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AN EVALUATION FORMULA FOR A GENERALIZED
CONDITIONAL EXPECTATION WITH TRANSLATION
THEOREMS OVER PATHS

DonG HyuN CHO

ABSTRACT. Let C[0,T] denote an analogue of Wiener space, the space
of real-valued continuous functions on the interval [0, T]. For a partition
0=ty <t1 < <tn <tpy1 =T of [0,T), define X, : C[0,T] — R*+1
by Xn(z) = (z(to),z(t1),...,2(tn)). In this paper we derive a simple
evaluation formula for Radon-Nikodym derivatives similar to the condi-
tional expectations of functions on C[0, T| with the conditioning function
X, which has a drift and does not contain the present position of paths.
As applications of the formula with X,,, we evaluate the Radon-Nikodym
derivatives of the functions fOT [z(t)]™dA(t)(m € N) and [fOT x(t)d\(t)])?
on C[0,T], where X is a complex-valued Borel measure on [0,7]. Finally
we derive two translation theorems for the Radon-Nikodym derivatives of
the functions on C[0,T7.

1. Introduction and an analogue of the Wiener space

Let Cy[0,T] denote the Wiener space, the space of real-valued continuous
functions z on the interval [0, 7] with 2(0) = 0. Calculations involving the con-
ditional Wiener integrals of the functions on Cy[0, T] are important in the study
of Feynman integral. In particular, when 0 =ty < t; < -+ <t, <tpp1 =T
is a partition of [0,7] and &; € R for j = 0,1,...,n, the conditional Wiener
integral of a time integral in which the paths pass through the point &; at
each time t; for j = 0,1,...,n, where t; is not the present time T, is very
useful in the Feynman integration theory. But, in general, the Wiener inte-
gral and the conditional Wiener integral on Cy[0,7] is not invariant under
translation [1,11]. In [7], Park and Skoug derived a simple formula for con-
ditional Wiener integrals containing the time integral with the conditioning
function (x(t1),...,z(tn), z(tns1)) for x € Cyl0,T] which contains the present
positions of the paths in Cy[0,T]. In their simple formula, they expressed the
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conditional Wiener integral directly in terms of ordinary Wiener integral and
derived a translation theorem for the conditional Wiener integrals on Cy[0, T

More generally, let C[0,T] denote the space of continuous real-valued func-
tions on [0,7T]. Im and Ryu [6,9] introduced a finite positive measure w, on
C[0,T] which generalizes the Wiener space C[0,T]. When w,, is a probability
measure, the author [2] and Ryu [8] derived separately the same simple for-
mula for a generalized conditional Wiener integral of the functions on C[0,T]
with the conditioning function X,,4+1(z) = (x(to), z(t1), ..., z(tn), 2(tnt1)) for
x € C[0,T]. They then evaluated the generalized conditional Wiener integrals
of various functions which are interested in both Feynman integral and quan-
tum mechanics. In particular, Ryu [10] derived a translation theorem for the
generalized analogue of Wiener integral and established properties of the gener-
alized analogue of Wiener measure from it. Furthermore, the author [3] derived
another simple formula for the generalized conditional Wiener integrals with
the conditioning function X, (x) = (x(to), z(t1),. .., z(ts)) for z € C[0,T] and
he [2,3] derived translation theorems for the generalized conditional Wiener
integrals on C[0,T] with two conditioning functions X,, and X,, ;. Note that
Xn+1 contains the present positions of paths in C[0,T] and X,, does not. In
both cases, the motion in the formulas has the mean zero with the variance
function B(t) = t on [0,7], and it has no drifts. In addition, the author [5]
derived a simple evaluation formula for Radon-Nikodym derivatives similar to
the generalized conditional Wiener integrals of functions on C[0,7] with the
conditioning function X, ; which has a drift and an initial weight. Using the
formula, he evaluated various Radon-Nikodym derivatives of the functions on
C[0,T] containing the time integral.

In this paper, using the formula with X,, 11 in [5], we derive another simple
evaluation formula for Radon-Nikodym derivatives similar to the conditional
expectations of functions on C[0,T] with the conditioning function X,, which
has a drift and does not contain the present position of paths. As applica-
tions of the formula with X,,, we evaluate the Radon-Nikodym derivatives of
the functions given by fOT[m(t)]md)\(t)(m € N) and [fOT z(t)d\(t)]? on C[0,T),
where X is a complex-valued Borel measure on [0,7]. Finally we derive two
translation theorems for the Radon-Nikodym derivatives of the functions on
C[0,T] with the conditioning functions X,, and X,;.

We now introduce a finite measure over paths with its properties. Let «, 3 :
[0,7] — R be two functions, where 3 is continuous and strictly increasing.
Let ¢ be a positive finite measure on the Borel class B(R) of R and my be
the Lebesgue measure on B(R). For £, = (to,t1,...,t,) with 0 = tq < t; <

- <ty <T,let Jp : C[0,T] — R"! be the function given by Jp (z) =
(z(to), z(tr), ..., 2(tn)). For [T]_o B; € B(R™'), the subset thl(H;.L:O B;) of
C[0,T] is called a cylinder set I and let Z be the set of all such gylinder sets 1.
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Define a pre-measure mq g;, on Z by

where for @, = (u1,...,u,) € R" and ug € R,

=

Rl
[1j—1 27[B(t;) — B(t;j-1)]

1 " [uy — alty) —uj—1 +alti—q)]?
. e’“’{ 22 B(t;) — Bt; 1) }

Let B(C[0,T]) denote the Borel o-algebra of C[0,T] with the supremum norm.
Then B(C[0,T]) coincides with the smallest o-algebra generated by Z and there
exists a unique positive finite measure wq g;, on B(C[0,T]) with wq, g, (I) =
Ma (1) for all I € Z. This measure wq g, is called an analogue of a gener-
alized Wiener measure on (C[0,T], B(C[0,T])) according to ¢ [9,10]. From the
definition of wq, g, we have the following theorem which is useful in the next
sections [6].

