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ON THE SYMMETRIES OF THE Sol; LIE GROUP

LAKEHAL BELARBI

ABSTRACT. In this work we consider the Sols Lie group, equipped with
the left-invariant metric, Lorentzian or Riemannian. We determine Killing
vector fields and affine vectors fields. Also we obtain a full classification
of Ricci, curvature and matter collineations.

1. Introduction

Symmetries in general relativity have been extensively studied because of
their interest both from the mathematical and physical viewpoint. The term
Symmetry here refers to a one-parameter group of diffeomorphisms of the space-
time preserving certain mathematical or physical quantity. Many works are
studying the symmetries of Lorentzian manifolds. See for example [1-6,8-11].

The aim of this paper is to investigate symmetries of the Sols Lie group.
Let (M, g) denote a Lorentzian manifold. A vector field X on M preserving
its metric tensor g, the corresponding Levi-Civita connection V, its curvature
tensor R or its Ricci tensor Ric, is respectively known as a Killing vector field,
an affine vector field, a curvature collineation or a Ricci collineation. If T
is a tensor on (M, g), codifying some mathematical or physical quantity, a
symmetry of a tensor field T is a one-parameter group of diffeomorphisms of
(M, g), which leaves T invariant (i.e., If the C'* local diffeomorphisms associated
with X are denoted by ¢, then ¢;T = T). By this definition, each symmetry
corresponds to a vector field X which satisfies LxT = 0, where £ denotes
the Lie derivative. Famous symmetries are: symmetries of the metric tensor
g which correspond to the Killing vector fields, symmetries of the Levi-Civita
connection V which correspond to the affine vector fields, and symmetries of the
Ricci tensor Ric which correspond to the Ricci collineations, and symmetries
of the curvature tensor R which correspond to the curvature collineations.

A matter collineation of a Lorentzian or Riemannian manifold (M, g) is a
vector field X, corresponding to a symmetry of the energy-momentum tensor
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T = Ric— %Tg7 where 7 denotes the scalar curvature. Matter collineations are
more relevant from a physical point of view [7] and [8].

In this paper, we shall investigate symmetries of the three-dimensional solv-
able Lie group Sols, equipped with a left invariant metric g, Lorentzian or
Riemannian. We determine Killing vector fields and affine vector fields of the
Sols Lie group. Also we obtain a full classification of Ricci, curvature and
matter collineations, and we remark that all solutions of matter collineation
coincide with curvature collineation of the Sols Lie group.

2. Connection and curvature of the Sols group

Let us consider the three-dimensional solvable Lie group Sols which is dif-
feomorphic to the cartesian space R?(z,y, 2).
The group structure of three-dimensional Lie group Sols is given by

(@Y ) x (@,y,2) = (e 7w +al ey +y, 2+ 2).
The isometries under the Lorentzian metric (1) are
(2,y,2) = (£e”“z +a, ey + b,z + ¢),

where a,b and c are any real numbers.
The isometries under the Riemannian metric (7) are

(z,y,2) — (e z+a,tey+ b,z + ¢)

and
(x,y,2) = (e “y+a,+ec+b,—2+¢),

where a,b and ¢ are any real numbers.

Throughout the paper, we shall endow the three-dimensional solvable Lie
group Sols with left-invariant Lorentzian and Riemannian metric g.

We will denote by V the Levi-Civita connection of (Sols, g), by R its curva-
ture tensor, taken with the sign convention:

R(X,Y)Z =VxVyZ - VyVxZ - Vixy 7,
and by Ric the Ricci tensor of (Sols, g), which is defined by

3
Ric(X,Y) = g(Ex, Ex) g(R(Ey, X)Y, Ey),
k=1

where {Ej}x=1,.. 3 is an orthonormal basis.

