J. Korean Math. Soc. 57 (2020), No. 2, pp. 383-399
https://doi.org/10.4134/JKMS.j190090
pISSN: 0304-9914 / eISSN: 2234-3008

ORBIT EQUIVALENCE ON SELF-SIMILAR GROUPS AND
THEIR C*-ALGEBRAS

INHYEOP Y1

ABSTRACT. Following Matsumoto’s definition of continuous orbit equiv-
alence for one-sided subshifts of finite type, we introduce the notion of
orbit equivalence to canonically associated dynamical systems, called the
limit dynamical systems, of self-similar groups. We show that the limit
dynamical systems of two self-similar groups are orbit equivalent if and
only if their associated Deaconu groupoids are isomorphic as topological
groupoids. We also show that the equivalence class of Cuntz-Pimsner
groupoids and the stably isomorphism class of Cuntz-Pimsner algebras of
self-similar groups are invariants for orbit equivalence of limit dynamical
systems.

1. Introduction

Interdisciplinary study between orbit equivalence of topological dynamics
and C*-algebras has a long and fruitful history. One of the most important
and initiating results of this area is the classification of Cantor minimal sys-
tems by Giordano, Putnam and Skau [6]. After that, Matsumoto [9] defined
continuous orbit equivalence on one-sided subshifts of finite type (SFTs) and
studied relations between the orbit structures of one-sided SFTs and their cor-
responding Cuntz-Krieger algebras.

Recently, Matsumoto’s continuous orbit equivalence has been generalized in
many directions. In [2,4], the notion of orbit equivalence of directed graphs
was introduced and showed that, under a mild restriction on the graphs, orbit
equivalence of directed graphs, their graph groupoids being isomorphic, and
the existence of a diagonal preserving *-isomorphism between groupoid C*-
algebras are equivalent. Moreover, relations between continuous orbit equiva-
lence on one-sided SFTs and flow equivalence on two-sided SFTs are studied in
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[3,11]. Li [8] generalized the notion of continuous orbit equivalence to topologi-
cally free group actions on totally disconnected spaces and their transformation
groupoids. Furthermore, Matsumoto [10] developed the notion of asymptotic
continuous orbit equivalence on Smale spaces and classified them in terms of
their asymptotic equivalence groupoids and associated Ruelle algebras.

In this paper, we present a generalization of continuous orbit equivalence
to induced dynamical systems on self-similar groups. For a self-similar group
(G, X), the limit dynamical system (T, o) is defined as the quotient of the one-
sided full shift (X, o) by G-action. Then the induced system (T, o) has many
similarities and differences when compared to one-sided SF'Ts. One difference
we need to mention is that T is a connected space. Boyle and Tomiyama [1]
showed that if X and Y are connected spacesand f: X — X and g: Y — Y are
homeomorphisms, then (X, f) and (Y, g) are orbit equivalent if and only if they
are flip conjugate. In the case of limit dynamical systems of self-similar groups,
the space T is connected, but the shift map o on T¢ is not a homeomorphism
but only a continuous surjective map. Still the connected space property implies
that when two limit dynamical systems are orbit equivalent, then they behave
like flip conjugacy (Corollary 3.7).

We will show that orbit equivalence on limit dynamical systems is equivalent
to the existence of a diagonal preserving isomorphism on the Deaconu groupoids
of the limit dynamical systems (Theorem 3.6). This result corresponds to the
classification theorems of Matsumoto [9] and Matsumoto-Matui [11] where one-
sided subshifts of finite type are continuous orbit equivalent if and only if their
associated étale groupoids are isomorphic.

There is a difference between SFTs and self-similar groups. For SFTs or
graphs, the groupoid algebras of the aforementioned étale groupoids are isomor-
phic to Cuntz-Krieger algebras or graph algebras, respectively. However, the
corresponding C*-algebra of a self-similar group (G, X) is the Cuntz-Pimsner
algebra Og, which is isomorphic to the convolution algebra of the Cuntz-
Pimsner groupoid C¢g [16]. In the case of SFTs or graphs, the Cuntz-Pimsner
groupoid, called the extended Weyl groupoid in [2], is isomorphic to the Dea-
conu groupoid. On self-similar groups, while the Cuntz-Pimsner groupoid Cg
is defined on the one-sided full shift X“, the Deaconu groupoid D¢ is defined
on the limit space Tg = ¢(X%), where ¢: X“ — T is the quotient map by the
G-action. Because of the quotient structure from X to T¢, the Cuntz-Pimsner
groupoid Cg and the Deaconu groupoid D¢ are not isomorphic to each other
but equivalent in the sense of Muhly, Renault and Williams [13].

This paper is organized as follows. In Section 2, we provide background
on self-similar groups and their limit dynamical systems. In Section 3, we
define orbit equivalence of limit dynamical systems and show that the Deaconu
groupoids and their groupoid algebras with diagonal algebras are complete
invariants of orbit equivalence on limit dynamical systems of self-similar groups.
In Section 4, we study interrelation between the Deaconu groupoids and the
Cuntz-Pimsner groupoids of self-similar groups.
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2. Self-similar groups

We review the properties of self-similar groups. Every material in this section
is taken from [15,16].

