BISM mapping and C is a nonempty, closed and
convex subset of domA. We denote by VI(C, A) the set of solutions of (35).

We know that in [34] (see Proposition 8), Reich et al. proved that, if f :
X — (—o00,+0o0] is a Legendre and totally convex function which satisfies
the range condition (34) and A : X — X* is a BISM mapping, and if C is
a nonempty, closed and convex subset of domA Nint domf, then VI(A4,C) =
F(projé 0AT).

Thus, if the Legendre function f is uniformly Fréchet differentiable and
totally convex on bounded subsets of X, the anti-resolvent A/ is a single-valued
BSNE mapping which satisfies F(Af) = F(Af) (see [36], Lemma 1.3.2). And,
we know that the Begman projection projé is BSNE mapping which satisfies
F(projé) = F(projé). So, by Lemma 2 in [32], projé oA’ is a BSNE mapping
with F(projé JAf) = F(projé 0A'). Hence, we have the following theorem:

Theorem 4.6. Let C;, i =1,2,..., N be nonempty, closed and convex subsets
of X such that

N
C:=(Ci#0.

i=1
Let A; : X — X*,i=1,2,...,N be BISM mappings such that C; C domA;
and

N
S:= [ VI(Ci, Ai) #0.

i=1
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Let f : X — R be a Legendre function which is bounded, uniformly Fréchet
differentiable and totally convexr on a bounded subset of X. Suppose that the
range condition (30) is satisfied for each A;. Then, for each xq € C, the
sequence {x,} defined by Algorithm 3.1 with T; = projéi OA{ for all i =

1,2,..., N, converges strongly to projg(u) as n — +0o.

5. Numerical experiment

In this section, the algorithm is implemented in MATLAB 2014a running
on a HP Compaq 510, Core(TM) 2 Duo CPU. T5870 with 2.0 GHz and 2GB
RAM.

Example 5.1. Consider the problem of finding an element z* € C := N, C;,

for
C; ={z e RV : (¥, 2) < ¢},

K2

where a$’ eRN, b9, eRforalli=1,2,...,N.

> Yo

Next, we take the randomly generated values of the coordinates of aic in
[1,3] and b¢ in [2, 4], respectively.
Clearly, C = N, C; # 0 because 0 € C.

Remark 5.2. In this example, we define the function TOL by

N
1
TOL, = + Zl |20 — Po,n||?
for all n > 1. Note that, if at the nth step, TOL,, = 0, then z,, € C, that is,

T, is a solution of this problem. So, we use the condition TOL,, < err to stop
the iterative process.

Applying Theorem 4.1 to A/ = 50, N = 100, «,, = 1/n for all n > 1, and
u = xo have the elements randomly generated in [10, 50], we have the following
table of numerical results.

TABLE 1. Table of numerical results for Example 5.1.

Stop condition: TOL,, < err

err TOL, n Time (s)
1072 9.661258¢ — 03 664 3.287
1073 9.965119e — 04 2019 8.945
1074 9.910501e — 05 6292 26.660
107° 9.835176e — 06 19938 83.850

The behaviors of the function TOL,, in Table 1 for the case TOL,, < 10~4
is presented in the following figure.
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FiGURE 1. The behavior of TOL, with the stop condition
TOL,, < 10~

Example 5.3. Consider the following problem: Find an element
z* €S :=nNY ,GMEP(©;,¢;,V;),

where ©;(z,y) = i(|ly|*> — ||z]|?), ¢,;(z) = ||z||* and ¥;(z) = iz for all j =
1,2,...,50 and for all 2,y € R'°. We can see that O, satisfies the conditions
(A1)-(A4), ¢; is a continuous convex function, ¥; is a continuous monotone

mapping for each i = 1,2,...,50. It is easy to see that S = {(0,0,0)}.

Now, with f(z) = i|/z||?, from the definition of Reséj ;. for each = €

R0, we have
Resh, (@) = {2 € R j(lyl* = 121%) + Iyll” + 5w,y — 2)
+(z —z,y — 2) > ||2||%, Yy € R}
Hence, we obtain that

j—1
2j+3

Reséjwj,q,j (z) = ,
for all z € R'® and for all j = 1,2,...,50. Now, applying Theorem 4.4 with
u = xo have the elements randomly generated in [10,50] and «,, = 1/n for all
n > 1, we obtain the following table of numerical results:

The behaviors of the functions TOL,, in Table 2 for the case TOL,, < 103
are presented in the following figure.
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TABLE 2. Table of numerical results for Example 5.3.

Stop condition: TOL,, = ||z, || < err

Algorithm 3.1 Iterative method (4)

err TOL, n err TOL, n

1072 9.999425¢ — 03 6280 1072 9.998964e — 03 9268
1073 9.999902e — 04 62797 1073 9.999935e — 04 92671
1074 9.999998¢ — 05 627964 1074 9.999999e — 05 926704

—e— Algorithm 3.1
——

terative method (1.4)

FiGURE 2. The behavior of TOL, with the stop condition
TOL,, < 1073,

6. Conclusions

In this paper, we have introduced and analyzed a new parallel algorithm for
finding a common fixed point of a finite family of Bregman strongly nonexpan-
sive mappings in a real reflexive Banach space (Algorithm 3.1 and Theorem
3.4). Some applications of our main results to some related problems are pre-
sented in Section 4. These problems include the convex feasibility problem
(Theorem 4.1), the problem of finding a common zeros of maximal monotone
mappings (Theorem 4.2), the system of generalized mixed equilibrium prob-
lems (Theorem 4.4), the problem of finding a common zeros of Bregman in-
verse strongly monotone mappings (Theorem 4.5) and the system of variational
inequalities (Theorem 4.6). Finally, in Section 5, we exhibit two numerical ex-
amples which illustrates the effectiveness of the proposed algorithm.
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