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ON THE APPROXIMATION BY REGULAR POTENTIALS OF
SCHRODINGER OPERATORS WITH POINT
INTERACTIONS

ARTBAZAR GALTBAYAR AND KENJI YAJIMA

ABSTRACT. We prove that wave operators for Schrodinger operators with
multi-center local point interactions are scaling limits of the ones for
Schrédinger operators with regular potentials. We simultaneously present
a proof of the corresponding well known result for the resolvent which
substantially simplifies the one by Albeverio et al.

1. Introduction

Let Y = {y1,...,yn} be the set of N points in R® and T be the densely

defined non-negative symmetric operator in # = L?(R3) defined by
To = —Aloge r3\v)-
Any of selfadjoint extensions of Tj is called the Schrédinger operator with point
interactions at Y. Among them, we are concerned with the ones with local
point interactions H, y which are defined by separated boundary conditions
at each point y; parameterized by o; € R, j =1,...,N. They can be defined
via the resolvent equation (cf. [2]): With Hy = —A being the free Schrodinger
operator and z € Ct = {z € C |z > 0},
N
V) (Hay =)= (H 27+ Y (Cay(2) )6 ® G,
JiA=1

where a = (a1,...,ay) € RNV, T,y (2) is an N x N symmetric matrix whose
entries are entire holomorphic functions of z € C given by

¥ 2
@ Tay(a) = ((o5 = 5 )= el — w)dye) ,

J=1,...,N
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430 A. GALTBAYAR AND K. YAJIMA

where d§;, = 1 for j = ¢ and d;; = 0 otherwise; Sjg = 1—0j¢; G.(x) is the

convolution kernel of (Hy — 2%)~%:
; eiz|x| 4 oy eiz|w7y\
(3) gz(x)—m an gz(x)—m'

Since (Huoy — 2%)71 — (Ho — 22)~! is of rank N by virtue of (1), the wave
operators Wai’y defined by the limits

(4) Wiyu = tl}i?oo etHoy g=itHoy = 4 e H

exist and are complete in the sense that Image Wiy = Hac, the absolutely
continuous (AC for short) subspace of H for H,y. Wave operators are of
fundamental importance in scattering theory.

This paper is concerned with the approximation of the wave operators W;ty
by the ones for Schriodinger operators with regular potentials and generalizés
a result in [5] for the case N = 1, which immediately implies that Wiy are
bounded in LP(R?) for 1 < p < 3, see remarks below Theorem 1.1. We also give
a proof of the corresponding well known result for the resolvent (H,y — z)~!
which substantially simplifies the one in the seminal monograph [2].

We begin with recalling various properties of H, y (see [2]):

e Equation (1) defines a unique selfadjoint operator H, y in the Hilbert
space H = L?(R?), which is real and local.

o The spectrum of H, y consists of the AC part [0,00) and at most N
non-positive eigenvalues. Positive eigenvalues are absent. We define
E = {ik € iRT*: — k% ¢ op(Hay)}. We simply write Hoe and Py
respectively for the AC subspace Hoo(Hy,y) of H for H, y and for the
projection Py.(Hy,y) onto Hec.

e H,y may be approximated by a family of Schrédinger operators with
scaled regular potentials

Vi (33 _ yz) ’
€

(6) lir%(ﬁy(a) — 2= (Hyy — 2% tu, Yu € H,
e—

N
) Hy(e)=-a+ ) )

in the sense that for z € C*

where Vj, j =1,..., N are such that H; = —A + V;(x) have threshold
resonances at 0 and A;(e),...,Ay(e) are smooth real functions of
such that A;(0) = 1 and \}(0) # 0 (see Theorem 1.1 for more details).

We prove the following theorem (see Section 4 for the definition of the threshold
resonance).

Theorem 1.1. Let Y be the set of N points Y = {y1,...,yn}. Suppose that:
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(1) V1,..., VN are real-valued functions such that for some p < 3/2 and
q>3,
(7) (x)?V; e (LP N LY)(R?), j=1,...,N.
(2) Ai(e),..., An(e) are real C* functions of ¢ > 0 such that
Aj(0) =1, XNj(0)#0, Vj=1,...,N.
(3) Hj=—-A+V;,j=1,...,N admits a threshold resonance at 0.
Then, the following statements are satisfied:
(a) Hy(g) converges in the strong resolvent sense as in (6) as ¢ — 0 to
a Schrédinger operator H, y with point interactions at Y with certain
parameters o = (aq,...,an) to be specified below.
(b) Wave operators W%E for the pair (Hy (), Ho) defined by the strong
limits
(8) Wi u= lim HtHy () g=itHoy ey
> t—+oo

exist and are complete. W}ﬂfs satisfy

. + +
(9) gl_rg% Wy u—Wiyulln =0, ueH.

Note that Hélder’s inequality implies V; € L"(R?) for all 1 < r < ¢ under
the condition (7).

Remark 1.2. (i) It is known that W;,‘L)E are bounded in LP(R?) for 1 < p < 3
([14]) and, if Aj() = 1 for all j = 1,...,N, [Wy_|lB(wr) is independent of
€ > 0 and, the proof of Theorem 1.1 shows that Theorem 1.1 holds with a = 0.
It follows by virtue of (9) that Wy, converges to Wo—o,y weakly in L? and
W;'EZO’Y are bounded in LP(R3) for 1 < p < 3. Actually, the latter result is

known for general @ = (. ..., an) but its proof is long and complicated ([5]).
Wave operators satisfy the intertwining property

f(Ha,Y)Hac(Ha,Y) = W;;f(HO)W;‘:;

for Borel functions f on R and, L” mapping properties of f(Ha,y)Poc(Ha,y)
are reduced to those for the Fourier multiplier f(Hp) for a certain range of p’s.