Suppose that X is a finite set. We denote by X" the set of words of length
nin X with X° = {#}, and define X* = U, X™. The set X* has a natural
structure of a rooted tree: the root is (), the vertices are words in X*, the edges
are of the form u to uzr where v € X* and x € X. Then the boundary of
the tree X* is identified with the space X“ of right-infinite paths of the form
2129 -+ where xz; € X. The product topology of a discrete set X is given on
X¥. A cylinder set Z(u) for each u € X* is

Z(u) = {§ € X¥: { = xoxy--- such that zo- -z, —1 = u}.

Then the collection of all such cylinder sets forms a basis for the product
topology on X“.
A self-similar group (G, X) consists of a finite set X and a faithful action of
a group G on X* such that, for all g € G and z € X, there exist unique y € X
and h € G such that
g(zu) = yh(u) for every u € X*.

The unique element h is called the restriction of g at « and denoted by g|.
The restriction extends to X™* via the inductive formula
g|:1:y = (g|:1:) ‘y

so that for every u,v € X* we have

g(uv) = g(u)glu(v).
The G-action extends to an action of G on X% given by
g(wowy ) = g(wo - Tn-1)glugz,_o (Tn ).
Conditions on self-similar groups

A self-similar group (G, X) is called contracting if there is a finite subset N
of G satisfying the following: For every g € G, there is n > 0 such that g|, € N
for every v € X* of length |v| > n. If the group is contracting, the smallest
set IV satisfying this condition is called the nucleus of the group. We say that
(G, X) is regular if, for every g € G and every w € X%, either g(w) # w or
there is a neighborhood of w such that every point in the neighborhood is fixed
by g.

For a self-similar group (G, X),let X -G ={x-g: x € X, g € G} be the set
of transformations on X* U X“ given by

x-g:ur— zg(u).
The group G acts on X - G from left by composition:
h-(z-g) = h(z) (hlsg).
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We say that (G, X) is recurrent if the left G-action on X - G is transitive, i.e.,
forall z- g and y- h in X - G, there is a v € G such that v- (z-g) =y - h.

The following property was mentioned at [14, p. 235] without proof. So we
provide a complete proof.

Lemma 2.1. A self-similar group (G, X) satisfies the recurrent condition if
and only if, for any two words a,b of equal length and every h € G, there is a
g € G such that g(a) = b and g|, = h.

Proof. For all z,y € X and h € G, x -1 and y - h are elements of X - G. Then
recurrent condition implies that there is a ¢ € G such that

9 (z-1)=g() (9lz-1) =g(z) glo =y h.
So we have for every u € X* U X%

(9(x) - gla)(u) = g(2)gla(u) = (y - h)(u) = yh(u).
Hence g(z) = y and g|, = h hold. It is straight to check general case by
induction on the length of words.
For the converse, let = - g and y - h be arbitrary elements of X - G. Then, for
x,y € X and hg™! € G, there is a v € G such that y(z) = y and 7|, = hg™*.
So we have v|,g = h and

v (@ g) =7(@) - (Vag) =y - D
Thus (G, X) satisfies the recurrent condition. O

Standing assumption. In this paper, we assume that our self-similar group
(G, X) is a contracting, recurrent, and regular group and that the group G is
finitely generated.

Remark 2.2. We only need recurrent and regular conditions for equivalences
of dynamical systems and their corresponding groupoids of self-similar groups.
The contracting condition is required for the amenability of groupoids and
groupoid C*-algebras. See [15,16] for dynamical systems and C*-algerbas of
self-similar groups.

Limit dynamical systems of self-similar groups

Suppose that (G, X) is a self-similar group. We consider the space X% of
bi-infinite paths - --z_1.xzox122 - over X and the shift map o: X% — X%
given by

S X _1.TQT1XL > - X_1X0.T1T2 ¢ .
The direct product topology of the discrete set X is given on X?%. We say that
two paths ---z_j.xpx122--- and ---y_1.Yoy1y2 - - in X% are asymptotically
equivalent if there is a finite set I C G and a sequence g,, € I such that

gn(xnirnJrl T ) = YnYn+1 """

for every n € Z. The quotient of XZ by the asymptotic equivalence relation is
called the limit solenoid of (G, X) and is denoted Sg. The shift map on XZ is
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transferred to an induced homeomorphism on S¢g, which we will denote by o
when there is no confusion.

Let ¢: X% — Sg be the quotient map by the asymptotic equivalence relation
and m: X? — X“ the canonical projection map. We restrict the asymptotic
equivalence relation on X% to X¥ so that zoz122--- and yoy1ys - -- in X are
asymptotically equivalent if there is a g € G such that

g(Tox1-+) = Yoy .
The quotient of X“ by the asymptotic equivalence is called the limit space of
(G, X) and denoted as Tg. Then the canonical projection 7: X% — X* and
the shift map o: X? — X% induce a natural projection map Sg — T¢ and a
shift map Tg — Tg

s €9.6081 > €&y - and &y - > 1€ - -+, Tespectively.

We denote these induced projection, quotient and shift maps as 7, ¢ and o,
respectively, when there is no confusion. The restricted dynamical system
(T, 0) is called the limit dynamical system of (G, X). Then it is easy to check
that the projection maps on X% and Sg, quotient maps on X% and X, and
shift maps on X%, X%, S¢ and T are commuting with each other.

Remark 2.3. (1) In [15,16], Nekrashevych used the shift map as
X _9T_1.Xg > T _9.X_1Xg

so that the limit space is given as the quotient of left-hand-sided full
shift.

