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APPLICATIONS OF DIFFERENTIAL SUBORDINATIONS TO
CERTAIN CLASSES OF STARLIKE FUNCTIONS

SHAGUN BANGA AND S. SIVAPRASAD KUMAR

ABSTRACT. Let p be an analytic function defined on the open unit disk D.
We obtain certain differential subordination implications such as ¥(p) :=
P (2)(a+ Bp(2) +7/p() + 820/ (2)/p7 (2) < h(2) (j = 1,2) implies p < g,
where h is given by 1(q) and g belongs to P, by finding the conditions
on «, 3, v, 6 and X. Further as an application of our derived results, we
obtain sufficient conditions for normalized analytic function f to belong to
various subclasses of starlike functions, or to satisfy |log(zf'(z)/f(2))| <
1, |(2f'(2)/f(2))? — 1] < 1 and 2f'(2)/f(z) lying in the parabolic region
v? < 2u— 1.

1. Introduction

The set of analytic functions f defined on the unit disk D = {z : |2| < 1}
of the form f(2) = z + a22® + azz® + --- is denoted by A. Let S denote
the subclass of A consisting of univalent functions. Let Ay be the class of
all analytic functions p(z), which does not vanish anywhere in D, with the
normalization p(0) = 1. Let P denote the subclass of Ay consisting of the
functions p with the positive real part. This class is known as Carathéodory
class of functions. For two analytic functions f and g, we have f subordinate
to g, written as f < g, if there is a Schwarz function w such that w(0) = 0,
lw(z)] < 1 and f(z) = g(w(z)). If g is univalent, then f < g if and only if
f(0) =g(0) and f(D) C g(D). Ma and Minda [8] introduced the classes:

5(8) = {f es: ij(ij) < ¢(z>}

2f"(z)
f'(2)
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where ¢ is an analytic univalent function with positive real part in D such that
¢(D) is symmetric with respect to the real axis and starlike with respect to
¢(0) = 1 with ¢’(0) > 0. For different choices of ¢, S*(¢) reduces to well known
classes. For example, when ¢(2) := (1+Az)/(1+Bz), S*((1+Az)/(1+Bz)) =:
S*[A, B, is the class of Janowski starlike functions [5], where -1 < B < A < 1.

For A =1 and B = —1, this class reduces to the class of normalized starlike
functions, S*((L +2)/(1 — 2)) =: S*[-1,]]and for A=1-2v (0 <v < 1)
and B = —1, Robertson [17] introduced the class of starlike functions of order

v, S*(1+ (1 —-2v)2)/(1 —2)) =: S*(v). Note that S*(0) = S*, is the class of
starlike functions. Another interesting class is the class of starlike functions of
reciprocal order v, in D, which is given by

Re (;}E%) >v (ze€D).

For ¢(z) := /1 + z, Sokét and Stankiewicz [20] introduced the class of analytic
functions associated with lemniscate of Bernoulli, S} := §*(1/1 + z). Functions
satisfying |log(zf'(2)/f(2))| < 1, belongs to the class S} :=S5*(e?), introduced
by Mendiratta et al. [10]. The class of strongly starlike functions of order 7 is
introduced in [1] and [22]. We denote it by

88" (n) = {f € A:|arg(2f'(2)/f(2))| <nm/2}, (0<n<1).

It is obtained when ¢(z) := ((1+4 2)/(1 — 2))". The speciality of this class lies
in the fact that it helps to study the function in terms of argument estimation.
For n = 1, it reduces to the class of normalized starlike functions &*. For
B(2) = ((1 +¢2)/(1 — 2))Mm+m2)/2 Liu and Srivastava [7] introduced the class

S8 (m,me) = {f € A —mamr/2 < |arg(zf'(2)/f(2))| < mm/2}
(0 <m,me <1),

(1)

where
m—mn
(2) =,
m +mn2
As per the definition of the class SS§*(n1,72) in (1), we give the name oblique
sector function to the above defined function ((1+ cz)/(1 — z))™+72)/2 Note

that SS8*(n,n) reduces to the class SS§*(n). The class Sp :=8*(¢par(z)), in-
troduced by Renning [18], is the class of parabolic starlike functions, where

c=¢m",

2 1+v2\°
dpan(z) :1+7T2(log1_ ﬁ> Imy/z > 0,

consists of functions f € A, such that Re(zf'(2)/f(2)) > |zf'(2)/f(2) —1]|. Let
N (k) be the subclass of A consisting of the functions f(z) which satisfy the
following

2f"(2)
f'(2)

Re<1+ ></€ (k> 1;2€D).
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Uralegaddi et al. [24] investigated the class NV (k) for 1 < x < 4/3.
Let v be analytic in a domain D C C? and h be univalent in D. Then an
analytic function p is the solution of the first order differential subordination if

(3) P(p(2),2p'(2)) < h(2), (p(2),2p'(z)) € D for z € D.