2.1. Lorentzian setting

The Lorentzian Sols Lie group is a Lie group R? endowed with a left-
invariant Lorentzian metric

(1) g = e¥da? — e *dy® + d2?,

where (z,y, z) the usual coordinates of R3.
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A left-invariant orthonormal frame {FE1, Eo, E3} in the Lorentzian Sols Lie
group is given by
0 0 0

2 Ei=e*—, By =¢*—, B3 = —.
( ) 1 € (9377 2 € ) 3 82
The Levi-Civita connection V of the Lorentzian Sols Lie group with respect to
this frame is

Vg By =—-E3, Vg E> =0,VEg E3 = Ey,
(3) Vg, B1=0,Vg,Ey = —E3,Vg, B3 = —Es,

Ve, F1 =0,Vg,Ey=0,Vg,Es =0.

The non-vanishing curvature tensor R components are computed as

R(ElaEQ)El - _E27R(E1,E2)E2 = _Ela
(4) R(Ey,E3)E; = Es, R(E1, E5)Es = —E,
R(EQaEZS)EQ = _E37R(E2,E3)E3 = —E2,

The Ricci curvature components {Ric;;} are computed as
(5) Ricn = RiC12 = Ri013 = Rngg = RiCQQ = O7 R?:C33 = 2.

The scalar curvature 7 of the Lorentzian Sols Lie group is constant and we
have

3
(6) T =trRic=Y  g(E;, E;)Ric(E;, E;) = —2.

i=1
2.2. Riemannian setting

The Riemannian Sols Lie group is a Lie group R? endowed with a left-
invariant Riemannian metric

(7) g = e*dx® + e Fdy? + d2?,

where (z,y, z) the usual coordinates of R3.
A left-invariant orthonormal frame {Ey, F2, F3} in the Riemannian Sols Lie
group is given by
0 0 0
E = —F__ E = _ E = =
(8) 1=¢ "o k2= C
The Levi-Civita connection V of the Riemannian Sol3 Lie group with respect
to this frame is
Vg E1=—E3, Vg FEy=0,Vg E3 = Ey,
(9) VE2E1 :O,VE2E2:E37VE2E3:—E2,
Ve, E1=0,Vg,Ey=0,Vg,E3 =0.

The non-vanishing curvature tensor R components are computed as

R(E17E2)E1 = *EQ,R(ELEQ)EQ = E17
(10) R(El’E3)E1 = E3’ R(Elv E3)E3 = _Elv
R(E,, Es)Ey = E3, R(E3, E3)E3 = —Ej.
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The Ricci curvature components {Ric;;} are computed as
(11) RiCll = RiClg = Riclg = RiCQg = RiCQQ = 0, Rngg = —-2.

The scalar curvature 7 of the Riemannian Sols Lie group is constant and we
have

3
(12) T =trRic=Y  g(Ei, E;)Ric(E;, E;) = —2.

i=1
3. Killing and affine vector fields of the Sol; Lie group

In this section we completely classify Killing vector fields and affine vec-
tor fields of three-dimensional Lorentzian and Riemannian solvable Lie group
(Sols, g). We will denote the coordinates basis{a%, 3%, %} by {0z,0y,0.}.

3.1. Lorentzian metric

We first classify Killing and affine vector fields of the Lorentzian Sols Lie
group. The classifications we obtain are summarized in the following theorem.

Theorem 3.1. Let X = f1FE1 + foFEs + f3E3 be an arbitrary vector field on
the Lorentzian Sols Lie group.
e X is a Killing vector field if and only if
fi=—(az + B)e?,

fa=(ay +7)e7,
f3:O[, O‘?ﬁ?VER'

o X is an affine vector field if and only if

fl = 7693627
f2 :ﬂyeiza
f3 = ﬁ7 B eR.

Proof. Let X = f1E| + foEs + f3FE3 denote an arbitrary vector field on the
Lorentzian Sols Lie group, for some arbitrary smooth functions fi, f2, f3 on
Lorentzian Sols group. Starting from (1), a direct calculation yields the fol-
lowing description of the Lie derivative of the metric tensor g:

Lxg)(Er, Ev) = 2[f3 + e 0 f1],

(

(‘CXQ)(Ela EQ) = —e "0, fo + ezayflv
(13) (Lxg)(Er, Es) = e 20, f3 — f1 + 0 f1,

(Lxg)(Ea, E2) = 2[f3 — %0, f2],

(Lxg) (B2, E3) = €*0y f3 — fa — 0. fa,

(Lxg)(Es, E3) = 20, f3.