(2) The limit solenoids and limit dynamical system are the quotients of
two-sided and one-sided full shifts on X, respectively, by the asymptotic
equivalence relation.

(3) The existence of g € G satisfying g(zox1---) = yoy1 -+ is equivalent
to the existence of a gn, = glzy.-z,,_, € G such that

9(@oT1 ) = Yo Yn—19n(Tn )
for every n € N.
(4) The limit solenoid S and limit space T are compact, connected and
Hausdorff spaces [16, Propoistion 2.4].
(5) The limit solenoid (S¢, o) is a mixing Smale space [16, Propoistion
6.10].

3. Orbit equivalence of limit dynamical systems

We generalize Matsumoto’s definition of continuous orbit equivalence for
one-sided SFTs to limit dynamical systems of self-similar groups. See [9, 11]
for more details.

Definition 3.1. Suppose that (G, X) and (H,Y") are self-similar groups and
that (Tg,0) and (T, o) are their corresponding limit dynamical systems, re-
spectively. The limit dynamical systems (Tg,0) and (T, o) are said to be
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orbit equivalent if there are a homeomorphism h: T — Ty and nonnegative
integers k1,1, ko, I such that

oM ohoo(é) =c" oh(€) and o™ o h7l o o(n) = o2 o K71 (n)
for every £ € Tg and n € Ty.

Remark 3.2. In Matsumoto’s definition for one-sided SFTs, k1,l1: T¢ — NU
{0} and ko,l3: Ty — NU{0} are continuous maps. In the case of limit dynam-
ical systems, T and Ty are connected spaces by Remark 2.3 so that k; and [;
become constant maps.

Lemma 3.3. For every natural number n, we have
a1 o hoo™(€) =" o h(€) and ™" o T o 0™(n) = 62" o K1 (n).
Proof. If c¥1" o h o 6™ (&) = o1™ o h(€) holds for some n € N, then we have
o"mohoo" () =0 " ohoo™ 0o (€)

— 0" h o ofg)

so that

oF (D) 6 po o"t(€) = oM oM™ o ho o™ TL(€)

=" ogl'mohoo(§)
=o'"mogM ohoo(§)
=gl o gt o h(€)
= o™t o p(g).

The case of h~! is the same. Thus the above equations are true by induction.
O

Proposition 3.4. The limit dynamical systems (T, o) and (T, o) are orbit
equivalent if and only if the natural numbers given in the definition satisfy
k‘l—h:kg—lgzl or — 1.

Proof. Suppose that (T, o) and (Ty, o) are orbit equivalent. We remark that
(T, 0) has non-eventually periodic elements by [20, Lemma 4.7]. Let n be a
non-eventually periodic element in T. Then Lemma 3.3 implies

oMz ohog2 o7 (n) = ("2 0 hoo2)(h7 (7))
= o ohoh™!(n) =" (n)
— (" 0 ) (0" 0 h7 (1)
=oMlohook? o™ oo (n)
and
o*1k2 o ghilz () = kK2 6 oF112 6 1y o oF2 0 L o o (1)

— O—kll2 Oo,klkg OhOO’kz Oh_l 00_(77)
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= M1l 0 (152 0 ho gh)(h 0 0 ()
= oMl o (ch*2 o p) (W= o o (n))
= ghilathalitl ().
So we have k1kg + l1ls = k1ls + koly + 1 and

k1ko + lile — kil — koly = 1 = (k1 — 11) (k2 — 12).
Since k; and [; are natural numbers, we conclude that k1 —1; = ko—Ily = 1 or —1.

The converse is trivial. O

Suppose that (G,X) is a self-similar group and that (Tg,o) is its limit
dynamical system. The Deaconu groupoid of (T, o) is

De ={({,m—n,n): {,n € Tg,m,n e N,0c™(§) =" (n)}.
A pair {(&,m —n,n),(x,k —1,{)} € Dg) is composable if n = x, and
multiplication and inverse are given by

(57771—71,77)(77,]9—[’() = (§7m_n+k_l7<) a‘nd (é.vm_nwn)_l = (U,N—m»§)~

With these operations, D¢ is a groupoid. For (§,m — n,n) € Dg, the domain
and range are given by

d(f,m - nﬂ?) = (57035) and r(f,m - nﬂ?) = (77’0»77)'

The unit space of Dg denoted by D(C? ) is identified with T via the diagonal
map, and the isotropy group bundle is given by I = {({,m,&) € D¢g}. For
open sets U,V of T(g, k) and k,1 > 0, let

ZUkLV)={(&k—1n):£€UneV,oc*z =o'y}

Then the collection of these sets is a basis for a second countable locally compact
Hausdorff topology on D¢, and the counting measure is a Haar system of Dg
[5]. If (G, X) is a self-similar group satisfying the Standing Assumption, then
the Deaconu groupoid D¢ is an étale, amenable, topologically principal, locally
compact, Hausdorff groupoid.

Proposition 3.5. For every (£,m —n,n) € Dg, o%(&) = o'(n) holds for all
k,l € N such that k — 1 =m —n.

Proof. If k > m, then k — m = [ — n implies
ot (&) ="M oo™ (&) =" 00" (n) = o' ().