Then the dominant of the differential subordination (3) is the univalent function
g, if p < ¢ for all the solutions p of (3). The best dominant of all the dominants
of differential subordination (3) is the function ¢ whenever § < ¢g. Miller and
Mocanu [11] discussed the general theory of the first-order differential subor-
dinations. Motivated by this result, many authors [19], [21] established several
generalizations of first order differential subordination. Recently, the authors
[16] obtained some sufficient conditions for analytic functions in D to satisfy
the subordination p(z) < ¢(z) and in specific to have positive real part. Many
authors [2], [3], [4], [7] and [13] have evolved this concept of finding conditions
on the parameters involved in the first order differential subordination as given
in (3) in order to prove p(z) < ((1+ 2)/(1 — 2))", (0 < n < 1) by satisfying
the condition |arg(y(p(z), zp'(2))| < arg(h(z)), after estimating the argument
of h(z).

In this paper, we obtain certain differential subordination implications by
finding conditions on the parameters involved in it. Mainly, our results involve
two admissible classes of analytic functions:

N v A(2) s
p(2) <oz+5p(z) + ) +4 ) ) < h(z)

and

N v 2P'(E) s
P (0ot o)+ L+ 0B ) <),

which implies p(z) < ¢(z), where h is univalent and ¢(z) € P. Also, we study
these classes in terms of argument estimation of the class for the oblique sector
function gq.

In Section 3, we also obtain sufficient conditions for functions belonging
in §*(v) (v = 0,1/2), &, S;, S*[A,B], (-1 < B < A < 1) and Sp as
an application of our derived results in Section 2. In some cases, our results
become the general case of the results obtained by Ravichandran and Kumar
[16], Nunokawa et al. [14], Obradowi¢ and Tuneski [15] and Cho et al. [4]. We
also extend the result obtained by Mocanu [12].

Miller and Mocanu [11] gave the following result which is required to prove
our main results.

Lemma 1.1. Let q(2) be univalent in the unit disk D and 0 and ¢ be analytic
in a domain D containing q(D) with ¢p(w) # 0 when w € (D). Set Q(z) =
2q' (2)p(q(2)), h(z) = 0(q(2))+Q(2). Suppose that (i) Q(z) is starlike univalent
in D, and (ii) Re (zh/(2)/Q(2)) > 0 for z € D. If p(z) is analytic in D with
p(0) = ¢(0), p(D) C D and satisfies

(4) 0(p(2)) + 20" (2)0(p(2)) < 0(a(2)) + 24 (2)p(q(2)),
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then p(z) < q(z) and q(z) is the best dominant.

2. Results involving differential subordination implications
We begin with the following main results:

Theorem 2.1. Let A be a real number and o, 3,7 and 6(# 0) be complex num-
bers. Suppose q(z) € Ag be univalent in D and satisfy the following conditions
for z € D:

(1) Q(2) :=62¢'(2)¢*(2) be starlike (univalent).

o (B S e )
>0 =: Re(H(z)).
If p(z) € Ap satisfies

(a +Bp(z) + % + 52;:;;)) < \(2) (04 + Ba(z) +
then p(z) < q(z) and q(z) is the best dominant.

Proof. Let 0(w) = w* (a + Bw + v/w), w # 0 and ¢p(w) = dw L. Thus, ¢(w) #
0 and f(w), ¢(w) are analytic in C — {0}. Let the function Q(z) and h(z) be
given by

Q(2) := 24/ (2)9(q(2)) = 624’ (2)a* ' (2)

and
) = 0lal)) + Q) = (o) (+ Bat) + 15 + a2 ).
Thus, we have Q(z) is starlike and Re(zh/(2)/Q(z)) reduces to

(5) Re <(?+ﬁ@6+1)q(z)+7§;\é)l) +(/\—1)23;S) + (1+Z;IES)>) > 0.
On substituting ¢(z) as p(z) in 8(q(z)) + Q(2), we get

0(p(2)) + 2p'(2)d(p(2)) < 0(a(2)) + 24’ (2)d(a(2))-
The result follows by an application of Lemma 1.1. O

Remark 2.2. (i) Suppose that the function f is analytic in a bounded domain
D and continuous on D.

(ii) Suppose that u(z,y) is a real part of non-constant analytic function f on
a bounded domain D and u(zx,y) is lower /upper bounded in D. If either of the
conditions (i), (ii) hold, then the real part of an analytic function f attains its
minimum/maximum value, respectively on the boundary of D, by Minimum/
Maximum Modulus Theorem.

As a consequence of the condition (i) that has been used in this paper,
we have to incorporate certain conditions on the parameters involved in the
differential subordination implications in order to satisfy the two conditions of
Lemma 1.1.
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We give the following example to illustrate Remark 2.2.

Example 2.3. (i) Consider the function f(z) = z/(1—2), (2 € D). Now, to ob-
tain the maximum /minimum value of the real part of f(z) on the bounded do-
main D, either of the above two conditions of Remark 2.2 should hold. Clearly,
(i) fails as the function f(z) is non continuous on D, so we apply (ii). For
z=x+iy (22 + y* < 1), we have

x—ax?—y?
(1—2)? +y?
The function f(z,y) is unbounded when z tends to 1 and y tends or equal to
0. These are the only two possibilities for the function to be unbounded in D.