In order to determine the Killing vector fields, we then must solve the system
of PDEs obtained requiring that all the coeflicients in the above Lie derivative
are equal to zero.
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A straightforward calculation leads to prove that

fi=—(az + B)e?,
f2 = (ay+7)e_za
f3:a7 a,ﬁ,’yER.

To determine the affine vector fields, we need to calculate the Lie derivative
of the Levi-Civita connection V. Staring from (3), we find the following possibly
non-vanishing components:

(LxV)(E1, Er) = [—fi1 +2e 20, f3 + 0. f1 + e 202 f1] E

+ [fo+ 0. fo + €7 2202 f2] E

+ [0 f3 — 2fs — 2¢ 770y f1 + € 2% 03 f3] s,
(LxV)(Ey, Ey) = [€70y f3 + 0,0y f1]E1 + [—e” ?04 f3 + 0,0y f2] Eo

+[—€e 70. fa — €0y f1 + 020, f3] Es,
(LxV)(Ey1, B3) = [—e #0, fi + € 70,0.f1 + 0. f3] Ex

+[—e 0 fo + €7 70,0, f2] E2
(14) +[—e 70, f3 +€770,0. f3 + f1 — 0. f1] E3,
(LxV) (B2, E2) = [~ f1 + 0.f1 + €70 f1] Ey

+ [f2 + 0. f2 — 2¢°0, f3 + €220}, fo] Eo

+ [0 f3 + 2f3 — 2¢*0y fo + €70, f3] E3,
(LxV)(Es, Es) = [e*0y f1 + €°0y0, f1]Ex

+ [0y fo + €700 f2 — 0. f3] E

+ [€*0y f3 + €70,0. f3 — f2 — 0. fa] Es,
(LxV) (B3, E3) = [~ 1 + 02 1] By + [ f2 + 02 fo] En + (02 fa] .

In order to determine the affine vector fields, we then must solve the system
of PDEs obtained requiring that all the coeflicients in the above Lie derivative
are equal to zero.

From (LxV)3(E3, E3) = 0 it follows that f3 = H(z,y)z + H(z,y), where H
and H are real-valuable smooth functions on R2.

We then replace f3 in the equation given by (LxV)3(Ez, Eo) = 0 we get

1 __ —
Oyfo = 5e *[H +2Hz + 2H + e** 02 Hz + e** 0, H|
and

1, — i -
0y0:fo = 5e "[H —2Hz = 2H + €0 Hz + e O H + e** 9 H).
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And we replace f3, 9, f> and 8,0, f2 in the equation given by (LxV)?(Es, E3) =

0 we get
O2H =0,
(15) 9=
0,H =0.

From the equation given by (LxV)?(E1, E1) = 0 and we replace f3 we get
1 _ _
Ekﬁ::§&U¥f2H272H¥k64%ﬁH2+e*%aﬁﬂ

and

1 — —
0.0, f1 = iez[—H —2Hz —2H — e 02Hz + e 2?02H — e~ 2?02 H).

We replace f3, 0, f1 and 9,0, f1 in the equation given by (LxV)'(E1, E3) =0
and we get
OiH =0,
(16) {ﬁH:o
From (15) and (16) we conclude that
H(z,y) = a1z + asy + aszy + aq, ; € R,
{H(ﬂfa y) = b1z + Boy + Bary + Ba, Bi € R,

which together with equations (LxV)!(E1, E2) = 0 and (LxV)?(E1, E2) =0
gives

(17)

