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THE JACOBI SUMS OVER GALOIS RINGS
AND ITS ABSOLUTE VALUES

YouNG Ho JaNG

ABSTRACT. The Galois ring R of characteristic p™ having p™" elements
is a finite extension of the ring of integers modulo p™, where p is a prime
number and n,m are positive integers. In this paper, we develop the
concepts of Jacobi sums over R and under the assumption that the gen-
erating additive character of R is trivial on maximal ideal of R, we obtain
the basic relationship between Gauss sums and Jacobi sums, which allows
us to determine the absolute value of the Jacobi sums.

1. Introduction

Throughout this paper, p will denote a fixed prime number and n, m positive
integers. We set ¢ = p™. Let Z, C, C!, @, F,, Z,» and GR(p™,m) be the
ring of integers, the field of complex numbers, the unit circle in the complex
plane, the complex conjugate of a € C, the finite field of order g, the ring of
integers modulo p™ and the Galois ring of characteristic p"™ having ¢" elements,
respectively.

Jacobi sums over finite fields and finite rings were introduced and studied
by many mathematicians. For the detailed story and relative references see
[1,3,7]. In particular, in [11,12] Wang studied a general theory of Jacobi
sums over residue class rings and finite commutative rings with identity. In
[4], Ishibashi defined the Gauss sums and Jacobi sums over GR(2?,m) to find
relations between the irreducible modules of the Terwilliger algebra and the
Jacobi sums over the local ring. In [6], Jin et al. provided explicit description
on the Gauss sums and Jacobi sums over GR(p?,m), and showed that the
values of these sums can be reduced to the Gauss sums and Jacobi sums over
F, for all non-trivial cases. Also, in [5], Jang and Jun studied the Gauss sums
over GR(p™, m) under the assumption that the generating additive character
of GR(p™, m) is trivial on maximal ideal of GR(p™, m). As a follow-up to the
previous work [5], we continue that line of research in this paper. The purpose
of this paper is to develop the concepts of Jacobi sums over GR(p™, m) and
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under the assumption that the generating additive character of GR(p™, m) is
trivial on maximal ideal of GR(p™, m), we obtain the basic relationship between
Gauss sums and Jacobi sums, which allows us to determine the absolute value
of the Jacobi sums. Many of our results are exact analogues of those holding
over IF,. However, their proofs are complicated by the change in significance of
the elements, which may be zero divisors in GR(p™, m).

We conclude this section by recalling some basic properties of the Galois ring
R = GR(p™,m). These have been well documented in [8,10]. R is a local ring
having unique maximal ideal M = pR and |M| = ¢"~ . The group of units R*
of R contains a unique cyclic group of order g—1 (see [8, Theorem XVI1.9]). If £
is a generator of this group, then, by [8, Theorem XVIIL.2], R* = T* x (1+ M)
where T* = (£) is the cyclic group of order g—1 and 1+ M is the multiplicative
p-group of order ¢" 1. The set 7 = {0} UT* = {0,1,¢,...,£972} is called the
Teichmiiller set of R. Every element z € R has a unique p-adic representation:

(1) z2=zo4+2p+ -+ 2n_1p™}, where z; € T for 0 < i <n— 1.

Moreover, z € R* if and only if z5 # 0 and z € M if and only if zyg = 0. Any
element of R\{0} is either a unit or a zero divisor. Since the zero divisors in
R are those elements divisible by p, any element z € R\{0} can be written as

(2) z:pku,ueR*,ngSn—l.

For any Galois ring R the trace mapping Tr : R — Zp» is defined by

n—1 n—1
. m—1 .
? " (ZW> DT R AR A
j i=0
Tr is an epimorphism of Zy~-modules and Tr can be reduced by the mod-p
reduction map to the trace mapping tr : F; — I, of finite fields.

2. Characters of Galois rings and Gauss sums over Galois rings

An additive character of R is a homomorphism from the additive group of
R to C!. Using (3), for any x,y € R, the additive characters of R are given by

(4) ba(y) = T ITED/P"

different 2’s affording different additive characters. In fact, {1, }secr consists
of all additive characters of R in [2, Lemma 6]. We see that 1)y is the trivial

additive character of R, ¥, (y) = ¥1(zy), ¥ (y) = ¥ (—y) and (= 1) is called

—

the generating additive character of R. Let Rt denote the group of additive
characters on R.

A multiplicative character x of R* is a homomorphism from the multiplica-
tive group R* to C!. We see that x(1) = 1, x(x) is a (¢ — 1)¢"~!-th root of
unity and x"1(z) = x(z7!) = x(z)7! = x(x) = X(z). We extend x as the
character of R by defining x (M) = 0. We call this the multiplicative character
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of R. The trivial character xo of R is defined by xo(R*) = 1. Let R* denote
the group of multiplicative characters on R.