For this, we consider two cases:
Case 1: Let y =0 in f(x,y), then we get

flz) =z/(1 - =)
Clearly, f(z) is unbounded when z tends to 1. As a result, we assume x = 1—h,
(h—0) in f(x), we get

Re(f(2)) = = f(z,y).

1—-nh
li 1—h)=lim —— .
NIy F(L = h) = Jlimg =5 = oo
This shows that the real part of f(z) is not upper bounded.

Case 2: Let x =1—h in f(z,y), (h — 0), we get

) . —h—h%+2h—y?
pm = hy) = iy
Thus, in particular for those y such that (1 — h)% + 32 < 1 holds, f(x,y) is
bounded.
We conclude that the function is lower bounded but not upper bounded.
Thus, we can only obtain minimum of real part of f(z) by evaluating on the
boundary of D. For z = € (0 € [—,7]), we get

Re(f(e™)) = —1/2.
We infer that minimum value of real part of f(z) is —1/2 and maximum value
can not be obtained by evaluating on the boundary of D as it fails to be upper
bounded.

(ii) Consider the Koebe function K (z) := z/(1 — 2)?. It maps the open unit
disk D onto the entire complex plane minus the slit along the negative real
axis from w = —oo to w = —1/4. Thus, real part of the Koebe function is
unbounded, which can also be verified. For z = z + iy (2% + y? < 1), we have

1

, V.

z — 222 + 23 — 2y + zy?
Re(K = =: .
e(K(2)) SEiEaT f(a.y)
It is trivial to say that the real part of K(z) could only be unbounded when z
tends to 1. Equivalently, we can say f(x,y) is unbounded when z tends to 1

and y tends to or equal to 0. This is a complex plane so x can tend to 1 from
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all the directions, unlike on the real line where it can only tend along the real
axis. Thus, we consider two cases:

Case 1: Let y = 0 in f(z,y) and proceeding same as in the case 1 in part
(i), we assume x =1 — h, (h — 0) in f(z), we get

lim £(1—h) =

Thus, f(z,y) is not upper bounded in this case.
Case 2: Let z =1—hin f(z,y) (h — 0), we get

~1
li 1—h =— = — = 0.
Lim f( 2Y) 7 00, ¥y

Clearly, it is not lower bounded in this case.
Now, let z = € (0 € [—7,7]), we get
Re(z/(1 — 2)?) = —1/(4sin* ) := g(6).

We infer that the maximum value of ¢(#) is —1/4, attained at § = 7/2. There-
fore, we conclude that max Re(K(z)) = —1/4, which is absurd as clearly from
both the cases 1 and 2, we observe that real part of K(z) is unbounded. Thus,
we cannot evaluate the real part of K(z) on the boundary of D to find the
maximum value. This is due to the failure of both the conditions (i) and (ii)
in Remark 2.2 for the Koebe function. Therefore, the maximum value of the
real part of K(z) is not attained on the boundary of D.

Taking «, 3, and § to be real numbers in the above Theorem 2.1, we obtain
the following results:

Corollary 2.4. Let 0 < A <1 and v§ < 0. (i) For 0 < v < 1/2, let (a +
vp)/d > v/(2(1 — 1/)) and 1 +2(1 —v)B/6 > 0. (ii) For 1/2 < v < 1, let
a+vB/6>(1—v)/(2v) and 28/5 > (v —1)/v2. If p(z) € Ay satisfies

P (oo 55+

(1+(121/) ) (OL+5<1+(11_22V)Z>

1

y(1 - 2) (1-2v)z z -
© e (T trs) ) e
then Re p(z) > v

Proof. Let q(z) = (1+ (1 — 2v)z)/(1 — z) in Theorem 2.1. Then we have,

B 2(1-v)z
@) = (1—2)1HA 14 (1—2v)2)—A

and
(1-2v)z
Q(z) 1—z2 1+ (1-2v)z

=: K(z).
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If z = e, where 0 € [—7, 7], we have

(1= v(l—v)
@ Re(K(2)) = ( 2 ) (1/2 +(1-2v) cos2(9/2)> '
Since 1 — A, v(1 —v), v2 + (1 — 2v) cos?(0/2) > 0, it follows that @ is starlike

(univalent) in I. Also, from condition (2) of Theorem 2.1, we have

H(z) := aTA + B(A; : (1 . (11—_z2y)z) * V(Ad_ g (1 + (11_—221/)2)

A= <14(—1(Iil/2)5)z * 1;) * (H 12—Zz> '

For z = €' (0 € [~m, 7)), real part of H(z) reduces to

ah  BA+1) y(A—-1) A+1
5 + 5 + 5 A(0) —5
where A(f) = (vsin®(6/2))/(v* + (1 — 2v) cos?(0/2)) and B(A) = (1 — 2v +
cos0)/(2(1 — 2v + cosf + 2v(v — cosf))). Also, considering Remark 2.2, we
need to have