If K < m, choose any * = xory--- € ¢ (&) and y = yoy1--- € ¢ (n)
where ¢: X“ — T¢ is the quotient map. As the shift maps on X“ and Tg,
respectively, and the quotient map are commuting to each other, we have

0" (1) = TmTmir - € ¢ (0™ (E)) and 0" (Y) = Ynyna1 - €47 (0" ().
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Thus 6™ (&) = 0™(n) implies that 0™ (z) = TpmTmy1 -+ and 0™ (Y) = YnYnt1 -
are asymptotically equivalent so that there is an h € G such that

h(xmxmel o ) =YnYn+1--" -

Because m — k =n — 1, we have |z - Zm—1| = Y1 - - Yn—1|. Then Lemma 2.1
implies that there is a g € G such that

9Tk Tm—1) =Y+ Yn—1 and glzy.oz,,_, = h-
Hence
g(o*(x)) = g(xr -+ T 1T - -)

= 9@k Tm—1)Glag a1 (Tm )

=y Yn1h(Tm )

=Y Y 1Y -

=a'(y)
implies that o*(x) is asymptotically equivalent to ¢!(y). So we have

q(o"(2)) = 0" o q(a) = o*(€) = o' (n) = o' 0 4(y) = a(o' (y)).

Therefore o*(¢) = o!(n) holds for all k,I € N such that k — [ = m — n. O
Theorem 3.6 ([11, Theorem 2.3]). Let (Tg,0) and (T, o) be the limit dy-
namical systems of self-similar groups (G, X) and (H,Y), respectively. Then
the following assertions are equivalent:

(1) (Tg,0) and (T, o) are orbit equivalent.

(2) The Deaconu groupoids Dg and Dy are isomorphic.

(3) There is a C*-isomorphism V: C*(Dg) — C*(Dg) with ¥(C(Tg)) =
C(Tw).

Proof. (1) = (2). Suppose that (T, o) and (T, o) are orbit equivalent and
that h: T — Ty is the corresponding homeomorphism. For every (£, m —
n,n) € Dg, 0™ (&) = c™(n) and Lemma 3.3 imply that

o™ o () = o™ ohoa™(€) =™ ohoa"(n)
and
o™ o g™ o h(€) = 0™ 0 g™ o hoo™(n)
="k 0 6™ 0 hoo™(n)
= og™k1 0 g1 o h(n).

So (h(§), (m —n)(li — k1), h(n)) € Du. Here, we recall that I; — k1 =1 or —1
by Proposition 3.4. Define h: Dg — Dy by

(& m —mn,n) = (h(£), (m —n)(ly — k1), h(n)).

Then it is trivial that & is a continuous groupoid isomorphism.
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(2) = (1). Suppose that h: Dg — Dy is a continuous isomorphism. When
we define h = h| D(O) Te — Ty, h is obviously a homeomorphism. Since hisa
groupoid 1som0rphlsm

d(h(€,m.m)) = h(r(§,m,n)) = h(&,0,€) = h(¢) and
r(h(&,m,n)) = h(d(&m, ) = h(n,0,1) = h(n)
imply that h(€,m,n) = (h(€), hlz(m), h(n)). Then we observe
h((§,m.n)(n,1,C)) = h(&,m +n,¢) = (h(€), hlz(m +n), h(())
= h(&,m,n)h(n,n,¢)
= (h(§ )7hz(m)7h(77))(h(77)7Blz(n)vh(@)
= (h(€), hlz(m) + hlz(n), h(C))

and for every m,n € Z,
hlz(m + n) = hlz(m) + hlz(n).

Hence B|Z is a group homomorphism on Z. Because h is surjective, B|Z is
also a surjective homomorphism, i.e., /~1|Z is an automorphism on Z so that
h|z(m) =m or —m for every m € Z.

For every & € T, consider (¢,1,0(€)) € Dg and

h(€,1,0(€)) = (h(&), hlz(1), h(o(€))) € D
Then Proposition 3.5 implies that
coh(€)=hoo(€)  ifhlz(1) =1,
h(€) = o ohoa(f) if hlz(1) = —1.

By Proposition 3.4, we have the same relations for h~1. Therefore (Tg,0) and
(T, o) are orbit equivalent.

(2) <= (3) follows from [12, Theorem 5.1] as D¢ and Dy are topologically
principal. O

We obtain the following from the proof of the above theorem.

Corollary 3.7 ([9, Theorem 5.6]). Let (Tg,0) and (Ty,o) be the limit dy-
namical systems of self-similar groups (G, X) and (H,Y), respectively. Then
(Tg,06) and (Ty,om) are orbit equivalent if and only if there is a homeomor-
phism h: Tg — Ty such that either hoog =ogoh orogohoog = h.

Remark 3.8. Let X and Y be compact connected Hausdorff spaces and f: X —
X and g: Y — Y homeomorphisms. In [1], Boyle and Tomiyama showed
that orbit equivalence between (X, f) and (Y, g) implies flip conjugacy between
them, i.e., ho f = goh or ho f = g—' o h for some homeomorphism h: X — Y.
The above Corollary is a generalization of Boyle and Tomiyama’s result to
epimorphism case.
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4. Groupoids on self-similar groups
Cuntz-Pimsner algebras and groupoids

Suppose that (G, X) is a self-similar group. The Cuntz-Pimsner algebra O¢
of a self-similar group (G, X) is the universal C*-algebra generated by the sets
G and {s,: x € X} satisfying the following relations ([16, Definition 3.1]):