(ii) If some of H; = —A+V; have no threshold resonance, then Theorem 1.1
remains to hold if corresponding points of interactions and parameters (y;, ;)
are removed from H, y.

(iii) The first statement is long known (see [2]). We shall present here a
simplified proof, providing in particular details of the proof of Lemma 1.2.3 of
[2] where [6] is referred to for “a tedious but straightforward calculation” by
using a result from [4] and a simple matrix formula.

(iv) The existence and the completeness of wave operators W;E are well
known (cf. [11]).

(v) When N =1 and a = 0, (9) is proved in [5]. The theorem is a general-
ization for general a and N > 2.
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(vi) The matrix I'y y (k) is non-singular for all k£ € (0,00) by virtue of the
selfadjointness of H, y and Hy. Indeed, if it occurred that detT'y y (ko) = O for
some 0 < ko, then the selfadjointness of H,y and Hy implied that Iy (k)"
had a simple pole at kg and

(10) 2koRes:—k, (Fay (2)1);e(GY v) (u, G¥*)
N
= _Jm (- kg) Z “1)5e(GY v) (1, GY) # 0
], =

for some u,v € C§°(R?). However, the absence of positive eigenvalues of H, y
(see [2, pp. 116-117]) and the Lebesgue dominated convergence theorem imply
for all u,v € C§°(R?) that

li 2—k2 Ha .2\ —1
(2R (Hay ) )

= lim /W(E(d Yu,v) = (E({k2})u,v) = 0
" z=kotie,cl0 Jg p — (ko + i€)? )= 0J

and the likewise for (22 — k3)((Ho — 22)'u,v), where E(du) is the spectral

projection for H, y, which contradict (10).

For more about point interactions we refer to the monograph [2] or the intro-
duction of [5] and jump into the proof of Theorem 1.1 immediately. We prove
(9) only for W;,’ . as Hy(¢) and H, y are real operators and the complex con-
Jjugation C changes the direction of the time which implies Wy, _ = CW;E .Ch

We write H for L?(R3), (u,v) for the inner product and ||u/| the norm. u®v
and |u)(v| indiscriminately denote the one dimentional operator

(e 0)f(@) = [l f)(e) = | uleil )y

Integral operators T and their integral kernels T'(z,y) are identified. Thus
we often say that operator T'(z,y) satisfies such and such properties and etc.
By(H) is the space of Hilbert-Schmidt operators in H and

1/
ITlas = ( / / |T<x,y>|2dxdy)
R3 xR3

is the norm of By(H). (z) = (1 + |z[*)¥/? and a<|.|b means |a| < |b|. For
subsets Dy and Do of the complex plane C, D; € Dy means D; is a compact
subset of the interior of Ds.

2

2. Scaling

For € > 0, we let
(Ueh)(@) =2 f (/).
This is unitary in % and Hy = U HoU.. We define H(c) by

(1) H(e) = U Hy ()U., (Hy(e) — 22)"" = 2UL(H(e) — £222) 71U,
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Then, H(e) is written as

:—A+Z>\ (x—;)——A—i—V()

and W% . are transformed as

(12) W;E — t_I}mOOU eth(s)/s —tho/s2UE* — UEW¢(E)U;,
+ — itH () —1tH0 *
(13) Wy (e) t_l)linoo Uee U:

We write the translation operator by e~ 1y; by

7. f (@) =f(m+%), i=1,....N.
When € = 1, we simply denote 7; = 71, 5 =1,..., N. Then,

Vi (2= 2) = 7 V@)

3. Stationary representation
The following lemma is obvious and well known:

Lemma 3.1. The subspace D, = {u € L?: 4 € C§*(R3\{0})} is a dense linear
subspace of L*(R?).

It is obvious that HW;'_EUH (W Yu|| |lu|| for every v € H and, for
proving (9) it suffices to show that
(14) liné(WliEu,v) = (Wlyu,v), u,v€D,.
e— ’ ’

We express Wyt and W, via stationary formulae. We recall from [5] the
following representation formula for W; y

Lemma 3.2. Let u,v € D, and let Qjou be defined for j, £ € {1,...,N} by

1) L 7 ([ Car (075664 (600) ~ G-s)utuiy ) ke
Then

N
(16) <W+Yu vy = )+ Z 7 QjeTeu, v)

3, 0=1

Note that for uw € D, the inner integral in (15) produces a smooth function of
k € R which vanishes outside the compact set {|¢|: & € supp i}.

For describing the formula for W;{e corresponding to (15) and (16), we
introduce some notation. H™) = H & --- & H is the N-fold direct sum of H.
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Likewise TWN) = T'@® --- @ T for an operator T on H. Fori =1,...,N we
decompose V;(z) as the product:
Vi(w) = ai(2)bi(2),  aix) = [Vi(@)|'/?,  bi(e) = [Vi(a)[]sign(Vi()),

where signa = £1 if +a > 0 and signa = 0 if a = 0. We use matrix notation
for operators on HN). Thus, we define

a -+ 0 by -~ 0 A(e) - 0
A={: -~ s B=|: 0 A= 0
0 - an 0 - by 0 o An(e)
Since aj,b; and Aj(¢), s = 1,..., N are real valued, multiplications with A, B
and A(e) are selfadjoint operators on H™N) . We also define the operator 7. by
Tl,sf
Te:HO o1 f= e 1)
™Nef
so that

Z Aj( (:c - ;) =17 AN(¢) BT..