8) v/§<1/2 and 1+28(1—v)/8>0,

which is trivial as the given conditions v6 < 0 and 23/6 > (v — 1)/v? imply
the conditions in the equation (8), respectively. Now, to complete the proof it
suffices to show that L(f) > 0 for the conditions given in the hypothesis. For
this, we consider the following cases:

Case 1: Consider 0 < v <1/2, then (1-2v) >0. As0 <A <1and~d <0,
we take into account the minimum value of A(f) = 0 and the maximum value
of B(6) = 1/(2(1 — v)), that are attained at § = 0 by the second derivative
test. Thus, we get

1+ + (A= 1)(1 = 20)B(6) =: L(h),

a  Pr 1—2v 1 1 B 1—2v
L(9)>A<5 L ERET 2) 275 oy =Y
which is possible when (a+ Sv)/é > v/(2(1 —v)).

Case 2: Consider 1/2 < v < 1 then (1 — 2v) < 0. Similarly, taking the
range of A\ and J into consideration we take into account the minimum value
of B(#) = —1/(2v) which is attained at § = = by the second derivative test
and let A(6) to be same as in the case 1. Thus, we get

a pPr 1-2v 1 1 pBvr 1—2w
Loy >A(S4 22 ) - P >
())\(5+5 2u 2> 2+(5+ 2u 20,
which is possible when (a+8v)/d > (1-v)/(2v) and 3/6 > (v —1)/2v%. With
this, we complete the proof. O

We obtain the relation between the class of starlike of reciprocal order v and
N (k) in the following corollary:

Corollary 2.5. Let f € A. The function f is starlike of reciprocal order v if
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(a) feN((B—v)/2v),0<v <3/4.

(b) feNw/2(1-v)),3/4<v<1.

Proof. Let p(z) = f(2)/(zf'(2)), B=A=0,v= -6 =1 and a = min((v —
1)/(2v);v/(2(v — 1))) in Corollary 2.4, we get, if f satisfies

zf"(2) y 1+2(v—-1)z =z
(=) 1+(1-2v)z 1-—2
then Re(f(2)/(2f'(z))) > v. To complete the proof it suffices to show that
Re(S(2)) < (3—v)/(2v) for 0 < v < 3/4 and Re(S(z)) < v/(2(1 — v)) for
3/4 < v < 1. Since, S(z) is upper bounded, evaluating it on the boundary of
D, we obtain

9) 1+ =: 5(z2),

1 — 6v + 412 + cos(0) 1
—2 4 4v — 4v2 — 2 cos() + 4v cos(0) to = 9(0).
A calculation shows that ¢”(0)g—r = (1 — v)(4v — 3)/(4r3) and ¢"(0)p—0 =
v(dv — 3)/(4(v — 1)3).
(a) For 0 < v < 3/4, maxg(f) = (3 — v)/(2v), attained at § = 7 and we

obtain
zf"(z) 3—v
Re(l—l— 702) )< 5

equivalently, f € N((3 —v)/(2v)). This completes the proof for part (a).
(b) For 3/4 < v < 1, maxg(f) = v/(2(1 — v)), attained at § = 0 and we

obtain
2 J(2) v
RBQ+'f@)><(%1WV

equivalently, f € N (v/2(1 — v)). This completes the proof for part (b). O

Re(S(e")) =

Taking v = 0 in Corollary 2.4, we get the following result:

Corollary 2.6. Let 1+28/6 > 0,75 <0,ad >0and 0 < A <1. Ifp(z) € Ay
satisfies

26 (o e+ 205D < (12) (g (122)

L 1—=z n 20z
i 1+ 2 1—22)°

Taking v = 1/2 in Corollary 2.4, we get the following result:
Corollary 2.7. Let 1+8/6 > 0,76 <0, =1+ (2a+£)/d >0 and 0 < XA < 1.
If p(z) € Ay satisfies

N v A(2)
P (ot nte)+ i+

then Re p(z) > 0.
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1\ 1 5z
h (1_> <“+5H+”<1Z>+1_z>’
then Re p(z) > 1/2.

Considering oblique sector function ¢ in Theorem 2.1, which is defined as
nit+n2

1+cz 2
q(Z)=<1_Z) (0 <mi,me < 1),

where ¢ and 7 are as defined in the equation (2). We have Re(2Q'(2)/Q(2)) > 0
for given n and A from [7, Theorem 2, p. 6], where @ is as defined in the
condition (1) of Theorem 2.1. Therefore, Q(z) is starlike (univalent) in D.
Also, from condition (2) of Theorem 2.1, we have

aX  BA+1) (1+cz e y(A=1) [ 1-=z = 2Q’'(2)
H(z) = ?Jr 0 <1—z) + (1+cz> JrQ(z)

4]

In view of the fact that ¢(z) € P implies 1/¢(z) € P, we get
Re(H(z)) > a)/§ > 0,

provided B(A+1)/d, v(A = 1)/6, aX/§ > 0. Therefore, both the conditions of
Theorem 2.1 get satisfied and we get the result as follows:

Corollary 2.8. Let aA/d >0, B(A+1)/6 >0, v(A—=1)/6 >0,0<m,n2 <1
and |\ < 2/(m +n2). If p(2) € Ay satisfies

A Y, 2(2)
Pz (a M e )

) (711-*'2712)>\ ) ?7112“72 ) ?71;?72
+cz +cz —Z
(75) 7 e (2) T ()
Lt (1+¢)z
2 (1+cx)(1—2)) )’
then p(z) < (14 ¢z)/(1 — z))m+n2)/2,

Remark 2.9. Taking a = =0 and § = 1, Corollary 2.8 is the result obtained
by [7].