Remark 2.1. In [9], the authors extend y as the character of R = GR(2%,m)
by defining x(M) = 1 for x = xo and x(M) = 0 for x # xo; this is different
from the definition we have given here.

Remark 2.2. Since R* = T* x (14 M), we know that R* = T* x (m) In
particular, the multiplicative characters x of R that vanish on 7* (i.e., x(a) =1
for e € T*) are in one-to-one correspondence with the multiplicative characters
of 14+ M. Particularly, for R = GR(p?,m), from the p-adic representation (1)

z=2z20+21p (20,21 € T), M =pT
and
(I1+M,:)=14pT, )= Fy,+), l+pr—T=amodpforzeT.
Hence multiplicative characters x € R* that vanish on 7* are given by
(5) X(1+pz) =9, (%) (x €T, a,T €Fy),

where ¢, is an additive character of F, defined by
(6) 0o (T) = 2T (@@ /P o a]] a,T € F,.

Remark 2.3. Let G be a finite abelian group with identity element 15 and G
an abelian group of characters of G. It is well known in [7, Theorem 5.4] that
if f is a nontrivial character of GG, then

(7) > flg)=0.

geqG

Denote by C* the vector space over C of all functions from R to C. This is
an inner product space with Hermitian inner product (, ) defined for f,g € CF
by

(f,9) =Y f(@)g(x).
rzER
Then the set {J, | € R} of characteristic functions defined by

|1 ifa=y

forms an orthonormal basis for C¥, with (6,,d,) = 0,(y). Hence CF is a ¢"-
dimensional C-vector space. Also, additive characters ¥, of R defined by (4)
are also orthogonal in this inner product space,

(8) <¢m,¢y>:2wm<s>wy<s>=2wy<s>:{g" oYy ()

SER SER
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and form an orthogonal basis for C*. Since y € CF, hence x is a linear
combination of the additive characters of R. More precisely, for a nontrivial
character xy € R*, we have

(9) Y= =3 Glx, ),
q rER
where
(10) GG Ye) = (06te) = Y xW¥a(y) = > x(w)(ay),
yER* yCR*

which is called the Gauss sum over R.
The elementary properties of Gauss sums over R in accordance with condi-
tions of characters of R investigated in [5]. In particular, under the assumption

that ¢ € R¥ is trivial on M, the authors computed the modulus of G(x, ).
The following two results has been proved in [5].

Proposition 2.4 ([5, Lemma 3.1]). Let x € R* be a nontrivial character. Then

[ X@GOev) e R, B
(1) Gl ) = { 0 ifv € M and ¢ € Rt is trivial on M.

Proposition 2.5 ([5, Theorem 3.3]). Let x € R* be a nontrivial character. If

Y € Rt is trivial on M, then
2 | ¢" ifze R,
(12) |G(X>wm)‘ - { 0 fo c M.

Proposition 2.6. Let x € R* be a nontrivial character. If ¢y € R¥ s trivial
on M, then

(13) G )G ¥) = x(=1)g"
Proof. From (11) we have
ST G a)GX ) = Y Glx ) G(X¥e) = G, ¥)G(X.¥) Y 1

TER TER* zeR*
= (- 1)¢" 7Gx, V)G, ¥).
On the other hand, (10) yields that

S GG CGR ) = 30 S xWey) 3 @ (2)

rzER reERyeR* zER*
=) > xwx(2) > ey +2)
yER* zER* TER
—x(=1) D> Y 1+ > Xy )Yty +2)
zER* zER y,2ER” TER
y+2z#0

=x(=1)(g = 1)¢""'q" (by (7)).



THE JACOBI SUMS OVER GALOIS RINGS AND ITS ABSOLUTE VALUES 575
By comparing above two formulas we have (13). O

Proposition 2.7. Let x € R* be a nontrivial character. If ¢y € R¥ s trivial
on M, then

1 o
(14) X==G00v) D> x(@ )y
q TER*
Proof. From (9) and (11), it is obvious. O

3. Jacobi sums over Galois rings

Let x1,...,x1 € R*. For a € R, a sum of the form

(15) Jalxt,-x) = > xi(s)--xls)

81,...,8]ER™
s1ttsi=a
is called a Jacobi sum relative to x1,...,x;- If {—1 of the terms in s1+- - -+s; is

chosen, the last term is uniquely determined by the requirement that whole sum

equals «. Thus (15) contains ((q — l)q"_l)l_1 terms. It is easy to show that

if o is a permutation of {1,...,1}, then Jo(Xo(1)s- -+ Xo@) = Ja(X1s-- -5 X1)-
We drop the subscript « from J, when o = 1. Then

Tos-ox) = Y, xals)xals)

81,...,8]ER*
s1+-+s=1
(16) =x1i-x(=1) > xals)xls).