We write for the case ¢ = 1 simply as 7 = 7y as previously. For z € C, Gy(z2)
is the integral operator defined by

1 eizlz—yl
Go(eJuts) = 1= [ T——rutwd.
It is a holomorphic function of z € C* with values in B(H) and
Go(z) = (Hy — 2*)"! for z€C

and, it can be extended to various subsets of C* when considered as a function
with values in a space of operators between suitable function spaces. We also
write

Ge(z) = (H(e) — 2%) 7' for z € CT\ {z: 2% € 0, (H(¢))}.

Lemma 3.3. Let Vi,...,Vn satisfy the assumption (7) and z € T'. Then:
(1) ai,bj € L*(R3), i,j=1,...,N.
(2) aiGo(Z)bj S BQ(H), 1<4,7 <N.
Proof. (1) We have a;,b; € L*(R3?) for V; € L*(R3) as was remarked below
Theorem 1.1.
(2) We also have |a;|? = |b;|? = |V;| € L3/2(R%) and |z|~2 € L3/2>(R3). Tt
follows by the generalized Young inequality that

a;() 2 [b; (y) 2
// |ai(2)[*]b;(y)] T TR dedy < C|\Villpasz |Vl pase-
R3 xXRR3 ‘x_ |

Hence, a;Go(2)b; is of Hilbert-Schmidt type in L*(R3). O
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Using this notation, we have from (16) that
(17) (W;Yu, v) = (u,v) + ((Qe) T*u, T*”>H(N) :
The resolvent equation for H(¢) may be written as
G.(z) — Go(z) = —=Go(2)72 AAN(e) BT-Gc(2)
and the standard argument (see e.g. [13]) yields
(18)  Gu(2) = Go(2) — Go(2)r A1 + A=) Br.Go(2)7 )" A(e) Br.Go(2).

Note that 7. Ro(z)7} # Ro(%) in general unless N = 1.

Under the assumption (7) on Vi,...,Vn the first two statements of the
following lemma follow from the limiting absorption principle for the free
Schrodinger operator ([1], [7], [12]) and the last from the absence of positive
eigenvalues for H(e) ([10]). In what follows we often write k for z when we
want emphasize that k£ can also be real.

Lemma 3.4. Suppose that Vi,...,Vy satisfy the assumption of Theorem 1.1.
Let 0 <e<1. Then:
(1) Forwu € Dy, limsosupyeg || AT Go(k + id)u — AT.Go(k)u||3 vy = 0.
(2) limsyo sy [A(e) Ao (Golk + i) — Go(k))7 Al = 0.
(3) Define for ke C = {k e Sk >0},
(19) M. (k) = A(e) B1.Go (k)T A.
Then, M.(k) is a compact operator on HN) and 1+ M_(k) is invertible
for all k #0. (1+ M.(k))~! is a locally Hélder continuous function of
cr \ {0} with values in B(HWM)).
Statements (1) and (2) remain to hold when A is replaced by B.
The well known stationary formula for wave operators ([12]) and the resol-
vent equation (18) yield
(20) (Wi (e)u,v) = (u,v)
1 oo
= - (14 Mo (k)" A(e) Br{Go (k) — Go(—k) }u, AT.Go(k)v) kdk.
0
For obtaining the corresponding formula for W; ., we scale back (20) by using
the identity (12) and (13). Then
Ul =UT,

and change of variable k& to ek produce the first statement of the following
lemma. Recall 7 = 7.—;. The second formula is proven in parallel with the
first by using (11).

Lemma 3.5. (1) For u,v € D*, we have

2

21) (Wi u,v) = (u,0) - fm/ow kdk (1 4+ M.(—ck)) "' A(e)
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x B{Go(ke) — Go(—ke)Y M U*ru, AGO(ke)(N)U:Tv> .
(2) For k € Ct with sufficiently large Sk,
(22) (Hy () — k?)™ = Go(k) — 27 U-Go(ke) ™M A(1 + M_(ek)) ™
x A(e) BGo(ke) M U*r,
where Go(+ke) M) = Go(£ke) @ -+ @ Go(ke) is the N-fold direct sum of
Go(xke).

Notice that for u € D., {Go(ke) — Go(—ke)} MU ru # 0 only for R™! <
k < R for some R > 0 and the integral on the right of (21) is only over
[R™Y, R] C (0,00) uniformly for 0 < & < 1. Indeed, if u € D and 4(£) = 0
unless R~! < |¢] < R for some R > 1, then, since the translation 7 does not
change the support of 4(£/<), we have

FUru)(€) = e Flru) (5) o

€
unless R~'e < |¢| < Re and

{Go(ke) — Go(—ke) U Tu = 2im (€2 — K2 F(UX Tu)(€) =0
fork>Ror k< R

4. Limitsas e — 0

We study the small € > 0 behavior of the right hand sides of (21) and (22).
For (21), the argument above shows that we need only consider the integral over
a compact set K = [R™!, R] C R which will be fized in this section. Splitting
€2 =¢.¢/2.¢Y/2 in front of the second term on the right, we place one g!/2
each in front of BGo(+ke) MU and AGo(+ke) N U* or U.Go(ke) ™M A and
the remaining ¢ in front of (1 + M.(+ek))™!. We begin with the following
lemma. Recall the definition (3) of G.