Theorem 1.1. If f : R*"™' — C is a Borel measurable function, then

/ F(@to), (1), - 2(tn))dwa g ()
c[o,T]

(1) Wi (Fn, i, uo) = {

Jj=1

*

3 / 01 )W (B T ) (i (),
R'ﬂ/

where = means that if either side exists, then both sides exist and they are
equal.

Let m be a positive integer, let X : C[0,T] — R™ be Borel measurable, let
F : C[0,T] — C be integrable and let mx be the measure on the Borel o-algebra
B(R™) of R™ induced by X. Let D = {X~1(B) : B € B(R™)} and let wp(E) =
Wa, 80 (E) for each E € D. In view of the Radon-Nikodym theorem, there exists
a D-measurable and wp-integrable function ¥ on C[0, T| which is unique up to
wp a.e. such that the relation [, ¥(z)dwp(z) = [ F(x)dwa,p;,(x) holds for
every E € D. Moreover, there exists a Borel measurable and m x-integrable
function ¥ on R™ which is unique up to myx a.e. such that ¥(x) = (¢ o X)(z)
for wp a.e. x in C[0,T]. ¢ is called a generalized conditional expectation of
F given X and it is denoted by GE[F|X]. We note that if ¢ is a probability
measure on R, then myx is also a probability measure on R™, so that GE[F|X]
is in fact the conditional expectation of F' given X.

2. A simple formula for the generalized conditional expectation

In this section, we derive a simple evaluation formula for the generalized con-
ditional expectations of functions on C[0,T] with an appropriate conditioning
function.
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Throughout the remainder of this paper, we assume that 0 = {5 < t; <
+oo <ty < tpe1 = T is an arbitrary fixed partition of [0,7] unless otherwise
specified. To derive the desired simple evaluation formula for a generalized
conditional expectation, we begin with letting for ¢ € [0, T]

(2) Y15(t) = B(t;) — Blt,—1) Bt,) = Bt )
For a function f : [0,T] — R, define the polygonal function P[;LH( f) of f by
® BN

n+1

= > Xttt O (ti-1) + 225 (O (85) = F(E5-2)]] + xq03 (£)£(0)
j=1

and (1) =

for t € [0, T], where x denotes the characteristic function. Similarly, for 7,11 =
(7707 Ny -5 7n, 77n+1) € Rn+27 the polygonal function P,(;L—‘rl(ﬁn-‘rl) of ﬁn-‘rl on
[0,T] is defined by (3) with replacing f(¢;) by n;. Then both Pg“(f) and
P,?“(ﬁnﬂ) belong to C[0,T], and Py (f)(t;) = f(t;), Py (Tay1)(t;) = n;
at each t;. For 7, = (o, m1,...,mn) € R™*1, the polygonal function Pg(ﬁn) of
7, on [0,1,] is defined by (3) with replacing f(t;) by n; for j =0,1,...,n.

For s1, s € [0,T], let
(4) L (s1,82) = 715(s1)725 (s2) [B(t;) — B(tj-1)]-
For ¢t € [0, T, let

n+1

(5) F(t) = Z X(tjfl,tj](t)rj (t,t)

and let Z,(f) = f(t) — Py (f)(t) for a function f : [0,T] — R.
We now have the following two theorems from [5].

Theorem 2.1. Suppose that Z; is defined on C[0,T] and let X411 : C[0,T] —
R"*2 be given by

(6) X (2) = (2(t0), 2(t)s .- 2(tn), 2{tns)).

Then the process {Z; : 0 <t < T} and X,,+1 are independent if p(R) = 1.
Theorem 2.2. Let F: C[0,T] — C be integrable and X,, 11 be given by (6) of
Theorem 2.1. Then we have for mx a.e. oy € R*T2

%)
—_ F(x — P (2) + P2 (i, dwe, 5.0 (),
o® Joor ( 5 (@) + Py (Mng1))dwa, g (2)

n+1

GE[F|Xn+1](ﬁn+1) =

where my, ., denotes the measure on B(R""?) induced by X, 41.

n+1

Theorem 2.3. Let X,, : C[0,T] — R**! be given by
Xn(2) = (z(to), z(t1), ..., (tn))
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and let F : C[0,T] — C be integrable. Let mx, be the measure induced by X,
on B(R"™). Then we have for mx, a.e. i, = (N0, M1, -.,nn) € R¥HL

1
7 GE[F| X, (7, :—/W s / F(x — P (x
(7) [F'] X 0] (7n) ®) Je T(Nns Mnt1) o ( 5 ()
+ PéH_l(ﬁn-‘rl))dwa,,@;g&(a))dmL(nn-i-l)a
where fn11 = (M0,M1, -+, My nt1) and

1 2 (01 — 1 — a(T) + a(ty)]?
Wr (s nt1) = [ } eXp{—
7t ) = | 923 — 5Ga) 3[BT — H(e)
Proof. Let mx, ., be the measure as in Theorem 2.2. Then for any Borel subset
B of R"*!, we have X7 1(B) = X!, (B x R) so that we have by Theorem 2.2

/ F(.Z‘)dwaﬁw(l‘) = GE[F|XH+1](ﬁn+1)den+1 (ﬁn-i—l)
X '(B) BxR

1 / / n+1
—_— F(x— P T
R) Jpxr clo,T) ( A (@)

+ P;?H (TTn+1))dwa, gy (@)dmx,, ., (Tnt1)-

By Theorem 1.1 and the Fubini’s theorem, we have for t,, = (to,t1,...,tn)
JERC e
X2 '(B)
1 B .
= / XBxR(TTn+1)Wat1((tn, tns1), (m1, - - 777n777n+1)7770)/
P(R) Jrn+e Clo,T]

F( — Pyt (@) + Py (1) Jdwa, i (@)dmE " (01, -0, 1) dip ()

