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CONSTRUCTION OF RECURSIVE FORMULAS
GENERATING POWER MOMENTS OF KLOOSTERMAN
SUMS: O+(2n,2") CASE

DAE SAN KiMm

ABSTRACT. In this paper, we construct four infinite families of binary
linear codes associated with double cosets with respect to a certain max-
imal parabolic subgroup of the orthogonal group O1(2n,2"). And we
obtain two infinite families of recursive formulas for the power moments
of Kloosterman sums and those of 2-dimensional Kloosterman sums in
terms of the frequencies of weights in the codes. This is done via Pless’
power moment identity and by utilizing the explicit expressions of expo-
nential sums over those double cosets related to the evaluations of “Gauss
sums” for the orthogonal groups Ot (2n,27).

1. Introduction

Let ¢ be a nontrivial additive character of the finite field F, with ¢ = p”
elements (p a prime), and let m be a positive integer. Then the m-dimensional
Kloosterman sum K,,(¢;a) ([15]) is defined by

Kn(ia)= > Yo+ +am+ao; a,l), (a€F)).

al,...,amEIFj;

In particular, if m = 1, then K;(1;a) is simply denoted by K(%;a), and is
called the Kloosterman sum. The Kloosterman sum was introduced in 1926 to
give an estimate for the Fourier coeflicients of modular forms (cf. [4,13]). It has
also been studied to solve various problems in coding theory and cryptography
over finite fields of characteristic two (cf. [3,5]).

For each nonnegative integer h, we denote by M K,,(¢))" the h-th moment
of the m-dimensional Kloosterman sum K,,(v¢; a), i.e.,

MEp, ()" =" Kn(;a)".

a€lFy
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586 D. S. KIM

If » = X is the canonical additive character of F,, then MK,,(A\)" will be
simply denoted by M K" . If further m = 1, for brevity M K} will be indicated
by MK".

Explicit computations on power moments of Kloosterman sums were initi-
ated in the paper [20] of Salié in 1931, where it is shown that, for any odd
prime g,

MEK" = ®My,_y — (¢ — D" 4 2(=1)" "1 (h > 1).

Here My =0, and for h € Z~,

h h
Mh = H(ala'“aah) S (F;)h| Zaj =1= Za;1}|
Jj=1 j=1

For ¢ = p an odd prime, Salié obtained M K', MK?, MK?, MK* in [20] by
determining M, , My, M5. M K? can be expressed in terms of the p-th eigenvalue
of a weight 3 newform on T'g(15) (cf. [16,19]). M KS can be expressed in terms
of the p-th eigenvalue of a weight 4 newform on I'y(6) (cf. [7]). In [6], Evans was
led to propose a conjecture which expresses M K7 in terms of Hecke eigenvalues
of a weight 3 newform on I'g(525) with quartic nebentypus of conductor 105.

From now on, let us assume that ¢ = 2". Carlitz [1] evaluated M K" for
h < 4. Recently, Moisio was able to find explicit expressions of M K", for the
other values of h with b < 10 (cf. [18]). This was done, via Pless’ power moment
identity, by connecting moments of Kloosterman sums and the frequencies of
weights in the binary Zetterberg code of length ¢ + 1, which were known by
the work of Schoof and Vlugt in [21].

In [10], the binary linear codes C'(SL(n,q)) associated with finite special
linear groups SL(n, q) were constructed when n, ¢ are both powers of two. Then
we obtained a recursive formula for the power moments of multi-dimensional
Kloosterman sums in terms of the frequencies of weights in C(SL(n,q)).