Lemma 4.1. Suppose a € L?(R?). Then, following statements are satisfied:
(1) Let u € Dy. Then, uniformly in k € K, we have

(23) lim le? aGo(£ke)Uru — |a){(Gak, u)||r2 = 0.
e—
(2) Let u € L?>(R3). Then, uniformly on compacts of k € C*, we have
(24) le2 aGo(ke)UZ ull 2 < C(Sk) 2 lall 2 Jul 2

and the convergence (23) with k in place of k.
(3) Let u € L?>(R3). Then, uniformly on compacts of k € C*, we have

(25) lim [|> U Go (ke)au — Gi) {a, u)]| 2 = 0.



APPROXIMATION OF SCHRODINGER OPERATOR 437

Proof. (1) We prove the + case only. The proof for the — case is similar. We
have u € S(R?) and

Lo (k)T 1, etkelz—yl J 1 etklyl J
2 * = — - = — - + .
Shey(keute) = ¢ [ C—rutendy = - [ Cruty+enjay
It is then obvious for any R > 0 and a compact K C R that

(26) lim  sup |e?Go(ke)Uru(x) — (G, u)| = 0.
€20 2|<R keK

Moreover, Holder’s inequality in Lorentz spaces implies that
(27) [(Gr )] + [|e? Go(ke)UZ ul| oo < [|(4r]z])~!
It follows from (26) that for any R > 0

3,00lullz 1

(28) Jimy sup [l aGo(ke)UZu = a(Ge, )2 i<y = 0
and, from (27) that

le? aGo(ke)UZu — a{Gr, )| L2 (2> 1)
(29) < 2)lal| 2 (jafz r) | (47 [2]) I3 00l 3, — 0.

Combining (26) and (29), we obtain (23) for u € D,. (Since D, is dense in
L31(R3), (23) actually holds for u € L3-1(R3).)
(2) We have

2 ,—2SQke|z—y|
Go(ke 2 — / |a(z)| €
||(1 0( )HHS - 16\x—y|2

dzdy < C(Ske) a2,

This implies (24) as U is unitary in L?(R?) and it suffices to prove the strong
convergence in L? for u € C§°(R?). This, however, follows as in the case (1).
(3) We have

e} (U.Go (ke)au) (x) = /

rs 4|z — ey| “

ezk\zfsy\

(y)uly)dy
and Minkowski’s inequality implies
(30) e U-Golke)au = (G0 a, )] < [ 10 = 29) = Gul o )ty

Plancherel’s and Lebesgue’s dominated convergence theorems imply that for a
compact subset K of C*

sup (|G (- + ey) = Grll = sup [(F7'Gr)(€)(e™ — 1)l 2mg)
kek keK

( / sup [(€]2 — k2)~L(evE - 1>|2d£)
R3 ke K

<o ([ @ e - 1>|2d5)é
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is uniformly bounded for y € R® and converges to 0 as ¢ — 0. Thus, (25)
follows from (30) by applying Lebesgue’s dominated convergence theorem. [

We next study e(1+ M. (ek))~! fore — 0 and k € c’ \ {0}. We decompose
M. (k) = A(e)B1.Gy(ek)7} A into the diagonal and the off-diagonal parts:

(31) M.(k) = D.(ek) + eE-(¢k),
where the diagonal part is given by
M (e)b1Go(ek)ay - - 0
(32) D (ek) = : :
0 <+« An(e)bNGolek)an

and, the off diagonal part eE.(ek) = ()\i(E)bﬂi,EGo(Ek)T;»:Eaj&j) by

o (A, )
We study E.(ek) first. Define constant matrix G(k) by
A 1 etklvi—y;l
Gij(k) = Gij(k ) ij> gij(k)zﬂma i .

Lemma 4.2. Assume (7) and let Q C T be compact. We have uniformly for
k € Q that

(34) lim || B (£¢k) — [B)G(£k) (Al g = 0-
|B)G(£k)(A| is an operator of rank at most N on H®N)
IB)G(ER)(A] = (bi(2)Gas (k) ()3 )

Proof. We prove the + case only. The — case may be proved similarly. Let
k € K. Then,

eik\e(m—y)-Fyi—yj\ eikly,',—yj\
le(x —y) +vi —yil |y — il
e —y) +yi — vyl le(z—y) +vi — yillyi — vl
Clz — y|

(36)

<
(@ —y) + (i —y;)/el
for a constant C' > 0 and we may estimate as

||(Es,ij(5k) _ )\z(g)bzgzj( )QJ)U”LZ <C / |bz($)|x* |0,]( )U(y)|dyH

[(x —y) + (yi —y5)/el
[(@)bi(x) ) ay (w)uly)
SO l@—w+ <i—yj>/s|"‘yH
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/ ITi,e(<x>bi)(w)Tj,e(<y>ajU)(y)|dy‘ _
RB

|z -y

Since the convolution with the Newton potential ||~ maps L3 (R3) to L°(R?)
by virtue of Hardy-Littlewood-Sobolev’s inequality, Hoélder’s inequality implies
that the right hand side is bounded by

(37) Cll)bil| s [ (y)ajull poss
< COl{@)bi| s [z} ayl| s ull 2 = CI|<$>2V¢IIj% ||<93>2leljg [l 2

Let Br(0) = {«: |x| < R} for an R > 0. Then, for ¢ > 0 such that 4Re <
min |y; — y;|, we have