Sl,...,SZER*
s1+-+s;+1=0

For a € R\{0}, let « = p*u, 0 <k <n—1, u € R* as in (2). Then
Jp’“u(xla"'vxl) :Xl’”Xl(u)Jp’“(Xla-“aXl)
and

Ju(X1s - x) = x1 - xa(wJ (xa, - xa)-
In particular, J(x1) = x1(1) =1 and for [ = 2, we have

J(x1,x2) = Z x1(s1)xz2(s2) = xaxz(—1) Z X1 (s1)x2(s2)

51,82€R" 51,52€R"

s1+s2=1 s1+s2+1=0
(17) Z X1(2)x2(1 — ).

2€R*\ (14 M)

The following two theorems are proved in [13, Theorem 4] for GR(22%,m)
and in [6, Theorem 4.1] for GR(p?,m); the proofs of the more general results
follow along precisely the same lines.
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Theorem 3.1. For x1, X2 € R\*,

(q—2)¢" ! if X1=X2 = Xo:

0 if X2 =xo and x1(1+ M) # 1,
J(x1,x2) =4 —¢" ! if X2 = X0, X1 7# Xo and x1(1+M) =1,

—x1(=1)¢""" if x1 # x0, X1x2 =xo and x1(1+ M) =1,

0 if X1 # Xo, X1x2 = Xo and x1(1 + M) # 1.

Proof. (i) From (17), if x1 = x2 = X0, then J(x1,x2) = (¢ — 2)¢" .
(ii) If x2 = xo and x1(1 4+ M) # 1, then x;1 # xo and

T = 3 a@ =Y - 3 @ =0 (by (7).

z€R*\(14+M) TER* z€l+M
(iil) If x2 = xo0, X1 # xo0 and x1(1 + M) =1, then
Joxnxa) = Y, xi@=Y x@- >  1=—¢""(by (7).

z€R*\(14+M) zER* z€(1+M)
(iv) If x1 # X0 and X1X2 = Yo, then xo = xi ' = X7 and

Janx) = Y. x@x(-2)

TER*\(1+M)
=x1(-1) Z xi(z(z =171 (let z = z(z — 1))
zER*\(1+M)
=xi(-1) > xa®
2€R*\(1+M)
=—xi(=1) > x2) (by (7))
z€(14+M)
_ —x1(=D)g" ! ifxya (1 +M)=1,
0 if x1(1+ M) # 1 (by (7)),
where the third equality follows that for each z € R*\(1 + M) multiplying =
by (z —1)~! permutes R*\(1 + M). O

Theorem 3.2. Fork=1,2,....,n—1 and x1,Xx2 € @,

e (X15 X2)
= > xi@)x(" —2)
rzeER*
(g—1)g" ! if X1= X2 = Xo,
0 if x2 = Xo and X1 # Xo,

x1(=1)(g—1)¢" " if x1# x0. xax2 = Xo and x1(1+ M) =1,
x1(—1)g*S(k) if X1 # X0, X1X2 = Xo and x1(1 + M) # 1,
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where

18) Sk)y= > xa(+pfa+pTa e p T ).

2o€T™
21,0020 —k—1€T

Proof. (i) If x1 = x2 = X0, then Jyr(x1,x2) = > 4en- 1= (¢—1)g" .
(ii) If x2 = xo0 and x1 # Xo, then, by (7), Jpr(x1,Xx2) = >_pcr- x1(x) = 0.
(iii) If x1 # X0 and x1Xx2 = X0, then x2 = x7' = X7 and

r(X15 X2) Z x1(@)x1(p* — )

rER*
=x1(— Z xi(z p*)7") (since z — p* € R¥)
TER*
1) Y xa(l+pf@—pH)7) (et 2 = (z —p*) )
TER*
=x1(-1) Z xi (1 +Pk2) .