(1) All relations of G,
(2) spsy =1forevery x € X and ) .y ses; = 1, and
(3) forallge G and z € X, g-5; = 54(2) * 9l
We denote by (G, X) the inverse semigroup generated by the elements s,
sy and G in Og. For v = uy---u, € X", we let s, = Sy, - - Sy, and s, =
S, " Suy - Likewise, we also let sy be the identity. Then it is easy to observe
that every element of (G, X) is uniquely written in the form s,gs for some
u,v € X* and g € G [16, Proposition 3.2].
The inverse semigroup (G, X) acts faithfully on X* by the partial homeo-
morphism
sugs, (vw) = ug(w)
with domain vX* and range uX*. The groupoid of germs of (G, X) is denoted
by Cg and called the Cuntz-Pimsner groupoid of (G,X). It is a well-known
fact that the groupoid C¢ is an étale, amenable, topologically principal, lo-
cally compact and Hausdorff groupoid. The étale, topologically principal, lo-
cally compact and Hausdorff properties come from the definition of groupoids
of germs. Amenable is from [16, Theorem 5.6]. We refer to [17,19] for the
definition and properties of groupoids of germs and groupoid algebras.

Theorem 4.1 ([16, Theorem 5.1]). The Cuntz-Pimsner algebra Og is isomor-
phic to the convolution C*-algebra of Cg.

Proposition 4.2. In the Cuntz-Pimsner groupoid Cg, [sugs), vw] = [sqhs}, bc]
if and only if vw = be, ug(w) = ah(c) and |v| — |b| = |u| — |a| hold.

Proof. By definition of the groupoids of germs, [s,gs}, vw] = [s,hs}, be] if and
only if vw = bc and s,gs}, = s.hs; on a neighborhood of vw.
For v =wvg---v, and b= bg - - - b, with vw = be, we have

b=1vbyt1- by and w =byyq---bye  if n < m,
V="0Upm41 Uy and ¢ = vppq1 - vw  if n>m.

If vw = be, |v| < |b| and s,gs) = sqhs; on a neighborhood of vw, then
ug(w) = sugsy,(vw) = sugsy, (Vbpt1 - bync)
= 849 (bps1 -+ bne)
= $ug(bnt1 b )b, 11,0 (€)

= Ug(bn+1 to bm)g|bn+1-~bm (C)
= sqhsj(be)
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= ah(c)

implies ug(w) = ah(c) and |a| = |u| + |b] — |v].
Conversely, if vw = be, |v| < |b, ug(w) = ah(c) and |v| — |b| = |u| — |a| hold,
then ug(w) = ah(c) and |a| = [b] — |v[ + |u| mean u = ag - - - aj,|—1 and
g(w) = g(bn+1 to me) = g(bn+1 ce bm)g|bn+1*~~bm (C) = Q| Q|41 """ a\a\—lh(c)~
So we have
ug(bn-i-lb ):aand g|bn+1 ( ) ( )
On the second equality above, the regular condition on (G, X) implies that
there is a neighorhood U of ¢ such that g|y, . ,...b,. (8) = h(ﬂ) for every g € U.
It is trivial that bU = {b € X*: € U} is a nelghborhood of be = vw. Now
we show s,gs} = sohs; on bU. For every b = vby,41--- by, € bU, we have
Sugs:(bﬂ) = Sugsz(vbn—t-l t bmﬂ)
= sug(bn+1 T bmﬁ)
= Sug(bn+1 e bm)g bny1-bm (ﬁ)
= ug(bnt1 -~ bm)h(B)

= ah(p)

= sqhs; (bf),
and s,gs;, = sqhs; on bU. The case for |v| > |b| can be obtained by the same
argument. (]

Computation gives us the following lemma.
Corollary 4.3. If [s,gs},vw] and [s,hst,bc] are composable in Cg, then

[Sug(a)g| hsz» bc] if a = va,

SugSy,vw| - [sqhsy, be] = :
[ Il b b {[sug( Ya)~tsy, - pyobelifv=ap.

Relations between Cg and D¢

To study properties of Cg and D¢ more conveniently, we construct another
groupoid between them.

Lemma 4.4. The quotient map q: X¥ — Tg by the asymptotic equivalence
relation is an open map.

Proof. Let n': X% — X and 7: Sg — Tg be canonical projection maps and
q': X? — Sq the quotient map. Then it is trivial that the projection maps are
open maps and gon’ = wo¢q’. Since ¢ is also an open map by [20, Proposition
3.4], for every open set U in X*, q(U) = 7o q on 1 (U) shows that ¢ is an
open map. ]

Because the quotient map ¢ is an open map, the following holds.
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Proposition 4.5 ([7, Lemma 5.1]). The Deaconu groupoid D¢ is equivalent
to

D¢ ={(z, (a(x),m —n,q(y)),y): =,y € X¥, (¢(x),m —n,q(y)) € D}
in the sense of Muhly, Renault and Williams.

Proposition 4.6. The Cuntz-Pimsner groupoid Cg is isomorphic to D¢ as
topological groupoids.