(35) < 4Ce, Vz,y € Bgr(0).
Thus, if V; € C§°(R?), j =1,..., N are supported by Br(0), then

N
| E=(eh) — A&)BG (k) Aller) < 402 Y [[Villzr = 0.
j=1
Since C5°(R3) is a dense subspace of the Banach space ((z) °L3/2(R3)) N
L'(R?), (37) implies ||E. (k) — A(e)BG(k)Allgm) — 0 as e — 0 for gen-
eral V;’s which satisfies the assumption (7). The lemma follows because A(e)
converges to the identity matrix. O

We have shown in Lemma 3.3 that b,Go(ke)a; is of Hilbert-Schmidt type

for k € T and it is well known that 1 + Aj(€)b;Go(ke)a; is an isomorphism
of H unless k?e? is an eigenvalue of H;(c) = —A + \;(e)V; (see [7]). Hence,
the absence of positive eigenvalues for H;(e) (see e.g. [10]) implies that 1 +
\;(e)b;Go(ke)a; is an isomorphism in H for all k € C' \ (7%i&;(c) U {0})
where £;(e) = {k > 0: — k* € 0,(H,;(¢))}. Thus, if we fix a compact set

QcT’ \ {0}. 1+ D.(k) is invertible in B(H)) for small ¢ > 0 and k € Q
and

1+ M.(ck) = (1 + D.(ck))(1 + (1 + D.(ek)) "  E.(ek)).
It follows that
(38) (14 M.(ck))™" = (1 +e(1+ D(ek)) ' E-(ck)) " (1 + D.(ck)) ™"
and we need study the right hand side of (38) as ¢ — 0.
We begin by studying (1 + D.(¢k))~! and, since 1+ D.(gk) is diagonal, we
may do it component-wise. We first study the case N = 1.

4.1. Threshold analysis for the case N =1
When N = 1, we have M, (ck) = D.(gk).
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Lemma 4.3. Let N =1, a = a1 and ete. and, let Q be compact in c" \ {0}.
Then, for any 0 < p < po, po = (3—p)/2p > 1/2, we have following expansions
in Q in the space of Hilbert-Schmidt operators Bo(H):

(39) bGo(ke)a = bDoa + ikebDia + O((ke)'7),
(40) M. (gk) = bDoa + (XN (0)bDoa + ikbDya) + O(e'*7),
(41) Dy=— !

drjz—y] 7' 4x
where O((ke) ) and O(e'*P) are Bo(H)-valued functions of (k,e) such that
1O((ke) ") |s < Clkel™?, [O(F)|lws < Clel'™?, 0<e<l, keq.

Proof. Since Sk > 0 for k € Q, Taylor’s formula and the interpolation imply
that for any 0 < p <1 there exists a constant C, > 0 such that

|eike\w7y| _ (1 + Zk€|1' — y|) | < Cp|€k|1+9|x - y‘1+P.

Hence
D.(ek)(x,y) — fiﬁ %yyﬁ - iksb(xifr(y)

We have shown in Lemma 3.3 that D, (¢k) and bDga are Hilbert-Schmidt oper-
ators and bDa is evidently so as a,b € L*(R3) (see the remark below Theorem
1.1). As (z)b(x), (y)a(y) € L?(R3), we have (z)’a(z), (z)’a(y) € L*(R3) for
p < po, and

//me |z — y|?*|b(x)a(y)|?dzdy < C||(x)’b(x)||3:]|(y) a(y) ||z

This prove estimate (39). (40) follows from (39) and Taylor’s expansion of A(g).
This completes the proof of the lemma. (I

We define
(42) Qo =1+bDga, Q= N(0)bDga +ikbDia, bDia = (47) '[b){al.

Regular case.

< Cplk"FPe Pl — y|?|b(z)a(y)].

Definition. H = —A+V (z) is said to be of regular type at 0 if Qg is invertible
in H. It is of exceptional type if otherwise.

Lemma 4.4. Suppose N =1 and that H = —A+V (z) is of regular type at 0.
Let Q be a compact subset 0f@+. Then

(43) lim sup [|e(1 + M (ek)) B = 0.
e—0 k’EQ

Proof. Since Qo = 1+ bDya is invertible, (40) implies the same for 1+ M. (ek)
for k € Q and small € > 0 and,

. -1 -1
Yim sup [|(1 + M (ek)) ™" = Qo llm ) = 0-

(43) follows evidently. O
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An application of Lemma 3.4, Lemma 4.1 and Lemma 4.4 to (21) and (22)
immediately produces the following proposition for the case N = 1.

Proposition 4.5. Suppose H = —A +V s of reqular type at 0. Then:
(1) Ase —0, W;{e converges strongly to the identity operator.
(2) Let Q C T" be compact. Then, a(Hy (¢) — k*)71b — aGo(k)b — 0 in
the norm of B(H) ase — 0 uniformly with respect to k € €.
(3) Let Q € CT. Then, lim sup [[(Hy () — k*)~! — Go(k)||s(#) = 0.
e=0keq,

Exceptional case. Suppose next that )y is not invertible and define
M=:KerQy, N =KerQ{, Qf=1+aDgb.

By virtue of the Riesz-Schauder theorem dim M = dim N are finite and M
and N are dual spaces of each other with respect to the inner product of H.
Let S be the Riesz projection onto M.