= // XB nn n n7(n17-~-ann)an0)/WT(nn7nn+1)/ F(-'L'
n R C[0,T]

- PZJ“(CE) Py (i41))dwa, g (2)dmp (g1 )dm (m, - . ., na)de (o)
1 / / n+1 n+1l/-
= — Wor(Mny Mn / F(zx — P z)+ P, T
® Js Ji ( +1) o ( 5 (@) + Py (Tag))

dwa,gip(z)dme (Mn1)dmx,, (),
where W, 11 is given by (1) with replacing n by n+ 1. Now, (7) follows by the
definition of GE[F|X,,]. O

Remark 2.4. (a) Let o = ﬁap. Let Px, be the probability distribution of

X, on R"™! and let GE,,[F|X,] denote the conditional expectation of F with
respect to Wq g;p,- Since B is a Px,, null-set if and only if B is an mx,, null-set,
(7) can be rewritten by

GEIFIX)3) = [ Welms) [ Fla=P}7i(0)
C0,T]
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+ Pngl (Tn+1))dWa, gy (2)dmp (Nn41)
= GEuo[F| X0 (1)

for Py, a.e. i, € R"™! (or equivalently, for my, a.e. 7, € R"t1).
(b) Theorem 2.3 is an extension of Theorem 2.5 in [3].
3. Evaluations of the generalized conditional expectations

In this section, using Theorem 2.3, we evaluate the generalized conditional
expectations of various functions which are useful in the Feynman integration
theory.

The following theorem is needed to prove various results in this section [5].

Theorem 3.1. Let s1 € [tj_1,t;] and sy € [tg—1,tx] with 1 < j < n+1
and 1 < k <n+1. Forx € C[0,T], let G(z) = x(s1)x(s2). Suppose that
fR u?dp(u) < 0o. Then G is wq, g, -integrable and we have the followings:

(a) If j # k, then for mx, ., a.e. fp1 € R"2, we have
GE[G|Xn41)(Tn+1) = [Zo, (@) + PEH (7ng1) (s1)][Zsz (@) + PETH(in1) (52)].
B B
(b) If j =k, then for mx, ., a.e. fot1 € R"™2, we have
GE[G|Xnt1)(ar1) = [Zs, (@) + BEF (1) (51)][Zss (@)
+ Pg+1(ﬁn+l)(52)] —+ Fj(Sl V S2,81 A 82),

where s1 V so = max{s1, sz}, s1 A s = min{sq, s2} and I'; is given by
(4), so that Cov(Zs,, Zs,) =Tj(s1V 82,51 A s2) if (R) = 1.

Theorem 3.2. Under the assumptions as in Theorem 8.1, we have the follow-
mgs:
(a) If1<j<nandl<k<n withj+#k, then for mx, a.e. ij, € R**!
GE[G|X0](1Tn) = [Zs, (@) + P§ (1) (s1)][Zs, () + Pg (1) (52)]-
(b) If1<j<mnand1<k<n withj=k, then for mx, a.e. i, € R"1
GE[G|Xn](7n) = [Zs, (@) + Pg (i7n) (s1)][Zs, (@) + B (1) (52)]
+ Fj(Sl \ §2,81 AN 52).

(¢) If1<j<mnandk=mn+1, then for mx, a.e. T = (Mo, N1,---,Mn) €
Rn+1

GE[G|X,](17n) = [Zs, (@) + Pg(ﬁn)(sl)][a(SQ) —a(tn) +nnl-

(d) If j=n+1and k =n+1, then for mx, a.e. T = NoyN1,s--.,Mn) €
Rn+1

GE[G|X,](17,) = [a(s1) — a(tn) + nalla(s2) — alty) + nn]

+Y2(n+1)(51)[B(52) — B(tn)] +Tj(51V 82,51 A 52),
where Ya(n41) s given by (2) with j =n + 1.
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Proof. If s1 € [tj—1,t;] and sg € [ty—1,tx) with 1 < j <mnm and 1 <k < n, then
we have P " (1) (s1) = Pg(ifn)(s1) for I = 1,2, where 7jnq1 = (n;, Mnt1), 50

that we have (a) and (b) in this theorem by (7), (a) and (b) of Theorem 3.1.
If so € [tn,T), then we have

/R Pg+1(ﬁn+1)(82)WT(ﬂm Nnt1)dmr (1)

1 3
- [W(T) = ﬁ(tn)]] /R[”" 220041) (52) (1 = 1)

(1 —1m — a(T) + ata)]?
<o et T st
= 1 + Yo+ (52)[(T) = altn)] = 11 — altn) + P5 ' (a)(s2)-
Since Zs, (o) + 1n, — atn) + P/?H(a)(sQ) = afs2) — a(ty) + nn, we have (c) by
Theorem 2.3 and (a) of Theorem 3.1. If s1, s3 € [ty, T], then we have

/R P (1) (51) P2 (1) (52) W (s g 1) (14 1)

Nl=

_ 1
a {QW[/B(T) - ﬁ(tn)]}
il — N — o(T) + a(ty)]?