In this paper, we will be able to produce two infinite families of recursive
formulas generating power moments of Kloosterman sums and two those of
2-dimensional Kloosterman sums. To do that, we construct four infinite fam-
ilies of binary linear codes C(DC{ (n,q)) (n = 2,4,...), C(DCy (n,q)) (n =
1,3,...), both associated with P*o,t | Pt and C(DCY (n,q)) (n = 2,4,...),
C(DCy (n,q)) (n = 3,5,...), both associated with P*o ,P* with respect
to the maximal parabolic subgroup PT = P*(2n,q) of the orthogonal group
O™ (2n,q), and express those power moments in terms of the frequencies of
weights in each code. Then, thanks to our previous results on the explicit
expressions of exponential sums over those double cosets related to the evalua-
tions of “Gauss sums” for the orthogonal groups O™ (2n, q) [12], we can express
the weight of each codeword in the duals of the codes in terms of Kloosterman
or 2-dimensional Kloosterman sums. Then our formulas will follow immedi-
ately from the Pless’ power moment identity. Analogously to these, in [9],
for ¢ a power of three, two infinite families of ternary linear codes associated
with double cosets in the symplectic group Sp(2n, q) were constructed in order
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to generate infinite families of recursive formulas for the power moments of
Kloosterman sums with square arguments and for the even power moments of
those in terms of the frequencies of weights in those codes. We emphasize here
that there have been only a few recursive formulas generating power moments
of Kloosterman sums including the one in [18].

Theorem 1.1 in the following (cf. (9), (10), (12)-(14)) is the main result of
this paper. To simplify notations, we introduce the following ones which will
be used throughout this paper at various places.

n/2
5n2— n n y —
(1) Af(n,q) =g = 1), [T - ),
j=1
n/2
1/ on2 )
(2) Bf(n7q) = qz(” 2) H(q2] —1),
i=1
1 2 (n72)/2 .
(3) A;‘(n,q) = qz(5” —6n) [g]q H (@1 1),
j=1
(n—=2)/2
+(n®—8n n— n .
) Bf (n,q) = 1" (@ —1)(¢" - 1) ] (¥ 1),
j=1
1 2 (nil)/2 .
(5) AT (n,q) = 17 —4n—D) 1, H (@1 - 1),
j=1
10,2 (n-1)/2 )
(6) By (n,q)=q1" (" 1) ] (¥ -1,
j=1
(n—=1)/2
_ 1(5n2—8n n .
(7) Ay (nq) =g 59 T (@ =),
j=1
1 2 (nil)/Q )
®) By (n,q) = ¢t (¢"=1) [[ (¥ -
j=1

From now on, it is assumed that either + signs or — signs are chosen ev-
erywhere, whenever + signs appear. Henceforth we agree that the binomial
coeflicient (Z) =0,ifa>bora<0.
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Theorem 1.1. Let ¢ = 2". Then, with the notations in (1)-(8), we have the
following.

(a) With + signs everywhere for + signs, we have a recursive formula gen-
erating power moments of Kloosterman sums over Fg, for each n > 2 even and
all q. Also, with — signs everywhere for + signs, we have such a formula, for
either each n > 3 odd and all ¢, orn =1 and ¢ > 8:

h—1
h _
wit = Sy () B M
1=0
min{ N (n,q),h}

(9) +gAT (n,q) " (—1)"IC5 i (n, q)

- (N
tz_;t!S(h,t)zh (Nli(

Ni(n,q) .

where Ny (n,q) = |[DCF (n,q)| = A} (n,q) By (n,q), and {CF;(n,q)}; 2" is

the weight distribution of C(DCT (n,q)) given by

Ciing) = > (qlAf(”ﬂ)(Bf(n,q) + 1))

Vo

(10 < 1 <Q1A1i(n’ ) (B (n,q) +q+ 1>>

L Vg
tr(B-1)=0
<1 g AT (n,q)(Bf (n,q) —q + 1)
o Vg '
tr(B-1)=1

Here the sum is over all the sets of nonnegative integers {vg}gscr, satisfying
> per, V8 =J and Y 5cp vaB = 0. In addition, S(h,t) is the Stirling number
of the second kind defined by

(11) S(h,t) = %Z(fl)t’j C)jh
| &

(b) With + signs everywhere for £+ signs, we have recursive formulas gen-
erating power moments of 2-dimensional Kloosterman sums over F, and even
power moments of Kloosterman sums over Fgy, for each even n > 2 and all
q > 4. Also, with — signs everywhere for + signs, we have such formulas, for
eachn > 3 odd and q > 4:

h—1

h _
Mg = (1) () (B ) - )RS
=0
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min{ N} (n,q),h}