Proof. For (z,(q(x),m—n,q(y)),y) € D¢, (q(z
omoq(w)zanoq(y)*qoom )=q00"(y)
so that there is a g € G such that g(c™(z)) = o™ (y ) Thus we have
9(0™(x)) = 9539z, (€) = 0" ()

),m—n,q(y)) € Dg means that
(

X

and
Yy="%Yo--- yn—lan(y) = Syo...yn,lgS;O...mmfl (l‘)
Define f: DE, — C¢ by

(xv (Q(m)ﬂn - n, Q(y))7y) = [Sy()"‘ynf1gszomzm,17$]-

Then it is routine to check that f is a continuous groupoid isomorphism. [

Remark 4.7. A group element g satisfying g(c™(z)) = ¢"(y) is not unique.
But, if g, h € G are such that g(¢™(z)) = h(c™(z)), then the regular condition
implies g = h on a neighborhood of ¢™(z) so that

[syomyn71gs;0-~xm,1 ) IL‘] = [syomynf1h3;kcg~--mm,1 ) x]

Now the following four corollaries are trivial from Propositions 4.5, 4.6 and
[13].

Corollary 4.8. (1) The Cuntz-Pimsner groupoid C and the Deaconu group-
oids D¢g are equivalent in the sense of Muhly, Renault and Williams.

(2) The Cuntz-Pimsner algebras O¢ and the groupoid algebras C*(Dg) are
stably isomorphic.

Remark 4.9. The Cuntz-Pimsner algebra Og is stably isomorphic to the un-
stable Ruelle algebra of the limit solenoid (Sg,o) [16, Theorem 6.11]. Since
the unstable equivalence on Sg is determined by asymptotic equivalence on
right-tail of bi-infinite sequences [16, Proposition 6.8] and T¢ is the restriction
of S¢ on the right-hand-side, the Deaconu groupoid D¢ is equivalent to the
unstable Ruelle groupoid of (Sg, o) [18].

Corollary 4.10. Suppose that (G, X) and (H,Y) are self-similar groups.

(1) The Cuntz-Pimsner groupoids Cq and Cg are equivalent if and only
if the Deaconu groupoids Dg and Dy are equivalent in the sense of
Muhly, Renault and Williams.
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(2) The Cuntz-Pimsner algebras Og and O are stably isomorphic if and
only if the groupoid algebras C*(Dg) and C*(Dy) are stably isomor-
phic.

Corollary 4.11. The induced quotient map G: Cg — D¢ defined by
[sugsy, vw] ~(vw, (g(vw), [v| — |ul, ¢(ug(w))), ug(w))
= (q(vw), |v] = [ul, g(ug(w)))
is a continuous groupoid epimorphism.
Corollary 4.12. For every (q(ab),|a| — |c|,q(ced)) € Dg,
G~ (a(ab), la| = |cl, q(cd))

{(aﬁ, (q(aB), lal =l a(76)),7d):

apB € ¢ ' (q(ab)),~d € ql(q(cd)),}
la| — |e| = |a] = |7

g€ G apfeq(qlab)),v9(B) € ql(q(cd)),}

la| = |c| = |a] = || .

- {[sygs;am:

Theorem 4.13. If the Cuntz-Pimsner groupoids Cg and Cy are isomorphic as
topological groupoids, then the Deaconu groupoids Dg and Dy are isomorphic
as topological groupoids.

Proof. We consider D¢, and DY, instead of C¢ and Cy, respectively. Sup-
pose that ¢: D — DY, is a groupoid isomorphism such that ¢ and ¢~ 1 are
continuous. Then
o(DL”) = Dy
implies that there is a homeomorphism f: X“ — Y“ such that f = qﬁ\Dqu).
Since the groupoid isomorphism ¢ satisfies
dop=¢odandrop=q¢or,

where d and r are domain and source maps, respectively, of groupoids, we have

do¢(z, (q¢(x),m —mn,q(y)),y) = ¢od(z,(¢(z),m —n,q(y)).y)
= ¢(z, (¢(2),0,q(x)), z)
= (f(x),(go f(2),0,q0 f(x)), f(x)) and
ro¢(z, (¢(z),m —n,q(y)),y) = (f(), (g0 f(y),0,q0 f(y)), f(y))
so that ¢ is given as one of the followings:
o(z, (q(z),m —n,q(y)),y) = (f(2), (go f(x),m —n,qo f(y)), f(y)) or
o(z, (q(x),m —n,q(y)),y) = (f(2), (g0 f(z),n —m,qo f(y)), f(y)).

We only prove the first case, and leave the second one to the readers.

When d)(xv (Q(x)vm - nv‘](y))’y) = (f(m)a (q © f(x)7m —n,q0° f(y)),f(y))a
we define ¢: Dg — Dy by

(q(z),m —mn,q(y)) = (qo f(x),m —n,qo f(y)).
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First check that ¢ is well-defined: Let (¢(z), m—n,q(y)) = (¢(a), m—n, q(b))
in D¢, and show

(go f(z);m—mn,qo f(y)) = (qgo fa),m

Since (z, (¢(x),0,q(a)),a) and (y, (¢(y),0,q(b)),b) are elements of Df,

o(z, (q(2),0,q(a)), a) = (f( )7(q0f($),0,q0f( ), f(a)) and

o(y; (a(y), 0,q(b)),b) = (f(y), (a° f(y),0,q 0 f(b)), f(b))
are elements of DY, so that

(go f(2),0,q0 f(a)) and (qo f(y),0,q 0 f(b))
are included in Dg. Then Proposition 3.5 induces
qo f(z) =qo f(a) and go f(y) = qo f(b).