Lemma 4.6. (1) aDoa is an isomorphism from M onto N and bDob from
N onto M. They are inverses of each other.
(2) (ap, Doayp) is an inner product on M and (b, Dob)) on N.
(3) For an orthonormal basis {¢1,...,on} of M with respect to the inner
product (ap, Doay), define ; = aDoayp;, j=1,...,n. Then:
(a) {¥1,...,¥,} is an orthonormal basis of N with respect to (b,
Dobt)).
(b) {p1,---,0n} and {t1,...,1,} are dual basis of M and N respec-
tively.
(C) Sf = <faw1>901 ot <f?'(/]n><pn; f €EH.
Proof. (1) Let ¢ € M. Then, ¢ = —bDpap and aDpap = —aDgb - aDgap.
Hence aDgap € N. Likewise bDgb maps N into M. We have
bDob - aDoayp = (bDga)*p = ¢, @ € M,
aDoa - bDoby = (aDob)*p =), 1 € N
and aDga and bDgb are inverses of each other.
(2) Let ¢ € M. Then ap € L' N L7 for some o > 3/2 (see the proof of

Lemma 4.8 below) and ap € L N LP for some p < 3 by Hausdorff-Young’s
inequality. It follows that

= e\|2
(ap, Doayp) = /Rs |m|p£(?|

and (ap, Doay) = 0 implies ap = 0 hence, ¢ = —bDyayp = 0. Thus, (ap, Dyay)
is an inner product of M. The proof for (by), Dobt)) is similar.
(3) We have for any j,k =1,...,n that

(b5, Dobyoy) = (baDoay;, DobaDoaypy) = (—ap;, —Doapr) = d;x

¢ >0



442 A. GALTBAYAR AND K. YAJIMA

and {t1,...,¥,} is orthonormal with respect to the inner product (by), Dobi)).
Since n = dim N/, it is a basis of N.
(@), ¥x) = (p5,aDoapr) = (apj, Doapr) = 0k, J.k=1,...,n

Hence {¢;} and {t;} are dual basis of each other. Because of this, (c) is a well
known fact for Riesz projections to eigen-spaces of compact operators ([9]).
This completes the proof of the lemma. O

The following lemma should be known for a long time. We give a proof for
readers’ convenience.

Lemma 4.7. Let 1 <y <2 and 0 < 3/2 < p. Then, the integral operator
(y) "uly)
44 Q. u)(x) = / 2t dy
( ) ( Y )( ) RS |1‘ _ y|
is bounded from (L° N LP)(R3) to the space C.(R3) of bounded continuous
functions on R® which converge to 0 as |z| — 0:
(45) 1 ulle < Cllull(zonre)@s)-
For R > 1, there exists a constant C independent of u such that for |z| > R
C(u Ul o _
) - S s eltere o - [y

|| (x)?

Proof. We omit the index v in the proof. Since |z|~! € L3°°(R3), it is obvious
that Qu(z) is a bounded continuous function and that (45) is satisfied. Thus,
it suffices to prove (46) for |x| > 100. Let K, be the unit cube with center z.
Combining the two integrals on the left hand side of (46), we write it as

. 2y2 — ) ) ~"u(w)
@i - 9P =1 </ AS\K>|xy<|xy|+|x>dy

flo( )+Il(

When |z — y| <1 and |z| > 100, |z|, {x), |y| and |z — y| are comparable in the
sense that 0 < Cy < |z|/{z) < Oz < oo and etc. and we may estimate the
integral over K, as follows:

c / |u(y)] c
47 Ip(x)| < dy < ull e .
(47) Lo ()] @) 7 — ] <x>7|| Lo ()
We estimate the integral I;(z) by splitting it as I1(z) = I1o(x) + I11(x):
-1 y*(y) Tuly)
Lig(z) = — dy,
St W v ey
-
o) = - 2yx(y) "u(y) dy.

2] Jravke, [ —yl(lz =yl +[z])
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Since |x — y| + |z| > C(z)" " (y)*77 for |z > 100, Holder’s inequality implies
c |u(y)| c
@) @l <o [ dy < rllulloges).
ol(@) T Sk, fe =yl = ()T D

Let ¢’ be the dual exponent of o. Then, ¢’ > 3 and via Holder’s inequality

o 1/0’
'

If || < 100]y], then ()"~ ' ((z) + (y)) > C(z)” and
0_/ 1/0”

) Oy
S Vi <<x —@ T <y>>> W) gyl e
When |z| > 100|y|, we may estimate for 1 <y < 2 as
(' c
(@ —y)(lz[+ly)) = (z—y)(z)"

IN

It follows that
’ 1/0’

<y>177 0 Cc A
oy /|$>100|y<<x—y><<x>+<y>>> W)=l e

Estimates (50) and (51) imply

c
(52) [ ()] < [[ul| Lo
(z)”
Combining (52) with (48), we obtain (46). O
Lemma 4.8. (1) The following is a continuous functional on N:
1 1

N3 Lip) = o /RS a(z)p(x)dr = E(a,g@) e C.