(12) +gAz(ng)™" > (=D)MCE(n,g)
=0
2D AN g 1) TR
and
h—1 h
]WK%::E:VJWHH(Anymﬁ)—f+ﬂw4A”@l
=0
min{Nzi (n,q),h} ‘
(13) +qA3 (n,q) " (1) 055 (n,q)
=0

h + n .
3 #1S(h, )2t <]]1%Ein Z; ‘i) (h=1,2,...),

t=j

* n, .
where N§(n.q) = |DC5 (n, )| = AF (n,0)B3 (n.q), and {C5,(n,q)};%"" is
the weight distribution of C(DC5 (n,q)) given by

Cyy(na) =Y (q_lA;E(n’q)(BQi(WQ) +¢ - - 1))

Yo
—1 4% + 2
q A5 (n,q)(By (n,q) + g7 —¢* — 1)
1) <1 I ( .
rl<2y@ K(xp-1)=r ve
T=-1(4)

Here the sum is over all the sets of nonnegative integers {vg}gcr, satisfying
Zﬁequ vg =j, and Zﬁewq vgf = 0.

The following corollary is just the n = 2 and n = 1 cases of (a) in the
above. It is amusing to note that the recursive formula in (15) and (16),
obtained from the binary code C(DCy (1, q)) associated with the double coset
DCy (1,q) = P™(2,q), is the same as the one in ([5], (1), (2)), gotten from
the binary code C(SO7T(2,q)) associated with the special orthogonal group
507(2,q).
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Corollary 1.2. (a) For all ¢, and h =1,2,...,
h—1

MKh _ Z(*l)h+l+1 <flL> (q2 o 1)h*lMKl
1=0
min{q®(¢>~1)?,h} '
+q¢' -1 > (—1)"Cf5(2,9)
=0
x zh:tlS(h £)2ht (q2(q2 -1 j)
2SI 2  aga e )

+ -1 e + -
where {C};(2,q)}; -9 is the weight distribution of C(DCY (2,q)) given by

o2 =Y <q3(qzo— 1)> (H (qz(q - 1(g+ 1)2)

G-H=0 7

2 _1)2
< ] (q (¢+1D(g—-1) )
_ Vg
tr(B=1)=1
Here the sum is over all the sets of nonnegative integers {vg}ger, satisfying
> per, Vs =J and Y gep vpB = 0. In addition, S(h,t) is the Stirling number
of the second kind as defined in (11).
(b) Let g > 8. Forh=1,2,...,

h—1
h
MK" = -1 h““() ~ )" 'MK!
; ;( ) )@=
( ) min{qg—1,h} h g—1 j
htj — h—t (%7
fo Y e Y st (171 7).

Jj=0 t=j

where {Cij(l,q)}?;(l) is the weight distribution of C(DCY (n,q)) given by

_ 1 2
(16) o= () T (1)
0 - Vg
tr(8-1)=0
Here the sum is over all the sets of nonnegative integers {vo} U {vs}r(3-1)=0
satisfying vo + Etr(ﬁ,l)zo vg =3 and Ztr(ﬁ*l):o vgB = 0.

2. Ot (2n,q)

For more details about this section, the reader is referred to the paper [12].
Throughout this paper, the following notations will be used:
q=2" (r € Zsy),
F, = the finite field with ¢ elements,
TrA = the trace of A for a square matrix A,
!B = the transpose of B for any matrix B.
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Let 6% be the nondegenerate quadratic form on the vector space Fi”“ of
all 2n x 1 column vectors over Iy, given by

2n n
9+(Z riet) = Z TiTnti,
i=1 i=1
where {e! = [10...0],e? =t [010...0],...,e?" =! [0...01]} is the standard
basis of IE"?I"“.

The group O*(2n,q) of all isometries of (F2"*!, %) is given by:

O™ (2n,q) = { [&B] e GL(2n,q)

YAC, *BD are alternating
tAD+'CB=1,

={[ég]eGL<2n,q>

where A, B, C, D are of size n.
Here an n X n matrix (a;;) is called alternating if

YAB, 'CDare alternating
A 'D+B tC=1, ’

aii:O fOrlSiSn,
A5 = —Qj; = Qjj f0r1§z<]§n

Pt = PT(2n,q) is the maximal parabolic subgroup of O"(2n, q) defined by:
P (2n,q) = { [‘g Ll ﬁ} AeGL(n,q), B alternating}.