Letting n; = 12 and ¢ = 1 in Corollary 2.8, we have the following result:

Corollary 2.10. Let aA/6 >0, f(A+1)/6 >0, y(A—1)/6 >0,0<n <1
and |\ < 1/n. If p(z) € Ay satisfies

(oo gy o) « (1) (oo (1)

(10) 2 (1) + 25) e

1+2
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then p(z) < (1 +2)/(1—2))".
Taking A =1 and v = 0 in Corollary 2.10, we have the following result:
Corollary 2.11. Let ad, 56 > 0. If p(z) € Ag and

2
ap(e) + 50+ 0epl(e) <o (122) 4 (F22) o 222 (122

1—2 1 1—22\1-2
then |argp(z)| < nm/2.

Remark 2.12. Corollary 2.11 is the result obtained by Ravichandran and Kumar
[16] for ad, 5§ > 0.

Taking n = 1 in Corollary 2.10, we get the following result:

Corollary 2.13. Let aA\/6 >0, B(A+1)/6 >0, y(A=1)/6 > 0 and |\| < 1.
If p(z) € Ay satisfies

o (e 508 < (1) (e (1)

L 1—=z n 20z
" 142 1—22)°

The argument estimation of the function h as given by the right hand side
of the subordination (10), gives the reformulation of Corollary 2.10 with v =0
and 0 < A < 1/n as follows:

then Re p(z) > 0.

Corollary 2.14. Let o, 8 > 0 and 0 be a positive real number. If p(z) € Ay

satisfies
arg (P*(z) (“ + Bp(2) + 6 Zp/(Z)» ’ <36

(1) p(2)

where (1) ¢ = nA, whenever 0 < n < 1/2, (ii) ( = nA + 1/2, whenever 1/2 <
n <1 and én > «, (iii) ¢ = n\ + 2/ tan"*(dn/a), whenever 1/2 <n <1 and
a > dn, then

i
|arg p(z)| < 5

Proof. Here, h(z) is given by

1+2\" 14+2\" 26nz
h(z)'_(lz> <a+6(lz) +1z2)'
Consider

. 0 nA 0 n 677
i _ [ - v . v .
h(e”) = <zcot2> (a+[3<zcot2> +Zsin9>

nx no 5n
e:ﬁ:zn)\ﬂ'/Q (Oé +B e:i:mw/2 +i ) )

t9 te
cot — cot —
2 2

sin 0
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Note that the ‘+’ sign comes for 0 < 8 < 7 and the ‘-’ sign comes for —m <
6 < 0. Also, we observe that the real and the imaginary part of h(e?’) is an
even and odd function of 6, respectively. Thus, we will consider 0 < 6 < .
Then, we have the following

cot — -

2 sin 0

_ .

Tt ((Bleot(O/2) 1 sinm/2) + 09/ sin(o)

2 a+ S| cot(8/2)|" cos(nm/2)

™ _1 {Bs"sin(nm/2) + on ™ 3

12 > —pA+tan~! = —nA+t
(12) =" +ran (a+5s”cos(7777/2) 2"l Ftang(s)
for a, 8 >0, § > 0 and where s = |cot §/2], (s1 < s < s2). Note that s; — 0
and s, — oo. To complete the proof, it suffices to show that arg(he®) >
¢r/2, which equivalently implies |arg(p*(2)(a + Bp(z) + 620/ (2)/p(2)))| <
arg(h(z)) which further yields p(z) < ((1+ 2)/(1 — 2))7 as p*(2)(a + Bp(z) +
dzp'(2)/p(2)) < h(z) implies p(z) < ((142)/(1—2))" from Corollary 2.10. For
this we consider two cases:

Case 1: Let 0 < n < 1/2, then

o(s) > Bs" sin(nm/2) > Bs! ssn(mr/Z) -
a+ Bshcos(nm/2) T a+ Bsy cos(nm/2)
This completes the proof for the mentioned range of n in this case.
Case 2: Let 1/2 <n <1, then
Bs" cos(nm/2) + on
g9(s) > =:1(s).
a+ Bs cos(nm/2)
When 67 > «, I(s) attains its minimum value at s = s3. Thus, we obtain
I(s) > Bsa singmr/Q) + dn -
o+ Bsg cos(nm/2)
When o > dn, I(s) attains its minimum value at s = s;. Thus, we obtain
I(s) > Bs? singmr/2) + dn - §£
o+ Bs] cos(nm/2) a
This completes the proof for the mentioned range of 7 in this case. Thus, both

the cases yield the desired condition arg h(e?®) > ¢7/2 and hence the result. [

Remark 2.15. For 1/2 <7 <1 and taking § = 0 in Corollary 2.14, we get the
result obtained by Cho et al. [4], when restricting its range of 7.