2€R*
Since p*z € M for all z € R*, if x1(1+ M) = 1, then
Jpe(x1,x2) = x1(=1)(g — 1)g" .
Assume x1 (1+M) # 1. Let 2z = 29+21p+ -+ 2, 10" L, 20 €T, 21,00y Zn1
€ T as in (1). Then we have
Jpr (X1, X2)

=xi(-1) > xa(l+p(tpatteHp )

20€T™
Z1y32n—1€T

= x1(-1)¢" Z X1 (1 + Pz 4+ +pn_k_12nfk71) .

z0€T™
21,000 2n—k—1€T

This completes the proof. O

Remark 3.3. Let R = GR(p*,m) and x1, x2 € R*. If X1 7 X0, X1X2 = Xo and
x1(1+ M) # 1, then from (18) we have

S = > xa(l+pzn)= Y xi(l+pz) -1

20€T™ z0€T
= Z ©va(Zo) — 1 (from (5) in Remark 2.2)
zZo€F,

=—1(by pq € @; is nontrivial and (7)).
Thus Jp(x1,x2) = —x1(—1)g, which is given in [6, Theorem 4.1].

Proposition 3.4. Let x1,...,Xx; € R*.
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(i) Forl > 3,

n—1 ; 107
Tt ) = ((g—1)g"™Y) if X15---,x1 are all trivial,
(O x1) { 0 if some but not all of x; are trivial.

-1

(il) Forl> 2, if x; is nontrivial, then

Jolxt,-x) = >, xals)-xils)

51,..,81ER"

s1+-+s1=0
_{0 if X1+ X1 # Xo
xi(=1)(g—=1Dg" I (x1,-- . xi-1)  if X1 X1 = Xo-

Proof. For (i), if [ — 1 of the terms in s; + -+ + s; = 1 is chosen, the last term
. . . . -

is uniquely determined. These [ — 1 terms can be chosen in ((q - 1)q”_1) !
ways, this proves part one. For the second part we have ordered the characters
in such way that x1,...,x; are nontrivial and x;+1,...,x; are trivial, where

1<j3<I1-1. Then
TJoxs-ox) = Y, xals)-xas) = Y xals1)--xs(s))

81,..,81ER™ 81,..,81ER”
s1+-t+s=1 s1+-t+s=1
= > xals)-x(s)) > 1
$1,...,8; ER* Sjt+1,--,81ER”
Sjp1t+-tsy=l—s1—-—5;
_1\—j-1
=(@=1g")7 >0 als)xls)
51,...,8; ER*
-1
=((g—1g" ") (Z X1(51)> Y xs)
s1ER* SjER*
=0 (by (7).

To prove (ii), we have
JO(X17 s 7Xl)

= > b))

81,...,81ER™
s1++s1=0

> ST xals) o xica(sic) | xals) (et s; = —sity)

sieR* 81,..-,81_1ER"
s1t+-tsi—1=—s8;

X1 xi-1(=1) Z xi(ta) -+ xi—1(ti-1) (Z X1"‘Xz(81)>

t1,..,ti_1ER" siER*
1At =1
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:{0 if x1---x1 # Xo,
xi(=1(g = D" "I (x1, -, xi-1) i X1 x = Xos
where the last equality follows from (7). O

Theorem 3.5. Let x1,...,Xi+1 € R* be nontrivial characters with X1°° Xi+1
= xo- If ¥ € R is trivial on M, then

(19) T, ) = e (FDG 0 0) - Gl )
~ Gx,¥)---Gxa, ¢)

(20) O Glha X Y)

and

(21) 1T(x1, - X)) =g,

Proof. Since x1 -+ Xi+1 = Xo, (16) implies that

J(X15--5X1)
=xixl=10) Y xals)xls)

81,...,81ER™
s1+-+s8+1=0

:M > (axis)(si) > als)als)

— 1)gn—
(q )C] si41€R* 515,81 €ER"
s1+-+s1+1=0

l
- Z Z X1(814181) - xa(si4180)Xi41(8141)

(q—1)g»*
SH,leR* S1,.- 7SL€R
s1+-+s5;+1=0

Xi+1(—1

(22) = 7((1 +1()q”)1 E Xl(u1) T Xl(uz)Xl+1(ul+1)-
Uy,...,up 41 ER"

uy+-+up41=0

From (22) and (14) in Proposition 2.8 we have

X1 (=) (g = D" " (x1, .- x0)

_ oy (;G(X17¢)le(t11)@btl(w>

ul,...,ul+1ER* t1ER*
ur+--+ur41=0

1 I
X e X qu(Xl+1,¢) > () e, (W)

ti 1 E€ER*

1
- WG(XLW‘“G(XZHW) Z Xt - x ()

t1,ti 1 ER®
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x > Yltiw + -+ tpawg),

Uty u 41 €ERT
w1+ Fui41=0

the other hand, we have

Z Y(tiur + - -+ tp1uig)