Then, with respect to PT = P (2n, ¢), the Bruhat decomposition of O (2n,
q) is given by:

n

(17) 0*(2n,q) = [ Pt} PT,
r=0
where
0 0 1, 0
0 1, 0 0
of = L0 0 0 € 0" (2n,q).
0 0 0 1,_,

Put, for 0 < r <n,

AF ={we PH2n,q) [0} w(of) ™" € PH2n,q)}.

T
Expressing O (2n, q) as a disjoint union of right cosets of PT = P (2n,q),
the Bruhat decomposition in (17) can be written as

(13) 0" (20,0) = [ P o (A7\PY)
=0
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The order of the general linear group GL(n, q) is given by

n—1 n

g =T ~¢) =dD @ -1

=0 j=1
For integers n,r with 0 < r < n, the g-binomial coefficients are defined as:
r—1

Jj=0
Then, for integers n,r with 0 < r < n, we have

gn _ r(n—r)m
19 B "
( ) In—r3r [ ]q

As it is shown in [12],
(20) ‘Aj_l GrGn rq< ) r(2n— 3r+1)/2.

Also, it is immediate to see that

(21) P*(2n,q)| = ¢()g,.
Thus we get, from (19)-(21),

(22) | AF\P*(2n,9) |= 1], 41,
and

(23) | PT(2n,q)07 P (20,q) |=| PT(2n.q) 2| AF |7'= ¢ g, 7], 4.
Let
(24) DC(n,q) = PY(2n,q)o Pt (2n,q) for n=2,4,6,...,

(25) DCY (n,q) = PT(2n,q)ot o Pt (2n,q) for n=2,4,6,...,

(26) DCy (n,q) = Pt(2n,q)ot Pt (2n,q) for n=1,3,5,...,

(27) DCy (n,q) = PT(2n,q)ot o Pt (2n,q) for n=3,5,7,....
Then, from (23), we have
(28) Ni(n,q) = |DCF (n, q)| = AF (n,q)B; (n.q) for i=1,2

(cf. (1)-(8)).
Unless otherwise stated, from now on, we will agree that anything related to
DCH(n,q) and DCY (n,q) are defined for n = 2,4,6,..., anything related to
DCT (n,q) forn=1,3,5,..., and that anything related to DCy (n,q) is defined
form=23,57....
Also, from (18), (23), we have

0% (2n,q)l = > [PT(2n,q)P|AS|!
r=0
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n—1
2_n/n j
=2¢" "(¢" = 1) [J(¢¥ - 1),
j=1

where one can apply the following ¢-binomial theorem with x = —1.
n
[, (~17®)a" = (z;.9)a,
r=0

with (2;¢), = (1 —2)(1 — gz) -+ (1 — ¢" ') (z an indeterminate, n € Z~o).

3. Exponential sums over double cosets of Ot (2n, 2")
The following notations will be used throughout this paper.
triz) =z 422+ + 22" "the trace function Fy, — Fa,
M) = (=1)'"@ the canonical additive character of F,.

Then any nontrivial additive character ¢ of Fy is given by ¢(z) = A(ax) for a
unique a € F?.

For any nontrivial additive character ¢ of Fy and a € Fy, the Kloosterman
sum Kqpt,q)(¢;a) for GL(t, q) is defined as

Keri,qg(¥;a) Z O(Trw + a Trw™t).
weGL(t,q)

Notice that, for t = 1, Kgp1,4)(¥;a) denotes the Kloosterman sum K (1; a).

For the Kloosterman sum K (%; a), we have the Weil bound (cf. [15])
(29) | K(¢sa) [< 2V

In [8], it is shown that K ¢,q)(1; a) satisfies the following recursive relation:
for integers t > 2, a € F} |
(30) Kar(tg(@;a) = ¢ Kap-1.9) (¥;0) K (¥ a)

+¢* (¢ = DEKgrp—2,9 (3 a),

where we understand that K, (0,q)(¢;a) = 1. From (30), an explicit expression
of the Kloosterman sum for GL(t, q) was derived in [8].