X (Mot —nn)]exp{—[n = 2[Z(T) —(ﬁgtn)] (fn)] }dmL(nnH)
=1 4+ Mlo(T) — a(tn)][Va(ns1) (51) + Yo(ns1) (52)] + Y2(nt1)(51)

X Ya(mr1) (s2)[[(T) = a(tn))* + B(T) — B(tn)]

= [ + Y2(n+1) (D) [(T) — atn))[mn + Y2(n+1) (52)[(T) — a(tn)]]

+ Yo(ng1)(51)[B(52) — B(tn)]
= [0 — a(tn) + P (a)(51)][nn — a(tn) + P57 (a)(s2)] + Y2(ns1)(51)

x [B(s2) — B(tn)]

/R 1+ Yot 1) (5) (st — 7)) + Yoy (52)

so that we have (d) by Theorem 2.3 and (b) of Theorem 3.1. O
Theorem 3.3. Forxz € C[0,T], let G1(x fo , where X is a finite
complex measure on the Borel class of [O T] Suppose that
T
(8) / a(®)2dIN () < 50 and /qugo(u) < 00,
0 R

Then Gy is wq g, -integrable and for mx, , a.e. fipq1 € R™*2, we have

T 2
E[G1[ X 1](Tnt1) = UO [Ze(00) + P5 ™ (1) (£)]dA()

T T
—|—/ / A(Sl V 89,81 /\Sz)d)\2(317$2),
0 0
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where A(s,t) = Z?ﬂ Xit;—1,t;2 (8, 0)T5(s,t) for (s,t) € [0,T%. In particu-
lar, if the support of X is contained in {to,t1,...,tn,tny1}, then for mx, .,
a.e. Tny1 = (N0,M1, My NMnt1) € R" 2, we have GE[G1|Xni1](Tng1) =
3520 mA{t 1]

Proof. Using the same method as used in the proof of [5, Theorem 4.3], we
can prove the integrability of G; by (8). Now we evaluate GE[G1|X,,+1]. For
mx, ., a.e. fot1 = (100,01, nsMnt1) € R"T2, we have by Theorem 2.2

GE[G1|Xy41) (1)
2

- /C . [ / T[ztm+Pg+l<ﬁn+l><t>]dx<t>} o i ()

n+1 2

= n—+1
- /C[O,T] {TIO)\ {toh) + Z/ )+ Py (1) (8)]dA(2)

ti-15t; ]
dwa, g0, (),
where ¢y = ﬁg@. Now we have by Theorem 3.1
E[G1]Xn41] (Tn41)

n+1

= [n0A{to})]* + 2m0A({to}) Z/ (@) + P+ (1) (1)]AA(2)

tj— 1t]

2 Y / (Zay (@) + P2 (71 (51)] [ Zeg ()
(tj—1,t5] X (te—1,tk]

1<j<k<n+1

n+1 S 51,52) Zs
+ Py (n41)( )N ( /J . /c[o 7] i
+ Py (i011)(51))[Ze, (2) + P o (1) (52)]dwa, g1 (2)AN* (51, 52)

- / | 1200+ Py ) ))1Zus0) + B3 () 52)

n+1

81,82 +Z/ 81 \/82,81/\82)(1)\ (81,82)

tJ 17t]

- [ / 2y + Pg*lwnﬂxt)}w(wr + [ ' / "1 Vs A )

d)\2(81,82),
since I'j(s1,82) =01if s; =¢; or sy =t;_q for [ =1, 2. O

Remark 3.4. (1) The expressions for the results of [5, Theorem 4.3] and Theo-
rem 3.3 are similar, but Theorem 3.3 is an extension of [5, Theorem 4.3] since
the measure X in [5, Theorem 4.3] is a continuous complex measure and it
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in Theorem 3.3 is an arbitrary complex measure. In addition, the proof of
Theorem 3.3 is more complicated than that of [5, Theorem 4.3].

(2) Let o(R) = 1 and Z(z fo Zy(z ( ) for € C[0,T]. Under the
assumptions as in Theorem 3.3, we have E fo Zi(a)dA(t) and Var(Z) =

foT foT A(s1V s2,81 A $2)]dN* (51, 52).

Theorem 3.5. Under the assumptions as in Theorem 3.3, we have for mx,
a.e. Mo = (M0sN1,---,Mn) € RPTL,

E[G1|X0](7]n)

=[/t”[zt< ) + 3 (i) (1) () + /( at) = alta) + i )T

/ / 81\/52,51/\52 dA 51752 / / 51/\52

tn)]dN? (51, 52).

In particular, if the support of X is contained in {tg,t1,...,tn,tnt1}, then for
mx, a.e. Ty = (N0,M,.. M) € R¥ we have GE[G1]X,)(7,) = [27—
mA{t;}) + [(T) — atn) + 0] A\{TH]? + [B(T) — Bt )IA{TH]?.

Proof. By Theorems 2.3 and 3.3, we have for 7,, = (10,71, ...,7,) € R*1

E[G1|Xn}(_’n)

= [ Wrtmnn| [ )+ P 5 ) O1ND)| ()
/ / A(s1 V s9,81 A sz)d)\ (s1,82),

where 7,41 = (T, Pna1). Since Wy is Gaussian, we have by Theorem 3.2

2

T
/RWT(T/’M 7]n+1) |:/0 [Zt(a) + Pg+1(ﬁn+1)(t)}d)‘(t>:| dmL(nnJrl)
- / W (s ts) [ / "1 Zu(0) + PR (O]dA() + /( e
+ PP ) O1AD)| s (0:)
tn 2
- [ |12 + PG + [ et - ate) + nn]dw)]
0 tnaT]

+[B(T) - B(ta) [ / T mnﬂ)(ww] }



460 D. H. CHO

We also have

5 =300 [ @]+ [ T snsi s

1 2
- S [ /. [8) = At B(s2) = Blt) + BT) — AN

52) + /A [B(s2) — B(tn)][B(s1) — B(tn) + B(T) — 5(81)]d/\2(51752)

- | / [B(s1 A 52) — B(t)]dN2(s1, 52),

where Ay = {(s1,82) 1ty < 81 <89 < Ty} and Ay = {(s1,82) 1 tn < 82 < 81 <
T, }. Now we have

GE[G1]X0] (1)

- [/Otn[Zt(oz)+Pg(ﬁn)(t)]d/\(t) +/(

a(t) — alta) + nn}dw}
tn, T

tn tn
+ / / A(s1 V 2, 51 A 5)dN2(s1, 52) + [B(T) — B(tn)]
0 0
T 2
X |:/ 72(n+1)(t)d/\(t)] —|—/ Thi1(s1Vsg,81 A Sg)d)\Q(sl, $9)
tn [tn,T]?