Thus ¢ is a well-defined map.
For (q(z),m —n,q(y)) and (q(y),k —1,9(z)) in Dg,

(q(x),m —n,q(y)) - (q(y), k —1,q(2)) = (q(z),m +k —n—1,q(2))

a

m—mn,qo f(b)).

T

and

Y(g(z),m —n,q(y)) - (a(y), k —1,q(2))
= (qo f(z),m —mn,qo f(y)) (g0 f(y),k—1,q0 f(2))
=(go f(z),m—n+k—1gqo f(2))
=(q(z),m+k—n—14q(z))
show that ¢ is a groupoid homomorphism.
If 1(q(x), m — n,q(y)) = 1(q(u), m — n, q(v)), then
go f(x) =qo f(u) and go f(y) = qo f(v).

So we have

(g0 f(2),0,g 0 f(u)) and (g o f(y),0,q0 f(v)) € Dm,

which imply (¢(z), 0, ¢(u)) and (¢(y), 0, ¢(v)) are elements of D¢. Hence Propo-
sition 3.5 implies ¢(z) = ¢q(u) and ¢(y) = ¢(v). Thus ¢ is a monomorphism.

Because f and ¢ are onto maps, it is not difficult to see that v is also a
continuous onto map. The inverse of v is defined by

(q(u),m —n,q(v)) = (go [~ (u),m —n,qo [~} (v)).
It is trivial that ¢»~! is a continuous groupoid isomorphism. Therefore 1) is a
groupoid isomorphism such that ¢ and 1~! are continuous. O

Remark that the inverse semigroups (G, X) and (H,Y) of the self-similar
groups (G, X) and (H,Y), respectively, are isomorphic if there is a homeomor-
phism f: X% — Y¥ such that fo (G,X)o f7! ={foaocfl:ae(G,X)} =
(H,Y).
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Theorem 4.14. Suppose that (G, X) and (H,Y) are self-similar groups. Then
the following are equivalent:

(1) (G, X) is isomorphic to (H,Y).

(2) Cg is isomorphic to Cy as topological groupoids.

(3) There is a x-isomorphism ®: Og — Og with ®(C(X¥)) =C(Y?).
Proof. (1) = (2). If (G, X) is isomorphic to (H,Y) with a homeomorphism
f: XY =YY% we define

¢: Cg — Cn by [a,2] = [foao f71, f(z)].
If [o,z] = [B, ], then there is a neighborhood U of x such that o|y = Slu.
Since f is a homeomorphism, f(U) is also a neighborhood of f(x) so that
foaf Hywy=foaly=foBlu=foBof -

Hence ¢ is well-defined. It is routine to check that ¢ is a groupoid isomorphism.
To show that ¢ is a continuous map, choose a base element (vy,V) of germ
topology on Cp. Then V is an open set in Y, and ¢~ 1(v,V) = (ftoyo
f, f71(V)) is a base element of Cg. So ¢ is continuous. By the same argument,
¢! is also continuous. Thus Cg is isomorphic to Cy as topological groupoids.

(2) = (1). If ¢: C¢ — Cg is a continuous isomorphism, we identify X%
with the unit space Cg]) and define

[ =0lxe.

Then it is trivial that f is a homeomorphism. We show f~'o (H,Y)o f =
(G, X).

For every sq,gs; € (G, X) and bx € X* with s,9s; (bx) = ay, we have

(q(bx), [b] — lal, q(ay)) € De
so that, by Proposition 3.5,
o'l o q(ba) = q(z) = aly) = 0! 0 q(ay).

Because of ¢(z) = q(y), « is asymptotically equivalent to y, and thereisa g € G
such that g(x) = y. Moreover

¢(q(bx), [b] — lal, q(ay)) = (g o f(bx),[b] —|al,q o f(ay)) € Du
implies
d"ogo f(br) =qodl’ o f(br) = goo!* o flay) = 0" o g0 f(ay),
and there is an h € H such that
h(o®l o f(bx)) = o9 o f(ay).

Let u € X!l and v € X!®! be the prefixes of f(ay) and f(bx), respectively, so
that

u-ol"o f(ay) = f(ay) and v- o™ o f(bx) = f(bx).
Then

flay)=u- (0" o f(ay))
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u-h(o" o f(bz))
= suhst(v- ol o f(ba))

suhsy (f(bx))
syhs; o f(bx)

implies

ay=f"to suhsy o f(bx) = sqags; (bx).

Therefore f~'o (H,Y)o f = (G, X) holds, and (G, X) is isomorphic to (H,Y’).

Corollary 4.15. If there is a x-isomorphism ®: Og — Op with ®(C(X¥)
=C((Y¥), then (Tg,0) and (Ty, o) are orbit equivalent. Conversely, if (Tg,o

(2) < (3) follows from [12, Theorem 5.1]. O

~— —

and (Ty, o) are orbit equivalent, then the Cuntz-Pimsner algebras Og and Oy
are stably isomorphic.