In Section 6 of [12], it is shown that the Gauss sum for OT(2n, q) is given
by:

Z Y(Trw) = Z Z Y(Trw)

weO™T(2n,q) =0 weptot P+

(31) = JANPY Y ¢(Trwo)
r=0 weP+

= q(g) Z |A:—\P+|qr(n_r)3rKGL(nfr,q) (1% 1)'
r=0
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Here 1 is any nontrivial additive character of Fy, so = 1, and, for r € Z,
s, denotes the number of all r x r nonsingular symmetric matrices over Fy,
which is given by
(32) qr(rt2)/4 H;/=21 (¢¥~1t—1), if r is even,

Sp = r i . .
q(rz_l)/4 H;.:ll)ﬂ(q% L—1), ifrisodd,
(cf. [12], Proposition 4.3).

Thus we see from (31), (32), and (22) that, for each r with 0 <r <mn,

(33)

> w(Trw)

weP+ot Pt

_ B, IEE @ = DK g (451), if s even,

- n n—21(p 2y r . . .
g(B)grn=3 0 [ TN (2 1)Ko (951), i 7 is odd.

For our purposes, we need four infinite families of exponential sums in (33)
over DOy (n, q) and DCy (n, q) for n = 2,4,6, ..., DCy (n,q) forn =1,3,5,..,
and DCy (n,q) for n=3,5,7,.... So we state them separately as a theorem.

Theorem 3.1. Let ¢ be any nontrivial additive character of Fy. Then, in the
notations of (1), (3), (5), (7), we have

> (Trw) = Af(n,q)K (1),

wEDCli (n,q)

> W(Trw) = ¢ AT (n, ) Kar,g (¥ 1)
wEDC’2i (n,q)

= A3 (n,q)(K(¢;1)° + ¢* — q)
(¢f. (33), (30)).

Proposition 3.2 ([11]). For n = 2°(s € Z>p), and ¢ a nontrivial additive
character of Fy,

K(¢;a") = K(¥;a).
We need a result of Carlitz for the next corollary.
Theorem 3.3 ([2]). For the canonical additive character X of F,, and a € Fy,
(34) Ka(Asa) = K(Xa)” —q.

The next corollary follows from Theorem 3, Proposition 4, (34), and simple
change of variables.

Corollary 3.4. Let A be the canonical additive character of Fy, and let a € Fy.
Then we have

(35) > MaTrw) = Af(n,¢)K (X a),

'weDCli(n,q)
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Z MaTrw) = A (n,q)(K(X\;a)? + ¢ — q)
(36) weDCE (n,q)
= A3 (n,9)(Ka(X; a) + ¢%)
(cf. (1), 3), (5), (7))

Proposition 3.5 ([11]). Let X be the canonical additive character of F,, m €
Lo, B € Fy. Then

B7) > A=aB)Kn(Xia) =

a€ly

qK'rn—l()\; ﬂil) =+ (_1)m+17 Zfﬁ 7é O;
(71)m+1, Zfﬁ = O:

with the convention Ko(\; B71) = A(B71).
For any integer r with 0 <r <n, and each 5 € F,, we let
Npi ot p+(B) = {w € PTof PT | Trw = B}].

Then it is easy to see that

(38)  qNpi,ip(B) =|PTof P+ Y A=aB) Y = AaTrw).

a€lg weP+o;t P+
Now, from (35)-(38), (24)-(28), and (1)-(8), we have the following result.
Proposition 3.6.
(a)
(39) NDCli(n,q)(ﬁ)

17 ﬁ - 0’
= ¢ 'AT(n,q)Bi (n,q) + ¢ 'AT(n,q) x { g+ 1, tr(B~1) =0,
—q+1, tr(ﬁ’l) =1

(b)
(40) NDC2i (n,q) (B)

aK(\B7Y) —¢* =1, B#0,
¢ —q® -1, B=0.
Corollary 3.7. (a) For all even n > 2 and all q, NDCj(n,q)(ﬁ) > 0 for all B.

(b) For all even n > 4 and all q, or n =2 and all g > 4, NDc;(n,q)(ﬂ) >0
for all B; for n =2 and all ¢ = 2,

= q 'A5(n,q)By (n,q) + ¢ " A5 (n,q) x {

0, p=1,
Npcya(B) = {12 = |P*(4,2)], B=0.
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(¢c) For all odd n > 3 and all q, NDC;(mq)(,B) > 0 for all B; forn =1 and
all q,

1, B=0,
(41) Npc-(,q(B) =142, tr(8~") =0,
0, tr(p~H) =1

(d) For all oddn >3 and all ¢, N DC; (n, q)(ﬂ) > 0 for all 3.