1
fi= iez[oalx — 2oz — Bia’ — 2Paxy — Pyzly — 2B4x] + as,

1
(18) 2= 5672[@49 + 20uyz + 2612y + By’ + Baxy® + 2Byl + Bs,
f3 = Qyz +F, Oéi,ﬂi € R.
Replacing f; into equations (LxV)(Es, F2) = 0 and (Lx V) (Ea, E3) = 0 we
get
ag = a5 == 3=0.
And similarly replacing fs into equations
(LxV)*(Ey, E1) =0 and (LxV)*(E1, E3) =0
we get
ag=as =1 =p3=0.
Thus the final solution of PDEs system obtained requiring that all the coeffi-
cients in the above Lie derivative are equal to zero are given by

f1 = —Bawe?,
(19) f2 = Baye™”,
f3=PB4, BseR. O
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3.2. Riemannian metric

We first classify Killing and affine vector fields of the Riemannian Sols Lie
group. The classifications we obtain are summarized in the following theorem.
Theorem 3.2. Let X = f1FE1 + foFEs + f3E3 be an arbitrary vector field on
the Riemannian Sols Lie group.

o X is a Killing vector field if and only if

f1=—(az+ B)e*
fo=(ay+v)e 7,
f3:a7 a,ﬁ,’yER.

o X is an affine vector field if and only if

fl = _637627
f2 = Bye™7,
f3 = Ba B eR.

Proof. Let X = f1E1 + foFs + f3FE3 denote an arbitrary vector field on the
Riemannian Sols Lie group, for some arbitrary smooth functions fi, fs, f3 on
Riemannian Sols Lie group. Starting from (7), a direct calculation yields the
following description of the Lie derivative of the metric tensor g:

(Lxg)(Er, Er) = [f:s +e770, f1],
(Lxg)(Er, Ey) = e 0y fo + €70y f1,
(20) (Lxg)(E1, EB3) = e 0y f3 — f1 + 02 f1,
(Lx9)(E2, E2) = =2[f3 — €70y f2],
(Lx9)(E2, E3) = €*0yf3 + f2 + 0. f2,
(Lxg)(E3, E3) = 20. f3.

In order to determine the Killing vector fields, we then must solve the system
of PDEs obtained requiring that all the coefficients in the above Lie derivative
are equal to zero.

A straightforward calculation leads to prove that

fi=—(ax+ p)e*
f2 = (Ofy‘f")’)@_za
f3:O[, OL,B,’VGR.

To determine the affine vector fields, we need to calculate the Lie derivative
of the Levi-Civita connection V. Staring from (9), we find the following possibly
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non-vanishing components:
(LxV)(Ey, Er) = [~ f1 + 2 0o f3 + 0. f1 + €02 f1] Er

+ [fa+ 0. f2 + €220} fo] By

+[0:f3 — 2f3 — 2¢ 20, f1 + € ** 03 f3] B,
(LxV)(E1, Es) = [€°0y f3 + 0,0, f1]E1

+ [—€ 7 0uf3 + 020y fo] Fo

+ [e7%0y f2 — €20y f1 + 0,0, f3] E3,
(LxV)(E1, B3) = [—e *0s f1 + € 70,0, f1 + 0. f3] Ex

+ [—e 0, f2 + € 70,0, fo] 2

+ (e 70uf3 + € 0.0, f3 + f1 — 0. f1] F3,
(LxV)(BEs, Ea) = [f1 — 8. f1 + €¥0; /1] Ey

+ [ fa— 0 fo — 2670y f3 + €70, fo] o

+ [=0.f3 — 2fs + 270y fo + €*°0}, f3] Es,
(LxV)(E2, E3) = [e0y f1 + €70,0. f1] Ex

+ [€70y f2 + €70,0. fo — 0. f5| Ex

+ €70y f3 + €%0y0. f5 + f2 + 0. f2] Es,
(LxV)(Bs, E3) = [~ f1 + 02 f1l By + [~ f2 + 02 f2] B2 + (02 f3] E.

In order to determine the affine vector fields, we then must solve the system
of PDEs obtained requiring that all the coefficients in the above Lie derivative
are equal to zero.

A straightforward calculation leads to prove that

fl = 751'627
f2 = ﬁye_za
f3:ﬂa /BGR O

4. Ricci and curvature collineations vector fields of the Sols Lie
group
In this section we completely classify Ricci and curvature collineations vector

fields and affine vector fields of three-dimensional Lorentzian and Riemannian
solvable Lie group (Sols, g).