- [/Otn[zt(a)+Pg(ﬁn)(t)]d)\(t)+/(

tn 7T]

a(t) — alty) + nn]dwﬂ

tn  ptn T T
+ / / A(81 V S92, 851 A 82)d)\2(81, 52) + / / [6(81 A 82) — ﬁ(tn)]
o Jo tn Jtn,
d)\z(sl, 82)
which completes the proof. O

The following theorem is useful for the remainder results of this section [5].

Theorem 3.6. For m € N and t € [0,T], let Fi(z) = [z(t)]™ for x € C[0,T]
and suppose that [, |u|™dp(u) < oo. Then Fy is wa,p;,-integrable and for
mx,,, G.€ fnp1 € R"*2 GE[F| Xpy1](Tns1) is given by

(9) GE[Ft|Xn+1](ﬁn+1)

3

]
=S S P )0+ Z@) DO
k=0 ’ ’

where I'(t) is given by (5) and [F] denotes the greatest integer less than or
equal to 5. In particular, if t = t; for some j € {0,1,...,n,n+ 1}, then we



AN EVALUATION FORMULA FOR A CONDITIONAL EXPECTATION 461

have GE[F| Xy 1] (Tint1) = 03" for mx,, ., a.e. foy1 = (10:M15 -+« s 0oy nt1) €
R"2,

Theorem 3.7. Under the assumptions as in Theorem 3.6, we have the follow-
ings:
(a) Ift €[0,t,], then for mx, a.e. ij, € R" L
(%]
GEFXa](7) = )
k=0
In particular, if t = t; for some j € {0,1,...,n}, then GE[F;|X,,](7)
=" formx, a.e. 7 = (0,71, M) € R,
(b) Ift € (tn,T), then for mx, a.e. G = (Mo, M1,---,Nn) € RVTL,

e g P )0 + Zl )

(3] 1% -]
R m!
GEIEIX01) = 3 > S TRII(m — 2k — 2 o)
k=0 [=0

= a(ta)]™ 2 oy (D[B(E) — B(t)]])' [T (D))"
In particular, if t =T, then GE[F|X,,](7,) is reduced to
(3]

GE[F|Xa)(if) = )

=0

M'_zzy [ + a(T) = a(t)" 2 [B(T) — B(ta)]"

Proof. (a) follows from (9) of Theorem 3.6 since Wy is a probability density.
To prove (b), let t € (¢,,T]. Then we have by the change of variable theorem

/R (P2 (1) () + Zo(@)]™ 2 W (3, D1 )i (1)

_ [ ! } [ Dty @13 = 1) + 0 + ) = a(t)

3 B0T) — (e
s OfalD) - alt " exp{ s e el ol

dmr,(Mn+1)

1
[27T72<n+1)(t) [6(t) — B(tn)]

u

xexp{ }dmL(u).

2’72(n+1)(t)[ﬁ(t) - ﬁ(tn)]
Using the same process as used in the proof of [2, Theorem 3.1], we have by
Theorem 3.6

] % /R[u + 1+ alt) = aft,)]"

3

2l
GE[F|Xn](7) =

k=0 1
—a(ty,

L k)

ol

m!
2kHEN (m — 2k — 21)! [

]2 2 oy () [B(E) — Bt ()]

(]

Mn + a(t)

I
o

~—
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which proves (b). O

By Theorem 3.7 and [5, Theorem 4.5, we can prove the following theorem.

Theorem 3.8. For m € N, let F'(z fo )™dA(t) for x € C[0,T], where
A is a finite complex measure on the Borel class of [0,T], and suppose that
Jg [u|™de(u) < oo and fOT\a(t)|md|)\\(t) < o0. Then for mx, a.e. T, =
(Mo, My - -+ 1n) € R*TL GE[F|X,](77,) is given by

BIFLX] ) = e [ PR + @ @ e
(3] [~k |
* ST~ 20 /@ MU
k=0 1=0 ns
= alt)]" T oy (D1B(E) — BN D ()] AA (D).
In particular, if the support of \ is contained in {to,t1,...,tn,tny1}, then

GE[F|X,)(7n) is reduced to

(%]

NE

GE[F|X,)( ZA {t;})ng" +A({T})

(]

[ + (T)

Il
o

m)!
£ M1 (m — 21)!
- a(tn)}m & [B(T) - B(tn) l'

Applying the integration by parts formula to the result of Theorem 3.8
repeatedly, we have the following corollary [3].

Corollary 3.9. Suppose that a(t) = Pﬁ( a)(t) fort € [0,t,] and a(t) = a(ty,)

for t € (t,T]. For m € N, let F(z fo O]"dp(t) for x € C[0,T] and
suppose that [ [u|™dp(u) < co. Then for an a.e. M = (Mo, M,---yMn) €
R GE[F|X,](77,) is given by

GE[F|X,](77)
S - mi’“ ml(l + K)[8(t) = Blt—))* 5 (=)
o e 2k (m — 2k — D)I(1 + 2k + 1)!
k=0 1[=0
Example 3.10. For [ = 1,2,3, let Fj(z fo t))'dB(t) for = € C[0,T]. By

[5, Example 4.6], we have the followmgs
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(a) If [y |uldp(u) < oo and [ |a(t)|dB(t) < oo, then for mx, ae. 7, =
(77077717 e 7777L) € Rn+1

T n
GEIRIX.J) = [ atas) + 5 YoIA() = A(ts-0lin; — alt)
i1 = alty—0)] + [B(T) = Bt — ata))

b) If [ u?dp(u) < oo and fo [a(t)]?dB(t) < oo, then for mx, a.e. 7, =
(7707771 ~~~~~ "777,) S Rn+1