Proof. (a), (c), and (d) are left to the reader.
(b) Let n = 2. Let 8 # 0. Then, from (40), we have

(42) Npot 0,90 = *{d® —2¢ — 1+ K(\ 571},

where ¢ —2¢ — 1+ K(X\; 871) > ¢ —2¢— 1 —2,/g > 0, for ¢ > 4, by invoking
the Weil bound in (29). Also, observe from (42) that NDC;(272)(1) =0.
On the other hand, if 5 = 0, then, from (40), we get

Npei(2,9)(0) = ¢*(2¢° —2¢ —1) > 0 for all ¢ > 2.
In addition, we note that NDC;(2,2)(0) =12.

Assume now that n > 4. If 5 = 0, then, from (40), we see that NDC;(mq)(O)
> 0 for all gq. Let 5 # 0. Then, again by invoking the Weil bound,

Npcg ng)(B) 2 q A3 (n,q)
—2)/2
< {(g" = 1)(g" " = 1)gF (Y’ = H (¢* +2¢% +1)}.

Clearly, H(z 2)/2( ' —1) > 1. So we only need to show, for all ¢ > 2,

2
Fl@) = (" = 1)(g" = 1)gi V"t — (¢ +2¢% +1) >0

But, asn >4, f(q) > qil(q4—1)(q3—1)—(q2+2q% +1)>0forallg>2 0O

4. Construction of codes

Here we will construct four infinite families of binary linear codes
C(DCf (n,q)) of length N;"(n,q) for n = 2,4,6,... and all ¢, C(DCy (n,q)) of
length N5 (n,q) for n = 2,4,6,... and all ¢, C(DC] (n,q)) of length N; (n, q)
for n = 1,3,5,... and all ¢, and C(DC5 (n,q)) of length N5 (n,q) for n =
3,5,7,... and all g, respectively associated with the double cosets DC’fr (n,q),
DC; (n,q), DC; (n,q), and DC; (n,q) (cf. (24)-(27)).

Let ¢1,92, ... s INE (nyg) be fixed orderings of the elements in DCii(n, q) for
i = 1,2 by abuse of notations. Then we put

vi (,q) = (Trg1, Trgs, ... . Trog+(, ) eFND for i =12,
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The binary codes C(DC; (n,q)), C(DCy (n,q)), C(DCy (n,q)), and C(DCy
(n,q)) are defined as:

+
(43)  C(DCE(n,q) = {u e Fy* " Ju-vE(n,q) = 0} for i=1,2,

+
where the dot denotes respectively the usual inner product in IE‘(JZV (n.q
i=1,2.

The following Delsarte’s theorem is well-known.

) for

Theorem 4.1 ([17]). Let B be a linear code over F,. Then
(Ble,)" = tr(B*).
In view of this theorem, the respective duals of the codes in (43) are given
by:
(44)
C(DCE(n, )"

q
= {c(a) = ¢F(a;n,q) = (tr(aTrg),. .. 7tr(aTrg]\,li( N]eelF} (i=1,2).

n,q)

Let ]F;r, IFq+ denote the additive groups of the fields Fq, IF,, respectively. Then
we have the following exact sequence of groups:

0—Fj = F/ = O(F,) — 0,

where the first map is the inclusion and the second one is the Artin-Schreier
operator in characteristic two given by x — ©(x) = 22 + z. So

(45) O(F,) = {* + o | € Fy}, and [F} : ©(F,)] = 2.
Theorem 4.2 ([11]). Let A be the canonical additive character of F,, and let
B €F;. Then
(46)
B\ v p _ :
(@ D Mg ) =KNB)-1L () D Mg —p) = KA1,
acF,—{0,1} a€cl,

if 2+ x + b(b € F,) is irreducible over Fy, or equivalently if b € F, \ O(F,)
(cf. (45)).

Theorem 4.3. (a) The map F, — C(DC; (n,q))*(a — ¢ (a)) is an Fa-linear
isomorphism for n > 2 even and all q.