4.1. Lorentzian metric

In this subsection we give a full classification of Ricci and curvature col-
lineations vector fields of the Lorentzian Sols Lie group. The classifications we
obtain are summarized in the following theorem.
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Theorem 4.1. Let X = f1FE1 + foFEs + f3E3 be an arbitrary vector field on
the Lorentzian Sols Lie group.

e X is a Ricci collineation if and only if

fl :H('raywz)a
f2 :F(x7yvz)7
f3 =, OKER,

where H and F are any smooth functions on Sols Lie group.
e X is a curvature collineation vector field if and only if

f1 = (—ax+ p)e?,
fa=(ay+v)e™7,
f3 = Q, a,ﬁ,’yER.

Proof. Let X = f1E1 + foFEs + f3E3 denote an arbitrary vector field on the
Lorentzian Sols Lie group, for some arbitrary smooth functions fi, f2, f3 on
Lorentzian Sols Lie group. Starting from (5), a direct calculation yields the
following description of the Lie derivative of the Ricci tensor Ric in the direction
of X given by:

(Lx Ric)(Er, By) = 0,
(LxRic)(Er, E2) =0,

(22) (LxRic)(Eq, E3) = —2e7 %0, f3,
(Lx Ric)(Ez, E2) = 0,
(LxRic)(Es, E3) = —2e*0, fs,
(Lx Ric)(E3, E3) = =40, f3

Ricci collineations are then calculated by solving the system of PDEs obtained
by requiring that all the above coefficients of £x Ric vanish. From equations
given by (Lx Ric)(Er, E3) = 0, (Lx Ric)(E2, E3) = 0, and (Lx Ric)(Es, E3) =
0 we get

f3:Ol7

where o € R. And f1, fo are any smooth functions on Sols Lie group.
To determine the curvature collineations, we need to calculate the Lie de-
rivative of the curvature tensor R in the direction of X. Staring from (4), we
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find the following possibly non-vanishing components:

(LxR)(E1, Eo, Ev) = [e20y f1 — € 70p fo] E1 — 2[f3 + € 20, f1] B2
+ 2[e*0y f3| E3,

(LxR)(E1, By, E2) = 2[f3 — €*0y fal B1 + [—€*0y f1 + € 0, f2] Ba
+ 2[e” %0, f3] B3,

(EXR)(Ela Es, E3) = [*ezayf?, —fa— 6zf2]E1
+ [f1 + e 70: f3 — 0. f1] o,

(LxR)(E1, E3, E1) = [fi — 0. f1 — e "0z f3]Ex — 2[f2 + 0; fo] Eo
+2[fs + €70, f1] B3,

(LxR)(Eh, B3, Bz) = — [f2+ 0z fa + €70y f3] E1
+ [e70y f1 — e *0x fo] E3,

(LxR)(Ey, B3, Es) = —2(0.f3]E1 + [e770xf3 — f1+ 0. /1] E3,

(LxR)(E2, B3, E1) = —[e770:f3+ f1 — 02 f1]E2
+ [€°0y f1 — e %0 f2] Es,

(LxR)(E2, B3, Ey) = —2[f1 — 0. f1]E1 + [fo + 0. f2 — €70y f3] o
+ 2[f3 — €70, fa] Es,

(LxR)(E2, B3, Es) = —2(0.f3]Ez + [€70y fs — fo — 0. f2] Es.