= o a(t) /]R[a(t) + 2Pg+l(ﬁn+1 - a)(t)]WT(nm77n+1)dmL("7n+1)d6(t)
+ é Z[ﬂ(tj) — B(t;—)1[B(t;) = Btj—1) + 2[[n; — a(t;)1? + [n; — a(t;)]
X [nj—1 —alt;—)] + [nj-1 — at;-1))]] + %[B(T) = B(t)][B(T) — B(tn)
+ 2[nn — a(tn))?]

tn T
- / a(®)lalt) + 2P} (7 — a) (1))dB(E) + / a(®)[a(t) + 2, — olt)]

n

[B(t5) — B(t;—1)[B(t;) — Btj—1) + 2[[n; — a(t;)) + [n;

— a(tlny-1 — alty-2] + -1 — alts )Pl + LBT) — A(E)AD)
= B(tn) +2[nn — a(tn)]z]

since fR Pé’“(ﬁnﬂ —a)(OOWr(Nn, Mnr1)dmp (Mny1) = Mn—a(tn), where 7,41 =
(s Mt 1)-
(¢) If [putdp(u) < oo and fo t)]2dB(t) < oo, then for mx, a.e. 7, =

(10,715 - - -, 7m) € R

E[F3] X, (1)

/ / ) P2 (s — 0)O[PIH (g — 0)(1)

M:

~)]l[8(5)

( )}]}WT(nn;ﬂn+1)dmL(nn+1 dﬁ i

:1
— B(ti—1)ln; — alty) +nj—1 — alt;—)] + [n; — ;)1 + [n; — a(t;)]
X [nj—1 — alt;—1)] + [n; — alty)]n—1 — alt;)]? + -1 — alt; 1))’
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+ 5 18(T) = Bta)]lm — alta)IBIBT) — B(ta)] + 2l — altn)]?).

For t € (t,,T], we have by the change of variable theorem

/R P (e — 0) ()2 W (0 s 1)dim (1)

1 3
N |:27T[ﬂ(T) - ﬁ(tn)ﬂ /[’72(n+1>(t)[77n+1 — 10 — o(T) + )]

B B i T

= Ya(n+1) (O)[B(E) = B(ta)] + [ — t(tn)]
and L(t) + y2(n+1) (D)[6(E) = B(tn)] = B(t) — B(tn), so that
GE[F3]Xn] (1)

= /0 " ala()]? +3[0(0) + Py (i, — o) (0)[Pf (7, — a)(t) + a(t)]]d5()

T
+ /t a()lla()]® + 3[B(t) = B(tn) + [ — alta)]lmn + a(t) — a(ta)]]

n
n

D 1B(t5) = Bt~ )NIB(L) — Bt —1)]Iny — alty) +mj—

—a(ti—)] + [ — at)] + [ — at)* i1 — alt—1)] + [n; — a(t;)]

x [mj-1 = a(tj—1)]* + [nj-1 — a(t;—1)]’] + %[5(T) = B(tn)][nn — altn)]

x [B[B(T) — B(tn)] + 2l — alta)]?].
Theorem 3.11. Let F(x) = exp{fo (t)} for x € C[0,T]. Suppose that
lim; ,p- a(t) = a(T). LetT 10 = to < t1 < s <ty < tpyr =T be any
partition of [0,T] and let X,(x) = (z(to),z(t1),..., x(tn)) for x € C[0,T).
Then, for wq g, a.e. y € C[0,T], we have

lim GE[F|X,](X,(y)) = F(y).

lI=lI—0

=

ap(t) +

Proof. For wq g, a.e. y € C[0,T], we have
GE[F|X-](X+(y))

= {5 300000 -ttty + e} [ e{ [ o

j=1

4500 bt &) [ Wilolta)mn) exp{ 515(0) = Ble)ly(e)

+ Nnt1] }dmL (Mn+1)
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= exp{ 5 | S0185) = Blts-0lltes-1) + w6+ D) - B(e IR

=1

T
+a(r) ~ att)l] + 0@ - 0P} [ ew{ [ ziwaso}
Clo,1] 0

dwaﬁ#’o (:L’)
by Theorem 2.3 and the same process used in Example 3.10, where ¢y = ﬁR)g&
Letting ||7]| — 0, we have

lim GE[F|X:](X:(y)) = F(y)
Il—0

because lim| o Z¢(x) = 0 for z € C[0,T] and both a and 3 are left-continuous
at T O

4. Translation theorems for the generalized conditional expectation

In this section we derive translation theorems for the Radon-Nikodym deriva-
tives of the functions on C[0, T with the conditioning functions X, and X,,11.
To do this, we need the following translation theorem.

Theorem 4.1. Let h be continuous and of bounded variation on [0,T]. Suppose
that s of bounded variation or continuous. Let a € R and define z¢ by

fo )+ a fort € [0,T]. Let @, be the measure defined by
<pa(B) = p(B ) for B e B(R). If F: C[0,T] = C is wq,g,,-integrable, then
F(- + x0) 15 wa, gy, -integrable and

(10) /C ©y F@e(@) = 5i0) /C P ) (),

where Jy(h) = exp{—1 fo )]2dB(t) +f0 (t)} and Ja(h,x) = exp{— fo
h(t)dz(t)} for xz € C[0,T).