(2) For ¢ € N, let u= Dy(ayp). Then,
(a) u zsg G sum u = uy +ug of up € C®°(R3) N L¥(R3) and uy €
(W2te2 N W22+e)(R3) for some € > 0. It satisfies

(53) (A 4+ V)u(x) = 0.
(b) w is bounded continuous and satisfies
L(p) ( 1 >
54 wz)=—>=4+0|— ], |z|— 0.
(54) @==2+0(5g) Wl

(c) u is an eigenfunction of H with eigenvalue 0 if and only if L(yp) =
0 and it is a threshold resonance of H otherwise.
(3) The space of zero eigenfunctions in N has codimension at most one.
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Proof. (1) Since a € L%, |L(p)| < (47)~Y|allz2 ¢l 2
(2a) Assumption (7) implies a(z) = (z)” 'a(z) with @ € (L?* N L29)(R?) and
1 <2p < 3and2qg > 6. It follows by Holder’s inequality that ap € Ls—enL3te
for an € > 0. Using the the Fourier multiplier x(D) by x € C§°(R?) such that
x(§) = 1for [¢] <1,
1

u = et 1
=iy | @i

we decompose u:
u=uitus, ur=x(D)Do(ag), uz={(1-x(D))(1~A)Do}(1-A)""(ap).
Since ap € L'(R?) it is obvious that

ui(z) = W /R3 eizgx(f)@(g) d¢ € C*(R?), lim 9%uy(z) =0

1€ || =00

for all . Since (1 —x(£))(1+ [£]?)|€]72 is a symbol of Hérmander class Sy, the
multiplier (1 — x(D))(1— A)Dy is bounded in any Sobolev space W*P?(R3) for
1 < p < oo by Mikhlin’s theorem and,

(1= 2) " (ap) € WA (R?) N W3 (R?)
for an € > 0 by the Sobolev embedding theorem. It follows that
Uy € W2’%+5(R3) n V[/g+e,2(1[£3)7
in particular, u is bounded and Hoélder continuous. If (1 + bDga)e = 0, then
a(l 4+ bDoa)p = (14 VDg)ap = (—A + V)Doap =0

and (—A 4+ V)u(z) = 0.
(2b) We just proved that u is bounded and Hdlder continuous. We use the
notation in the proof of Lemma 4.7. We have ap = —V Dy(ap) and

71~
Do(ap)(z) = % </K +/RS\K ) (v) aly)e(y)dy _ L) + Lo(x).

|z — y

Since (y) is comparable with (z) when |z —y| < 1,

1y~ _
(L) < Cla) " llaell g lllzl ™ ok, 7= 358 <3.

For estimating the integral over R? \ K, we use that ap € L5~¢ for some
0<e<1/5 Let 6 = (6—5¢)/(1 —5e). Then, 6 > 6 and Holder’s inequality
implies

) J F Cllagll -
IMmKCMM£E<AMWw;@J ST

Hence, ap = —VDgy(ap) € () (L N L9)(R3) and Lemma 4.7 with v = 2
implies statement (2b).
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Statements (2a) and (2b) obviously implies (2c). (3) follows from (1) and
(2¢). O

We distinguish following three cases:

Case (a): N NKer (L) ={0}. Then, Lemma 4.8 implies dim N = 1, H has no
zero eigenvalue and has only threshold resonances {u = Dg(ap): ¢ € N'}.

Case (b): N = Ker (L). Then, {u = Dy(ap): ¢ € N'} consists only of eigen-
functions of H with eigenvalue 0.

Case (c): {0} S N NKer (L) S N. In this case H has both zero eigenvalue and
threshold resonances.

In case (c), we take an orthonormal basis {¢1,¢2,...,pn} of N such that
©2,...,n € Ker (L) and ¢, € Ker (L)* such that L(¢1) > 0 which uniquely
determines (.

We study (1 + M.(ck))™!, M.(ck) = Xo(g)bGo(ek)a as £ — 0 by applying
the following Lemma 4.9 due to Jensen and Nenciu ([8]). We consider the case
(c) only. The modification for the cases (a) and (b) should be obvious.

Lemma 4.9. Let A be a closed operator in a Hilbert space H and S a projec-
tion. Suppose A+ S has a bounded inverse. Then, A has a bounded inverse if
and only if

B=S—S(A+S8)"s

has a bounded inverse in SH and, in this case,

(55) A=A+ S +(A+9)ISBIS(A+9)
We recall (40) and (42). We apply Lemma 4.9 to
(56) A =1+ M.(ck) =1+ Xe)bGo(ek)a.

We take as S the Riesz projection onto the kernel M of Qg = 1+ bDga. Since
bDya is compact, Qg + S is invertible. Hence, by virtue of (40), A+ S is also
invertible for small ¢ > 0 and the Neumann expansion formula yields,

(A+89) 1 =(Qo+eQ1+0(H+ 85!
= (1420 + )@ +0() (@0 +9)
(57) =(Qo+5) " —e(Qo+95)'Q1(Qo + 5) '+ O(e%).

Since S(Qo + 5)~! = (Qo + S)~1S = S, the operator B of Lemma 4.9 corre-
sponding to A of (56) becomes

(58) B=¢eSQ1S + O(g?), Zug 10E*) B < Ce,
€

where Q € C' \ {0}. Take the dual basis ({¢;},{¢;}) of (M, N) defined in
Lemma 4.6. Then, bDoap = —¢ for ¢ € M, (a,¢;) = 0 for 2 < j < n and
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(15,0) = (aDoap;, b) = —(p;,a) imply
ik
SQ1S = S(N(0)bDoa + ikbD1a)S = — N (0)S — i—ﬂ|(a, 01) 2 (01 ® 7).

It follows from (58) that uniformly with respect to k € €2 we have

k|(a, 1)

_1 n
(59) ||eB~1+ <>\’(0) +1 yp ) ©1 @Y1+N(0)71 Z‘Pj ®yY;|| < Ce.

=2
Then, since ||(A+ S)~!{|g) is bounded as e — 0 and k € Q and
lim sup([|S(A+8) ™" = S|lgy + [(A+8)71S = S| =0,
€0 ke

(55), (57) and (59) imply the first statement of the following proposition.