(b) The map F, — C(DCS (n,q))*(a > c5 (a)) is an Fa-linear isomorphism
forn >4 even and all q, orn =2 and q > 4.

(c) The map F, — C(DCy (n,q))*(a— ci (a)) is an Fa-linear isomorphism
forn >3 odd and all q, orn =1 and q > 8.

(d) The map F, — C(DCy (n,q))*(a — c; (a)) is an Fa-linear isomorphism
forn >3 odd and all q.
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Proof. All maps are clearly Fo-linear and surjective. Let a be in the kernel
of map F, — C(DC{ (n,q))* (a — cf(a)). Then tr(aTrg) = 0 for all g €
DCf (n,q). Since, by Corollary 9(a), Tr : DCy (n,q) — F, is surjective,
tr(ac) = 0 for all @« € F,. This implies that a = 0, since otherwise tr : F;, — Fy
would be the zero map. This shows (a). All the other assertions can be handled
in the same way, except for n = 1 and ¢ > 8 case of (¢). Assume that we are in
that case. Then, by (41), tr(af) = 0 for all § € F} with tr(37") = 0. Hilbert’s
theorem 90 says that tr(y) = 0 < v = a® + « for some a € Fy, and hence
Zaqu—{o,1} Maz%s) = q¢—2. If a # 0, then, using (46) and the Weil bound
(29), we would have

a
— 2 = - )= . — 1< — 1.
q—2 > Mg =K(ha)—1<2/g-1
a€cF,—{0,1}

But this is impossible, since x > 2y/z + 1 for z > 8. O

Remark. One can show that the kernel of the map
F, = C(DCS (2,2))(a = c5 (a)),

and the maps F, — C(DC; (1,q))*(a — c; (a)), for ¢ = 2,4, are all equal to
Fs.

5. Recursive formulas for power moments of Kloosterman sums

Here we will be able to find, via Pless’ power moment identity, infinite
families of recursive formulas generating power moments of Kloosterman and
2-dimensional Kloosterman sums over all F (with three exceptions) in terms of
the frequencies of weights in C(DC" (n, q)) or C(DC; (n,q)), and C(DCy (n,q))
or C(DCj5 (n,q)), respectively.

Theorem 5.1 (Pless’ power moment identity, [17]). Let B be an g-ary [n, k]
code, and let B; (resp. Bj-) denote the number of codewords of weight i in B
(resp. in BL). Then, for h=0,1,2,...,

n min{n,h} h .
3 . _ s n —
TS SFLTE SIS U S S TRl (]
=0 =0 t—j

where S(h,t) is the Stirling number of the second kind defined in (11).

Lemma 5.2. Let

ct(a) = (tr(aTrgy),... str(aTrgy=

?

)) € C(DCF (n, q))*

n,q)
fori=1,2, and a € F. Then the Hamming weights w(ci(a)) and w(cs(a))
are expressed as follows:

(48)  (a) w(ci(a) = %Af(n, q)(BY (n,q) — K (X)),
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1
(49)  (b) w(c (a)) = 5 A3 (n,q)(By (n.q) — ¢* + ¢ = K(X;a)?)

(50) = S AE Q) (B (n.0) — ¢ — Ka(Xsa))

N (n,q)

% Z (1 _ (_1)tr(aTr9j)) — %(Nli(n’ q) — Z )\(aT'rw))

Jj=1 weDCii(n,q)

for ¢ = 1,2. Our results now follow from (28) and (34)-(36). O

+
Let u = (ur,...,un ., ) € FY ™D for i = 1,2, with vz 1's in the

coordinate places where Tr(g;) = 8 for each 5 € F,. Then from the definition
of the codes C(DCE(n,q)) (cf. (43)) that u is a codeword with weight j if
and only if ZBqu vg = j and E,Be]l?q vgf = 0 (an identity in F,). As there

are []scp, (NDC?J;@(B)) many such codewords with weight j, we obtain the

following result.

ops + N.i(n,q) . . . .
Proposition 5.3. Let {C};(n,q)};%, be the weight distribution of
C(DCF (n,q))

fori1=1,2. Then we have
(51)
”nq ZH(DCi("’q ﬂ))fm“0<j<Ni(nq) and i =1,2,
BEF,

where the sum is over all the sets of integers {vs}ger, (0 < vg < Npoz(, ) (B)),
satisfying

(52) Z vg=j and Z vgf = 0.