Corollary 2.16. Let § > 0, |Ap| < 1 and ah > —(A + B), where A =
B+ 1) /el >0 and B = y(A—1)/el*l > 0. If p(z) € Ay satisfies
P (2) Bp(2) O

then p(z) < e"*, where p is a non-zero real number such that |u| < 1.

, 1" . )
arg h(e?) = gn)\ + arg <a + 5 e/ 4 in>

) < e (a + Bet® + ye HF + 5uz) ,
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Proof. This result follows from Theorem 2.1 by taking ¢(z) = e#*. Then Q(z) =
SuzeM* and by taking z = x + iy (22 +y? < 1), we get

(29 1

A simple computation shows that Q(z) is starlike (univalent) in ID whenever
|Au| < 1. Also, in view of the fact that Re(e#?), Re(e %) > 1/el#l it follows
that

ah  BA+1) y(A=1) 1 1 24(2) zq"(z)
Re(6+6 q(z)—&-i(S @-i-()\ 1) ) +(1+ 70 >>

= Re 1+AMZ+@+M6HZ+M6—;LZ
0 ) 5
ah  BA+1) 1 A(A-1) 1
>1+/\/M+?+TW+TE*'5(@

for A, B > 0 and § > 0. For the given range of |Au|, we consider two cases:
Case 1: Let —1 < A\ <0, then 1 + Apz > 1+ Ay > 0 and we obtain

(13) S(x)>%)\+wi+wi

e|H| eW‘ ’

Case 2: Let 0 < A < 1, then 14+ Apux > 1 — Au > 0 and we obtain the same
equation (13) as in the case 1.

Further S(z) > 0if aX > (v — B8 — A(B +7))/e!#l, which is trivial from the
conditions in the hypothesis. Thus, both the conditions of Theorem 2.1 get
satisfied and hence the result. O

Taking p# = 1 in Corollary 2.16, we obtain:

Corollary 2.17. Let § > 0, |\ < 1 and aX > —(A+ B), where A = (A +
1)/e>0 and B=~(A—1)/e > 0. If p(z) € Ay satisfies
2

A 0 zp'(2)
P (o o000+ 5675

) < e (a—l—ﬁez +ve”*? +62),

then p(z) < e*.
Corollary 2.18. Let —2 < A < 2, y(A—1) > 0, B(A+1) > 0, § > max(0;v/27),
—(2V2y +9)/4 < a < =37/(2v2). If p(2) € Ay satisfies

Ao (o RO A AC) A2 (o -
P (ot 06e) L5 16 < (1422 (o pVTTE

N ~ N 0z >
Vitz 2(1+2))’

then p(z) < V14 z.



APPLICATIONS OF DIFFERENTIAL SUBORDINATIONS 343

Proof. Now, to achieve the desired result we apply Theorem 2.1 for ¢(z) =
VI z and we get Q(z) = 0z(1 + 2)*271/2. Then
2Q'(2) A z
= ]_ _— ]_ = K .
oo~ (31) T =
In view of the fact that K(z) is bounded only if A < 2, we evaluate it on the
boundary. Therefore, z = % (6 € [—m,7]) yields
_AF2 S
2
for A > —2. Clearly @ is starlike (univalent) in . Also, we have
(14)

Re (M LBO+Y =) L () (1 ., zq”(z)))

Re(K (e")) 0

B B 5§ qz) q(2) 7 (2)
e B D () )
:A(i+§+\%{5>+;—\/g(5=:/\(ﬂ+s7

since Re(v/1+ z) > 0, Re(1/vI+2) > 1/v/2, B(A+1)/6 and v(A —1)/6 > 0.
Now, to complete the proof we need to find the conditions on the parameters
such that A(r) + s > 0. For this, it suffices to show that

Y 1

(15) Ax 2
stumta
which is a valid expression when o > —(2v/2y + d)/4 and § > 0. Also, from
the inequality —2 < A < 2 we have a < —37/(2\/5) and thus, equation (15)
holds true. And the derived range of a is meaningful only if § > v/2vy. This
completes the proof. O
The following lemmas will be needed to prove some further results.
Lemma 2.19. For —1 < B < A <1, the function f(z) = (14 Az)/(1 + Bz)
satisfies min Ref(z) = (1—A)/(1 — B) and minRe(1/f(z)) = (1+ B)/(1+ A).
Proof. Consider
; 1+ (A+ B)cosf + AB
0
= =: K(0).
Re(f(e™)) 1+ A2 +2Acosb (©)
K () attains its minimum value at § = 7 by the second derivative test and the
minimum value is given by

(16) K(m)=-—2.
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Now, consider f(—z) = (1 — Az)/(1 — Bz). In view of the fact that the image
of unit disk under f(z) is same as f(—z), from equation (16), we get

R 1+ Bz 1+ B
min =
“\1 + Az 1+ A4
as —A playing the role as B and —B as A. This completes the proof. (Il

With the same technique we can also find the minimum and maximum value
of the real part of the functions (1 — Bz)/(1+ Bz) and 2(A—B)/((1+ Az)(1+
Bz)), respectively as given in the following lemmas:

Lemma 2.20. For —1 < B < 1, the minimum of real part of the function
f(z) = (1= Bz)/(1 + Bz) is (1—|B[)/(1 + |B]).