In order to determine the curvature collineation vector fields, we then must
solve the system of PDEs obtained requiring that all the coefficients in the above
Lie derivative of the curvature tensor in the direction of X are equal to zero,
which together with equations (Lx R)?(E1, E2, E1) = 0, (Lx R)?(E1, B2, E2) =
0 and (LxR)'(E1, E3, E3) = 0 gives

fs=a1, a1 R

From the equations given by (Lx R)!(Ey, E2, E2) = 0 and (LxR)*(E1, Es, E)
=0 we get

(23)

fo=awye "+ H(z)e * + o
for some arbitrary smooth function H = H(z) on R and a3 € R. Replacing fs
in equation (LxR)?(Ey, E3, Ey) = 0, we get ay = 0. Together with equations
(L:XR)2(E1, EQ, El) =0 and (,CxR)l(EQ, Eg, Eg) =0 we get

fi = —aqze® + F(y)e* + as
for some arbitrary smooth function F' = F(y) on R and a3 € R. Replacing f;
in equation (LxR)!(Es, E3, F2) = 0, we get a3 = 0. Then we replace f; and
fo in the equation given by (Lx R)(E1, Eo, E1) = 0 and we get

F:a4a
H= as, ay4,a5 € R,
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The final solution of the system of PDEs obtained requiring that all the coefhi-
cients in the above Lie derivative of the curvature tensor in the direction of X
are equal to zero are given by

fi = (—aaz + ag)e’,

z

Jo = (a1y +as)e” 7,
f3 =y, o; € R. O

4.2. Riemannian metric

In this subsection we give a full classification of Ricci and curvature col-
lineations vector fields of the Riemannian Sols Lie group. The classifications
we obtain are summarized in the following theorem.

Theorem 4.2. Let X = f1FE1 + foFEs + f3E3 be an arbitrary vector field on
the Riemannian Sols Lie group.
e X is a Ricci collineation if and only if

fl = L,O(x,y,z),
f2 = z/J(a:,y,z),
f3 =aa, o€ Rv

where @ and ¥ are any smooth functions on Sols Lie group.
o X is a curvature collineation vector field if and only if

fl = (70555 +ﬂ)eza
fo=(ay+7)e7,
f3 = Q, O[”B,’}/ eR.

Proof. Let X = f1E1 + foFs 4+ f3E3 denote an arbitrary vector field on the
Riemannian Sols Lie group, for some arbitrary smooth functions fi, f2, f3 on
Riemannian Sols Lie group. Starting from (11), a direct calculation yields
the following description of the Lie derivative of the Ricci tensor Ric in the
direction of X given by:

(24)

Ricci collineations are then calculated by solving the system of PDEs obtained
by requiring that all the above coefficients of L£x Ric vanish. From equations
given by (ﬁxRZC) (El, Eg) = 0, (ﬁxRiC)(EQ,Eg) = 0, and (ﬁxRiC)(E3, E3) =
0 we get

fa=a,
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where o € R. And f1, fo are any smooth functions on Sols Lie group.

To determine the curvature collineations, we need to calculate the Lie de-
rivative of the curvature tensor R in the direction of X. Staring from (10), we
find the following possibly non-vanishing components:

(LxR)(E1, By, Ey) = €0y f1 + e *0, fo] Ex — 2[f3 + e 7?0, f1] Ea
+ 2[e*0y f3| E3,

(LxR)(Er, Ea, Ez) = —2[f3 — %0y fo] By — €0y f1 + €™ 0z fo] Ea
—2[e™*0, f3] B3,

(LxR)(Er, B, E3) = [—€*0y f3 + f2 + 0. fo] Ex
+ [f1 +e 70 f3 — 0. f1] Ea,

(LxR)(E1, B3, Er) = [fi1 — 0:f1 — e *0u f3]Ex — 2[f2 + 0. f2] B2
+2[f3 + e 70, f1]E3,

(LxR)(Ey, B3, E2) = [fo 4 0. f2 — €70, f3] Er
+ [€°0y f1 + € %0y f2] Es,

(LxR)(E1, B3, E3) = —2[0. f3]Eq + [e %0, f3 — f1 + 05 f1] B3,

(LxR)(E2, B3, E1) = — [e”*0uf3 + f1 — 0: f1] B
+ [€*0y f1 + €0y fo] E3,

(LxR)(E, B3, Es) = 2[f1 — 0 f1|E1 — [f2a + 0. f2 + €70, f3] E>
—2[f3 — €0, f2] F3,

(LxR)(E2, E3, E3) = —2(0, f3]E2 + [€*0y f3 + f2 + 0 f2] Es.