Proof. Suppose that F' is bounded and continuous, and vanishes on the set

{z € C[0,T] : ||#|]lcc > M} for some real number M > 0. For nonnegative

0 T 2T nT (n+1)T)
VL kLl bl ntd

Let Pg“ be the polygonal function given by (3) with replacing ¢; by s;. Then
we have by Theorem 1.1

[ Py @)@
clo,T1]

integer n, let 5,41 = (S0,81,-«,Sn, Snt+1) = (

=/ . F(PE (tin12)) Was1 (8ng1, tngr, uo)dmi (1) de(uo)
Rn

— ex _lnﬂ [z0(sj) — wo(sj—1)]? ntl (o 2
- p{ 23'2::1 B(sj) — B(sj-1) } Rn+2F(P (n+2)) Wt 1 (S,
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+
—LL'() S] 1)
Un41 — &1, U0 — Zo(S0)) €xp [uj —wj—1

ﬂ(s] 1)
— molsy) + wo(s51) — als) + a(sj_lﬂ}dmz“(anmdw(uo),
where @11 = (U1, .., Un, Unt1), Unt2 = (Uo, Unt1) and 1 = (zo(s1), zo(s2),

5 20(Sn)s o (Snt1)). Let Zo = (z0(50),20(81),- -+, 20(Sn); Zo(Snt1)). By the
change of variable theorem and Theorem 1.1 again, we have

/ F(PI (@) dwa gy (2)
Clo.7T]

n+tl 2
1 900 SJ — To(s5-1)] }/ Iy -
= expq —— E F(P}  (tUpqo + T
p{ 2 T B(sy 1) [ Jgpaa T8 (a2 70))

n+1

zo(sj) = zo(sj=1);,
2 Bsi) — Blsy) 9

X WnJrl (§n+17 ﬁnJrl, UO) exp{ -
=1

~afs) + a(sj_n]}dmz+1<an+1>d%<uo>

o _1"“[»@0(5]-)—:100(8]—71)]2 "1 1)) ex _nH
N p{ QZ B(s;) — B(sj-1) }/C[O,T]F(Pﬂ (@ + o)) p{ Jzz:l

Jj=1

Zo(5;) = Zo(s;-1) N —x(s; —a(s;) + als; w x
St 4 (s)) — a(sy-1) ~ () + lsy-1)] v o)

Since h is continuous on [0, 7], we have for j =1,...,n,n+1

zo(s;5) — o(sj-1) = /Sj h(t)dB(t) = h(&;)[B(s5) — B(sj-1)]

i—

for some &; € [s;_1,s;] by the mean value theorem for integral. Now, we have

/ F(PIH (1)) di s ()
clo,1)

n+1
= exof 3 WP Ay} [ PR )

o
X exp{ Z h(&)la(s;) — x(sj-1) — a(s;) + as;j— 1)]}dwa,ﬁ;wa ().

Note that (Pg“)fﬁzo converges uniformly to the identity function on C[0,T.
Letting n — oo, we have (10) by using the same process used in the proof of
[6, Theorem 3.1]. For the other cases of F, (10) can be proved by using the
same process used in the proof of [10, Theorem 2.1]. O
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Remark 4.2. Let 3 be continuously differentiable with 5’ > 0. Let h be in
C[0,T] and let % be of bounded variation. Replacing h in Theorem 4.1 by %
we can obtain [10, Theorem 2.1]. In Theorem 4.1, the conditions those 8’ > 0
and @’ is continuous are removed so that Theorem 4.1 generalizes [10, Theorem
2.1]. Note that, to prove [10, Theorem 2.1], Ryu used the mean value theorem
for differentiation, but the mean value theorem for integral is used in the proof
of Theorem 4.1.

We now derive translation theorems for the generalized conditional expec-
tations of functions on C[0,T] with the conditioning functions X,, and X,,41.

Theorem 4.3. Under the assumptions as in Theorem 4.1, we have for mx
a.e. ﬁn+1 S Rn+2
GE[F|Xn+1](ﬁn+1)
= Ji(h)J3(hs Tn41)GEuw,  [F (- + 20) J2(h, )| Xpt1] (Tnt1 — To),

where Ty = (wo(to), wo(t1), ..., 20(tn), xo(tnt1)), GEw,, denotes the general-
ized conditional expectation with respect to wa, g;p,, and form € N (1 <m <
n -+ 1); ﬁwn = (n(hnla cee 777'%) S Rm+1

n+1

3 (M Tim) = eXp{jzl m;gj; :Z(()SJ_I;) {773' —nj_1 — a(t))

+altjo1) = glaolty) - 2ot}

Proof. Let ¢1 = ﬁ@ﬁ)@oa' By Theorems 2.2 and 4.1, we have for mx
Tass € RVH2

GE[F|Xn+1](ﬁn+1)

i1 Q€.

o)
= F(x — P (2) + PP Y(7, dwe. g (T
o® Joom ( 5 (@) + P57 (Mng1))dwa, o ()
Jl(h)/ +1 +1/=
= F(zg+z— P} (z) + P} i1 — xo))Ja(h, x
2a(R) o] (o 8 (z) B (TTn+1 0))J2(h, x)
dwa,gip, (2)

= Jl(h)/ F(.’EO +x — P£+1(£E) + Pg+1(ﬁn+1 - QIJ()))JQ(h,{E
C1[0,7]

— Py (@) + Py (ffuga — 20)) J2(h, PEH (2) — PEY (g1 — m0))
dwa g, (2)
since ga(R) = ¢(R+a) = ¢(R). Since ¢y is a probability measure, z— Py (x)

and Pﬂ"H(x) are independent with respect to wq g, by Theorem 2.1. Hence
we have

GEF|Xn41](n+1) = J1(R)GEy,, [F (- + 20)J2(h, )| Xnt1](Tns1 — Zo)J2(h,
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_ Pgﬂ(ﬁnﬂ —20)) / Jo(h, PgH(x))dwa,B;m(I)
clo,T]

since Pg“(xo) P"H( o). Note that for 7,411 = (90, M1y -« s Mns 1)

n+1 )

T
. i —x
/ h(t)dPy ™ (1 — 20)( Z 0
0

—300( )+9€0( 1)]

(5 —nj-1
J 1)

and by Theorem 1.1, we have

/ Ja(h, P2 (2))dwa, g, (2)
Clo,T]

n+1
= (tj-1) ) —x(t; w x
= [l > B e (-0 )
n+1
Cex [wo(t) —@o(t;-)I*  wo(ty) —@olti—1) o\ o
) p{E[ S BT Aot ) et
Now, we have the desired result by a simple calculation. O

Theorem 4.4. Under the assumptions as in Theorem 4.1, we have for mx,
a.e. ﬁ'n € R*H!