Lemma 2.21. For —1 < B < A < 1. Consider the function f(z) = (A —
B)z/((1+ Az)(1+ Bz)), then maxRef(z) = (A— B)/(14+ A)(1+ B), whenever
(1+AB)(1— A)(1 - B) > 8AB and minRef(z) = (B—A)/((1 - A)(1 — B)),
whenever (1 + AB)(1+ A)(1+ B) > 8AB.

Corollary 2.22. Let 0 < A < 1 and v0 < 0. For -1 < B < A< 1, if
(1+AB)(1 - A)(1 - B) > 8AB, we assume /6 > (B — A)/((1+ A)(1+ B))
and B85 > (A — B)(1 — B)/((1 — A%)(1 + B)). Suppose p(z) € Ao satisfies

e (a+ B+ st 6;”(())) < (112)A (0‘ o (112)

1+ Bz (A— B)z
A <1+Az> +5(1+Az)(1+Bz)>’
then p(z) < (1+ Az)/(1 + Bz).

Proof. The result is followed by taking ¢(z) = (1+A4z)/(14 Bz) in Theorem 2.1.
Then, we have

B 0z(A— B)
QE) = )i £ By
and
2Q'(2) B Az Bz s
Q) =1+(A Ul—i—Az (1+)\)1+Bz_.K( ).

As per Remark 2.2 for —1 < X < 1, K(e") > 0. Thus, clearly Q(z) is starlike
(univalent) in I. Also, we have

(17)
ah | B+ 1(A-1) 1 2q'(2) zq"(2)
Re(§F + 205t + B g -0 Je R+ (105 )
B aX  BA+1) (14 Az y(A—=1) (14 Bz
_Re(5+ 5 <1+Bz>+ 5 <1+Az>
(A—B)z 1-Bz\
R rpy v Ty 1+Bz> = 5(2).
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Now, Lemmas 2.19, 2.20 and 2.21 yield

a 6()‘+1)<1_A)+ y(A = (1+B

Sz + = 1-3 1+A>
+<)‘_1)((1+i1i13+3)) G;i:)
(5 arnarm) ( 3)

(18) < A-B >+1B|+ (1+B>
(1+A)(1+B) 1+ |B| ] 1+A4

for 6 > 0 and v§ < 0. To complete the proof it suffices to prove the second

condition of Theorem 2.1. For this, we need to have equation (18) greater than

or equal to 0, which is possible when 0 < A <1, a/0 > (B —A)/(1+ A)(1 +

B) and 3/§ > (A — B)(1 — B)/((1 — A%)(1 + B)). Hence the result follows

immediately. O

With A = 1 and q(=) = ¢par(z) i= 1 + (2/7%)(log((1 + v2)/(1 = V/2)))? in

Theorem 2.1, we have the following result:
Corollary 2.23. Let 3/§ > max(0; —«/d). If p(z) € Ay satisfies
ap(z) + Bp(2)* + 6zp'(2)

=< <1+:2<log1t£>2><a+ﬁ<1+ﬂi<log1f£>2>

45 f 1++/z
(1))
then p(z) <1+ (2/7T )(log((1+ v2)/(1 = V2)))*.

Proof. As we know that ¢ pagr(z) is a convex function, thus by Alexander’s the-

orem we have Q(z) = 6z¢/(z) is starlike (univalent) in D. Also, from condition
(2) of Theorem 2.1, we have

a 28 2 14++/2 ? 2q"(2)
(19) Re(H(z))=Re <5+6 <1+7r2<10g<1—\/5>> >+1+ 7(z) )

Evaluating the equation (19) on z = ¢* (9 € [—m, 7)), we obtain
Re(H(e")) > Re <((); L ( — (log (i cot(6/4)) )))
(20) = % + 2(? <2 + —log(cot(é)/él)) > =: % + ?g(@).

For 6 = 7, simple calculation shows that
g"(0) = csc?(0/4)log(cot(0/4))/(4m%) + (csc®(0/4) sec(/4)%)/ (4m%)
— (log(cot(6/4))) sec?(8/4)/(4m%) > 0.