Proposition 4.10. Let N = 1 and the assumption (7) be satisfied. Suppose
that H is of exceptional type at O of the case (c). Then, with the notation of
Lemma 4.6, uniformly with respect to k € § in the operator norm of H we have
that

(60)  lime(1+ Da(ek)) ™

a 1 2 -1 , B n
— —(A’(O)—}-iW) @1®¢1_)\(0) lzspj@wjzﬁ
j=2
and that
ik\ " N
(61) <a|(60)yb><a47r> ’ al(cuivol))IQ'

The same result holds for other cases with the following changes: For the case
(a) replace v1 and 1 by ¢ and ¥ respectively which are normalized as ¢1 and
Y1 and, for the case (b) set 1 =101 = 0.

4.2. Proof of Theorem 1.1

Let £;, 7 = 1,...,N be the £ of (60) corresponding to H;(e) = —A +
Aj(€)V;. Then, applying Proposition 4.10 to H,(e), we have

(62) lim e(1+ D.(ck)) ' =@ L; = L.
e—0
It follows by combining Lemma 4.2 and (62) that
(63) lim (14 e(1+ D.(ck))) ' E.(ck) = 1+ LIB)G(k)(A|.
We apply the following lemma due to Deift ([4]) to the right of (63).

Lemma 4.11. Suppose that 1+ (A|L£|B)G(k) is invertible in B(CN). Then,
1+ L|B)G(k)(A] is also invertible in B(HN)) and

(64) (Al(L+ LIB)G(R)(A) ™! = (1+ (AILIB)G (k) (Al
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Proof. Since ay,...,ax € L*(R3), |A): CN — HW) and (A]: HN) — CV are
both bounded operators. Then, the lemma is an immediate consequence of
Theorem 2 of [4]. O

For the next lemma we use the following simple lemma for matrices. Let
wWw X 0 0
A= 2) 5= v)
be matrices decomposed into blocks.

Lemma 4.12. Suppose V and 1 +V Z are invertible. Then,

I Rl
O (O A T ) I (A R (s }

Proof. 1t is elementary to see

(o
w (1N 3)) Evly a)

0
1+ VZ vy (1+ VZ)_l)
and the left side of (65) is equal to

(8 <1+VOZ)_1V> - (8 (V‘liz)—l)

which proves the lemma. (|

Lemma 4.13. Let k € Q. Then, 1+ (A|L|B)G(k) is invertibe in CN. If
H,,...,Hy are arranged in such a way that Hy,...,H,, have no resonances
and Hy,+1,...,Hn do and, N = n1 + na, then

©n1 ni @n1n2 )
)

(67) (1+ (AIL|B)G(K))(A|L|B) = (@n e —T(k)!

where Oy, pn, is the zero matriz of size n1 X n1 and etc. and
. ik R
(68) (k) = ((aj - E)%‘,z - Gr(y; — yz)5jz)

Proof. We let ;1 be the resonance of H;, j =n; +1,..., N, corresponding to
1 of the previous section and define

jb=ni+1,.,N

A'(0)

(69) %= P
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Then, Proposition 4.10 implies that,
0

<A|£~\B> = . (an o %)—1

- (0‘"14-”2 - %)71

and we obtain (67) by applying Lemma 4.12 to the left of (67) with
iy —1
- (an2+1 - ﬁ)
V =

- (an1+”2 - %)_1

w X 5
(Y Z) = 9(k). 0
Lemma 4.11 and Lemma 4.13 imply that the following limit exists in B(H)
and

and with

lim (14¢(1+ D.(ek)) E-(ek)) T = (1+ £IB)G(k)(A]) "

and hence so does

(70) Ehgés(HMs(sk))*l — (14 £IB)G(k)(A]) L.

Completion of the proof of Theorem 1.1. By the assumption of the the-

orem, we may assume n; = 0 in Lemma 4.13. Abusing notation, we write
Gy = Gr)™,  Gru = i ) ellexT(x)

We first prove (9) for the + case. We let u,v € D, and R > 0. Then, (23) and
(70) imply that

(71) (1 4+ M.(—¢ek))"*A(e) B(Go(ke) — Go(—ke)) N U.u, AGo(ke) ™M U.v)
converges as € — 0 to
(72) (A + LBYGR)ANTEB)(G — 5w 6 v)
uniformly with respect to k € [R™!, R]. Here we have
(73) (AL + LIB)G(—k)(A) " L|B) = (1 + (A|L|B)G(—k)) ' (A|L|B)
— (k)
by virtue of (64) and (67). Thus, (71) converges as € — 0 to
~(Cay (k)7 (G~ Gp) M GV )
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uniformly on [R~!, R]. Thus, replacing u and v respectively by 7u and v, we
obtain W;{E — W;Y strongly as € — 0 in view of (15) and (21).

By virtue of (1) and (22), for proving the convergence (6) of the resolvent,
it suffices to show that as ¢ — 0 in the strong topology of B(H)

(74) e2U.Go(ke) ™M A(1 + M. (ek)) " A(e)eBGo(ke) N U,
= =[G Tay ()71 G]

for every k € CT \ €. However, (23), (25) and (70) imply that for k € C* \ &€
the first line of (74) converges strongly in B(#) as € — 0 to

(75) G (AL + £IBYG (k) (AN ZBY (G

This is equal to the second line by virtue of (73) with & in place of —k. This
completes the proof of the theorem.
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