Ul,...,uj41ER"
w1+ Fur41=0

Z Y(ur(ts — tig1) + -+t — tgr) + tpa (g + - -

Ul,...,uj41 ER™
w1+ Fui41=0

Z Pur(ts = i) - - P (w(l = tig1))-

uER*

Hence

Xie1 (=D (g = D" (x1, -, x1)

+ 1))

1
- WG(XL%//)'“G(XZHW) Z Xt X ()

t1,...,ti1 ER*

x> (u(t — i) - lu(t — ti))
Up,y...,u ER*

1
- WG(Xl’w) G415 9)

!
x> Xl+1(tl+11)H{ ot Y 7/J(U¢(ti—tz+1))}'
i=1

ti41€ER* t;ER* u; € R*

Since for each ;41 € R*

>ooxlth) D dluilti —tiga))

t,eR* u; ER*
= xi(tr, 1+ () ( (ui(t; — ti1))
Xz l+1 Xz uz 7 1+1
u; €R* t;€R” u; ER*
tq'—tl+17é0

= (q - 1>q X (tl+11) + Z X’L t 1 Z ’(/} uz i tlJrl))
R*

t; € u; ER*
ti—t1 4170

+ Z XZ t 1 {Z ¢t —ti41 uz Z ¢ uz 7 tH—l))}

t;ER* u;€ER u, €M
ti 7t1+1750
=(¢- D" ) - DD

t,€ER"
ti—ti 4170
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(¢— D" xalth) — ¢t ( > ot - m(hﬁ))

t,€R*
(¢— D" "xith) + " )

= q"xi(t;h)s
where the fourth equality follows from (7) and (u;(t; — ti+1)) = 1 (since

t; — ti41

# 0 and u;(t; — tj41) € M for all u; € M), and where the sixth

equality follows from (7). Hence

Xt (=g = Dg" I (x1, -5 x1)

1
WG(X1,¢)"'G(XH-M¢) ¢ Y Oacx) ()

tir1ER*

1 n n—
G0 ¥) - Glur, ¥)a™ (g~ g™

q%qu(xm/J) G ).

Since x1- X1 = Xit1 € R is nontrivial, by (12) in Proposition 2.6 we have
G(x1--Xx1,%) # 0. Thus we have
J(le' . 'axl)
1
= q7X1+1(—1)G(X17¢) ~G(xi1, )
1
= q7X1+1(—1)G(X17¢) - GOaXLY)
1 xi-xi(=1)g"
= i a(=DG(x1,¥) - Glxi, ) 222 (by (11
e Xi(=1)G(x1,¥) -+ Gl ¥) Ghxr Xt 0) (by (11))
_ G(X17 w) o G(th)
G(Xl o 'Xlaq/})
Again, by (12) in Proposition 2.6 we have |J(x1,...,x:)|? = ¢"¢~ . O
Corollary 3.6. Let x1,...,Xi+1 € @ be nontrivial characters with x1 - - Xi+1

=xo. If ¥ € Rt is trivial on M, then

J(Xl»--

n—1
coxi1) = =X (DT (s ox) + (@ = 1) D Tpe(xas - Xig)-
k=1

Proof. From (10) and (15), we have
G(X17 w) e G(Xl+17 ¢)

= (Z X1(81)¢(81)> DD (s d(sen)

s1ER*

si+1ER*
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= Z X1(51) - Xit1(Si41)¥(s1 4 - - + s141)

si+1€ER*

81458141 ER”
S1+-+Ss141=8

( X1(51) - xi41(s141) | ¥(s)

= Jo(x1,-- ) Xi41) Z (X1, xi41)0(s) (let s = pFu as in (2))
sER\{O}

= Jo(x1, .- Xi+1) +Z D oxa (W) T (s xae) (")

k=0 ueR*
n—1
= ot as) S Tt xas) S B(pR)
k=0 u€R*
= Jo(x1s-- s Xi+1) + S (X155 Xi41) (Z Y(u) — Z T/J(U))
u€ER ueM
n—1
—|—Zka(X1,...,Xl+1) Z 1 (since ¥(p*u) =1 forall k=1,...,n—1)
k=1 u€R*

= JO(X17 .. 'axl+1) - qn_lJ(Xla AR 7Xl+1) + (q - 1)qn_1 Z ka (X17 (R 7Xl+1>7

where the last equality follows from (7). Hence from Proposition 3.4(ii) and
(19) in Theorem 3.5 we have

Xi+1(—D)q" T (x1, -+, x1)
= xi+1 (=) (g = Dg" " T(x1,-- - x0) — " T (X5 Xa41)

+ (q - 1)qn_1 Z ka (Xla ceey Xl+1)7

which completes the proof. (I
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