[1]
2]

3]

[4]

[5]
[6]

7]

(8]

[9]

(10]

(11]

(12]

(13]

References

M. Boyle and J. Tomiyama, Bounded topological orbit equivalence and C*-algebras, J.
Math. Soc. Japan 50 (1998), no. 2, 317-329. https://doi.org/10.2969/jmsj/05020317
N. Brownlowe, T. M. Carlsen, and M. F. Whittaker, Graph algebras and orbit equiva-
lence, Ergodic Theory Dynam. Systems 37 (2017), no. 2, 389-417. https://doi.org/
10.1017/etds.2015.52

T. Carlsen, S. Eilers, E. Ortega, and G. Restorff, Flow equivalence and orbit equivalence
for shifts of finite type and isomorphism of their groupoids, J. Math. Anal. Appl. 469
(2019), no. 2, 1088-1110. https://doi.org/10.1016/j.jmaa.2018.09.056

T. M. Carlsen and M. L. Winger, Orbit equivalence of graphs and isomorphism of graph
groupoids, Math. Scand. 123 (2018), no. 2, 239-248. https://doi.org/10.7146/math.
scand.a-105087

V. Deaconu, Groupoids associated with endomorphisms, Trans. Amer. Math. Soc. 347
(1995), no. 5, 1779-1786. https://doi.org/10.2307/2154972

T. Giordano, I. F. Putnam, and C. F. Skau, Topological orbit equivalence and C*-crossed
products, J. Reine Angew. Math. 469 (1995), 51-111.

A. Kumjian and D. Pask, Actions of ZF associated to higher rank graphs, Ergodic
Theory Dynam. Systems 23 (2003), no. 4, 1153-1172. https://doi.org/10.1017/
S0143385702001670

X. Li, Continuous orbit equivalence rigidity, Ergodic Theory Dynam. Systems 38 (2018),
no. 4, 1543-1563. https://doi.org/10.1017/etds.2016.98

K. Matsumoto, Orbit equivalence of topological Markov shifts and Cuntz-Krieger alge-
bras, Pacific J. Math. 246 (2010), no. 1, 199-225. https://doi.org/10.2140/pjm.2010.
246.199

, Asymptotic continuous orbit equivalence of Smale spaces and Ruelle algebras,
to appear in Canad. J. Math.

K. Matsumoto and H. Matui, Continuous orbit equivalence of topological Markov shifts
and Cuntz-Krieger algebras, Kyoto J. Math. 54 (2014), no. 4, 863-877. https://doi.
org/10.1215/21562261-2801849

H. Matui, Homology and topological full groups of étale groupoids on totally disconnected
spaces, Proc. Lond. Math. Soc. (3) 104 (2012), no. 1, 27-56. https://doi.org/10.1112/
plms/pdr029

P. S. Muhly, J. N. Renault, and D. P. Williams, FEquivalence and isomorphism for
groupoid C*-algebras, J. Operator Theory 17 (1987), no. 1, 3-22.



https://doi.org/10.2969/jmsj/05020317
https://doi.org/10.1017/etds.2015.52
https://doi.org/10.1017/etds.2015.52
https://doi.org/10.1016/j.jmaa.2018.09.056
https://doi.org/10.7146/math.scand.a-105087
https://doi.org/10.7146/math.scand.a-105087
https://doi.org/10.2307/2154972
https://doi.org/10.1017/S0143385702001670
https://doi.org/10.1017/S0143385702001670
https://doi.org/10.1017/etds.2016.98
https://doi.org/10.2140/pjm.2010.246.199
https://doi.org/10.2140/pjm.2010.246.199
https://doi.org/10.1215/21562261-2801849
https://doi.org/10.1215/21562261-2801849
https://doi.org/10.1112/plms/pdr029
https://doi.org/10.1112/plms/pdr029

ORBIT EQUIVALENCE ON SELF-SIMILAR GROUPS AND THEIR C*-ALGEBRAS 399

[14] V. Nekrashevych, Cuntz-Pimsner algebras of group actions, J. Operator Theory 52

(15]

(16]

(2004), no. 2, 223-249.

, Self-similar groups, Mathematical Surveys and Monographs, 117, American
Mathematical Society, Providence, RI, 2005. https://doi.org/10.1090/surv/117

, C*-algebras and self-similar groups, J. Reine Angew. Math. 630 (2009), 59-123.
https://doi.org/10.1515/CRELLE.2009.035

[17] A. L. T. Paterson, Groupotds, inverse semigroups, and their operator algebras, Progress

in Mathematics 170, Birkh&user Boston, Inc., Boston, MA, 1999. https://doi.org/10.
1007/978-1-4612-1774-9

[18] I. F. Putnam and J. Spielberg, The structure of C*-algebras associated with hyperbolic

dynamical systems, J. Funct. Anal. 163 (1999), no. 2, 279-299. https://doi.org/10.
1006/jfan.1998.3379

[19] J. Renault, A groupoid approach to C*-algebras, Lecture Notes in Mathematics 793,

Springer, Berlin, 1980.

[20] I.Yi, Smale spaces from self-similar graph actions, Rocky Mountain J. Math. 48 (2018),

no. 4, 1359-1384. https://doi.org/10.1216/RMJ-2018-48-4-1359

INHYEOP Y1

DEPARTMENT OF MATHEMATICS EDUCATION
EwnA WoMANS UNIVERSITY

SEOUL 03760, KOREA

Email address: yih@ewha.ac.kr


https://doi.org/10.1090/surv/117
https://doi.org/10.1515/CRELLE.2009.035
https://doi.org/10.1007/978-1-4612-1774-9
https://doi.org/10.1007/978-1-4612-1774-9
https://doi.org/10.1006/jfan.1998.3379
https://doi.org/10.1006/jfan.1998.3379
https://doi.org/10.1216/RMJ-2018-48-4-1359