BEeF, BEF,

+

Corollary 5.4. Let {ij (n,q)}j-\]:io(n’q) be the weight distribution of
C(DCF (n, q))

fori1=1,2. Then we have

+ _
Ci,j (n7 q) - CLNZi (n,q)fj(

n,q) for all j, with 0<j < Nii(n7 q).
Proof. Under the replacements vg — NDCj:(n,q) (B) — vg for each g € Fy, the

first equation in (52) is changed to N:(n,q) — 7, while the second one in there
and the summands in (51) are left unchanged. The second sum in (52) is
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left unchanged, since } g Npc(,, 4)(8)3 = 0, as one can see by using the
explicit expressions of Npc=(n,q)(5) in (39) and (40). O

Theorem 5.5 ([14]). Let ¢ = 2", with r > 2. Then the range R of K()\;a), as
a varies over %, is given by:

q7
R={reZ||r| <2yq, T=—1 (mod4)}.

In addition, each value T € R is attained ezactly H(t*> — q) times, where H(d)
is the Kronecker class number of d.

The formulas appearing in the next theorem and stated in (10) and (14)
follow by applying the formula in (51) to each C(DCE(n,q)), using the ex-
plicit values of Npcx(, (8) in (39) and (40), and taking Theorem 5.5 into
consideration.

N

j=0

C(DC; (n,q))

fori=1,2, and assume that ¢ > 4 for C(DCQi(n, q)). Then we have
(a) For j =0,..., Nli(n, q),

—1 4x n + n
ij(n,q): Z(q AT (n, q) (B ( aQ)+1))

Theorem 5.6. Let {ij(n, q)} ™ pe the weight distribution of

)
<1 <q 1Af(n,q)(3f(n,q)+qﬂ)>
Vg
tr(8=1)=0
—1A+ B —g+1
~ H q 1(n7Q)( l(n7Q) q+ )
I/B ’
tr(8—1)=1

where the sum is over all the sets of nonnegative integers {vg}ger, satisfying
Zﬁequ vg =73 and Zﬁemq v = 0.
(b) Forj = O, et N;(”? q)?

—1 4% + 3_ .2
+ _ ¢ Ay (n,q)(By (n,q) + ¢° —¢* — 1)
Cying)= > ( Vo
—1 4+ + 2
¢ Ay (n,q)(By (n,q) + g7 —¢° — 1)

< T " ,

ITI<2yq K(NB8-1)=t
T=—1(4)

where the sum is over all the sets of nonnegative integers {vg}ger, satisfying
Zﬁequ vg =j, and Z%Fq vgf = 0.

From now on, we will assume that, for C(DCj (n,q))*, n > 2 even and all
q; for C(DCY (n,q))*, n > 2 even and ¢ > 4; for C(DCy (n,q))*, either n >3
odd and all ¢, or n = 1 and q > 8; for C(DC; (n,q))*, n > 3 odd and ¢ > 4.
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Under these assumptions, each codeword in C’(DC?(n, q))* can be written as
¢ (a) for i = 1,2, and a unique a € F, (cf. Theorem 12, (44)).

Now, we apply the Pless’ power moment identity in (47) to C’(DC’ijE (n,q))*+,
for those values of n and ¢, in order to get the results in Theorem 1.1 (cf. (9),
(12), (13)) about recursive formulas.

The left hand side of that identity in (47) is equal to

> w(ci (@),

ae]F;

with w(cE(a)) given by (48)-(50). We have

> wlet (@) = g Af(na)* 3 (B (n,0) ~ K(xa))"

a€Fy 1S
1 ‘ h
(53) = At S0 () B )k
=0
Similarly, we have
(54)
1 i h
> wlet @) = gt o) S () B ) = 4 00K
acFy =0
1 L h
(55) = g0 S () B ) - e
=0

Note here that, in view of (34), obtaining power moments of 2-dimensional
Kloosterman sums is equivalent to getting even power moments of Kloosterman
sums. Also, one has to separate the term corresponding to [ = h in (53)-(55),
and notes dimg, C(DCE(n,q))*+ = r.
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