GE[F|X|(77n) = J1(h)J3(h, 17,) GEw,, [F (- + x0)J2(h, )| X0] (7 — Zo),
where Zo = (zo(to), xo(t1),- .., 2o(tn)) and J3 is as given in Theorem 4.5.

Proof. Let 4o = (zo(to),xo(t1),-..,20(tn), To(tn+1)).- By Theorems 2.3 and
4.3, we have for mx, a.e. i, = (10,71, ..,7) € R*H1

E[F|X,](170) = J1(h) /R J3(hy 1n41)G B, [F'(- + 20) J2(hy ) [ X 1] (1041

= 50)W1 (Nns Mny1)dmp (Mng1),

where 7,41 = (0,71, - - -, > nr1)- By the change of variable theorem with a
simple calculation, we have
E[F| X0 (7n)

— (k) / Jo(h, )G Eu, [F(- + 20)2(hs ) X 2] — To s
R
— 20(tn+1))Wr(mn — xo(tn), tns1 — To(tng1))dmp (ng1)
= Ju(h) Ja (ks 7) / GEu. [F( + 20)Ta (s ) X ) (7 — For hns)

X Wr(nn — xo(tn), Mn+1)dmp (Mn1)-

Now, the theorem follows from Theorem 2.3 as desired. (|
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Finally, we have the next example which is useful in the Feynman integration
theory.

Example 4.5. Let the assumptions be as in Theorem 4.1. Let A(\,z) =
exp{A fOT h(t)dz(t)} for A € R and for z € C[0,T]. Letting a = 0 and F = 1,
we have the followings:

(a) By Theorem 4.1, we have

2

T T
= expy — 2 o
/C[O,T] A 2)dwa ;o (2) = P(R) p{ 5 /O [h(1)]2dB(t) + A /O h(t)d (t)}

which can also be obtained by applications of [4, Theorem 3.4] and [4, Corollary
3.7).

(k;) By Theorem 4.3, we have for mx, ., a.e. o1 = (10,71, -+, Mn, Mnt1) €
R™+

GE[A(L, )| Xn 1] (Tn41)

_ L ’ = Zo(ty) — @o(t;—1)
_ exp{2/0 P + () + 3 S5

X {m —nj-1—alty) +alt;1) - %[wo(fj) - T/o(tjl)]} }

(c) By Theorem 4.4, we have for mx, a.e. 7, = (0,701, .,Mn) € R?1

T T n Y — e (e
_ exp{; /0 h(O2dB(E) + /O M(O)da(t) + Y xggg; - B‘ng_ 1;)
X [Tb‘ —nj—1 —alty) +altj—1) - %[»’Co(tj) - xo(tj—l)]] }
References

[1] R. H. Cameron and W. T. Martin, Transformations of Wiener integrals under transla-
tions, Ann. of Math. (2) 45 (1944), 386-396. https://doi.org/10.2307/1969276

[2] D. H. Cho, A simple formula for an analogue of conditional Wiener integrals and its
applications, Trans. Amer. Math. Soc. 360 (2008), no. 7, 3795-3811. https://doi.org/
10.1090/50002-9947-08-04380-8

, A simple formula for an analogue of conditional Wiener integrals and its appli-

cations. II, Czechoslovak Math. J. 59(134) (2009), no. 2, 431-452. https://doi.org/

10.1007/s10587-009-0030-6

, Measurable functions similar to the Ité integral and the Paley- Wiener-Zygmund

integral over continuous paths, Filomat 32 (2018), no. 18, 6441-6456.

, An evaluation formula for Radon-Nikodym derivatives similar to conditional
ezpectations over paths, Mathematica Slovaca (2019), submitted.

6] M. K. Im and K. S. Ryu, An analogue of Wiener measure and its applications, J. Korean
Math. Soc. 39 (2002), no. 5, 801-819. https://doi.org/10.4134/JKMS.2002.39.5.801

3]

[4]

[5]


https://doi.org/10.2307/1969276
https://doi.org/10.1090/S0002-9947-08-04380-8
https://doi.org/10.1090/S0002-9947-08-04380-8
https://doi.org/10.1007/s10587-009-0030-6
https://doi.org/10.1007/s10587-009-0030-6
https://doi.org/10.4134/JKMS.2002.39.5.801

470

7]

(8]

[9]
(10]

11]

D. H. CHO

C. Park and D. Skoug, A simple formula for conditional Wiener integrals with applica-
tions, Pacific J. Math. 135 (1988), no. 2, 381-394. http://projecteuclid.org/euclid.
pjm/1102688300

K. S. Ryu, The simple formula of conditional expectation on analogue of Wiener mea-
sure, Honam Math. J. 30 (2008), no. 4, 723-732. https://doi.org/10.5831/HMJ.2008.
30.4.723

, The generalized analogue of Wiener measure space and its properties, Honam
Math. J. 32 (2010), no. 4, 633-642. https://doi.org/10.5831/HMJ.2010.32.4.633

, The translation theorem on the generalized analogue of Wiener space and its
applications, J. Chungcheong Math. Soc. 26 (2013), no. 4, 735-742.

J. Yeh, Transformation of conditional Wiener integrals under translation and the
Cameron-Martin translation theorem, Téhoku Math. J. (2) 30 (1978), no. 4, 505-515.
https://doi.org/10.2748/tmj/1178229910

Donc Hyun CHO

DEPARTMENT OF MATHEMATICS
KyoNnGGI UNIVERSITY

SUWON 16227, KOREA

Email address: j94385@kyonggi.ac.kr


http://projecteuclid.org/euclid.pjm/1102688300
http://projecteuclid.org/euclid.pjm/1102688300
https://doi.org/10.5831/HMJ.2008.30.4.723
https://doi.org/10.5831/HMJ.2008.30.4.723
https://doi.org/10.5831/HMJ.2010.32.4.633
https://doi.org/10.2748/tmj/1178229910