In order to determine the curvature collineation vector fields, we then must
solve the system of PDEs obtained requiring that all the coefficients in the
above Lie derivative of the curvature tensor in the direction of X are equal to
zero. A straightforward calculation leads to prove that

fi = (—aiz + a)e?,
z

fo = (a1y +ag)e™?,
f3 =, o € R. 0

(25)

5. Matter collineations vector fields of the Solz Lie group

In this section we classify matter collineation vector fields of the Lorentzian
and Riemannian Sols Lie group.

5.1. Lorentzian metric

In this subsection we give a full classification of matter collineations vec-
tor fields of the Lorentzian Sols Lie group. The classifications we obtain are
summarized in the following theorem.
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Theorem 5.1. Let X = f1FE1 + foFEs + f3E3 be an arbitrary vector field on
the Lorentzian Sols Lie group.

o X is a matter collineation vector field if and only if
fi = (—a1r + ag)e,
f2=(awy +as)e™,
f3 = Qj,
where ay, ag, ag € R.
Proof. Let X = fi1FE; + foFEy 4+ f3E3 denote an arbitrary vector field on
the Lorentzian Sols group, for some arbitrary smooth functions f1, f2, f3 on
Lorentzian Sols Lie group. Starting from equations (1), (5) and (6), a direct

calculation yields in the Lorentzian Sols group, with respect to the orthonormal
basis {E;}ie{1,2,3}, the tensor T'= Ric — Zg described by:

1 0 0
(26) T=10 -1 0
0 0 -1
When we compute the Lie derivative of T with respect to X and we find:
(LxT)(Er, Ev) =2[fs + e 70 f1],
(LxT)(E1, Ey) = —e *0, fo + €°0y f1,
(27) (LxT)(E1, Es) = —e “0ufs — fr + 0:f1,
(LxT)(E2, Eo) = 2[fs — €20y f2],
(LxT)(E2, B3) = —€*0y f3 — f2 — 0. fa,
(LxT)(Es, E3) = =20, f3.

To determine matter collineation we solve the system of PDEs obtained requir-
ing that all the coefficients in the above Lie derivative of the tensor field T" in
the direction of X are equal to zero (i.e., LxT = 0), we get that all solutions
coincide with curvature collineation of Lorentzian Sols Lie group. O

5.2. Riemannian metric

In this subsection we give a full classification of matter collineations vector
fields of the Riemannian Sols Lie group. The classifications we obtain are
summarized in the following theorem.

Theorem 5.2. Let X = f1E1 + foEs + fsE3 be an arbitrary vector field on
the Riemannian Sols Lie group.

e X is a matter collineation vector field if and only if
fi = (i + az)e?,
f2=(a1y +az)e™?,

f3 = Qq,
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where o, as, a3 € R.

Proof. Let X = f1E| + foEs 4+ f3E3 denote an arbitrary vector field on the
Riemannian Sols Lie group, for some arbitrary smooth functions f1, fs, f3 on
Lorentzian Sols Lie group. Starting from equations (7), (11) and (12), a di-
rect calculation yields in the Riemannian Sols Lie group, with respect to the
orthonormal basis {E;}ic(1,2,3}, the tensor T' = Ric — Zg described by:

10 0
(28) T=(01 o0
00 -1

When we compute the Lie derivative of T' with respect to X and we find:

(LxT)(Er, Er) =2[fs + € 70 f1],
(LxT)(Ey, E2) = e ?0, f2 + €70y f1,
(29) (LxT)(Er, E3) = —e %0 f3 — f1 + 0. f1,
(LxT)(E2, E2) = —2[fs — €0y f2],
(LxT)(E2, E3) = —€*0y f3 + f2 + 0. fa,
(LxT)(Es3, E3) = =20, f3.

To determine matter collineation we solve the system of PDEs obtained requir-
ing that all the coefficients in the above Lie derivative of the tensor field T in
the direction of X are equal to zero (i.e., LxT = 0), we get that all solutions
coincide with curvature collineation of Riemannian Sols Lie group. O
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