346 S. BANGA AND S. S. KUMAR

Thus, Re(H(¢?)) > 0 from equation (20), on substituting g(w) = 1/2, the
minimum value of g(6). Hence, both the conditions of Theorem 2.1 get satisfied
and therefore the result follows. g

Theorem 2.24. Let «, 3,7 and (0 #)d be complex numbers and \ be a real
number. Let q(z) € Ag be univalent in D and satisfy the following conditions
for z e D:

(1) Q(2) :=62¢'(2)¢*~2(2) be starlike (univalent),

(2) Re(H(z)) > 0, where
H(z) = yA-1) | eA BA+T) , 2 (z) (1 N zq”(Z))

If p(z) € Ap satisfies

Ao (o AN AC)) Ao (o RO )
p“( *ﬁp”*mz)”p%z))*q”( +B"(”q(:z)”qz(z))’

then p(z) < q(z) and q(z) is the best dominant.

The proof of this theorem is similar to that of Theorem 2.1 and therefore
omitted.

Remark 2.25. Let \=a=~v==0and § =1 in Theorem 2.24, we have the
following result of Ravichandran and Kumar [16].

Corollary 2.26. Let q(z) € Ag be univalent in D. Let 2q'(z)/q(2)?* be starlike.
If p(z) € Ay satisfies

w'(2) | 24 (2)

p(2)*  q(2)*’
then p(z) < q(z). The dominant q is the best dominant.

We take «, 8, v and § to be real numbers, for proving all the following results.
For the next result, we further assume 8 = 0 and let g(z) be the function defined
by ¢(z) = (14+(1—2v)z)/(1—z) for 0 < v < 1 in Theorem 2.24, then we obtain
function @ as follows:

2(1 - )z

= -

Proceeding as in Corollary 2.4, we have Q(z) starlike (univalent) in D for 1 <
A < 2. If we take z = €% (0 € [~m,7]), we have

YA-1) A 24 (2) 2q" (2)
Re (5 + 5 q(z)+ (A —2) ) +1+ 70 )
(21) =1+ w + O‘%y +(A—2)(1-2v)B(0) — % =: 5(0),

where B(0) is as defined in the proof of Corollary 2.4 and let 1+2a(1—v)/é > 0
as per Remark 2.2. In order to apply Theorem 2.24, we need to find the range
of the parameters such that S(6) > 0. For this we consider two cases:
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Case 1: Consider 0 < v < 1/2, then (1 —2v) > 0. Since 1 < X < 2, we take
into account the maximum value of B(#). Thus, we get

Y o av 1-2v 1 vy 1-2v

S@)>A<~+——+—7—-—-2 1——-—

(6) 2 <5+5+2(1y) 2) 510

It suffices to find the conditions on the parameters for which A(r) 4+ s > 0. For
this, either (i) we show

= \(r) +s.

1-2
=

1—v

(22) )\ Z 1—2 1°
%+%+2(1—5) )

which is a valid expression only if (v + av)/é > v/(2(1 —v)). Since 1 < A, the
inequality (22) holds if 1+ 2a(1 —v)/d > 0, or (ii) let = 0, simple calculation
yields S(6) > 0.

Case 2: Consider 1/2 < v < 1, then (1 — 2r) < 0. Therefore, we take into
account the minimum value of B(#). Thus, we get

S(@)ZA(’Y—Fw—l_QV—l) vy o 1-—2v

6 9 2v 2
Again, proceeding as in the case 1, we assume (y + av)/é > (1 — v)/(2v)
and /6 > —1/(2(1 — v)). Thus, a/d > max(—1/(2(1 — v)); (v — 1)/2v?) =
(v —1)/(2v?). Hence the result follows as:
Corollary 2.27. Let 0 < v < 1land 1 < X< 2. (i) For 0 < v < 1/2, let
1+2(1 —v)a/d >0 and (v +va)/d > v/(2(1 —v)). (ii) For1/2 <v <1, let
20/ > (v —1)/v? and (y +va)/d > (1 —v)/(2v). If p(z) € Ag satisfies

6 (o g5+ ) < (=) A (4 oo

26(1 —v)z )
(14+(1—2v2))2)’

+

then Re p(z) > v.
Taking v = 0 in the above Corollary 2.27, we have the following result:

Corollary 2.28. Let 1 +2a/§ > 0, v0 > 0 and 1 < X < 2. If p(z) € A
satisfies

(o 2 08) < (22) (i )

then Re p(z) > 0.

Taking v = 1/2 in Corollary 2.27, we obtain the following result:

Corollary 2.29. Let 1+a/d >0, (2v+«a)/d > 1 and 1 < X <2. Ifp(z) € Ay
satisfies

p(2) <a+ ﬁ +5';p;/((zz))) < <1 iz)A(CH—'y(l —z)+02),
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then Re p(z) > 1/2.

Remark 2.30. By taking « =y =0 and A = 1 in Corollary 2.6, or by taking
A=2 v =0and a = § in Corollary 2.28, we have the following result of
Nunokawa et al. [14]:

Corollary 2.31. Let 1+23/§ > 0. If p(z) € Ay satisfies
1+2\° 20z
1—2 (1-2)%’

(e + 052/ (2) < 6
then Re p(z) > 0.
Corollary 2.32. If p(z) € Ao satisfies

zp'(2)
p(2) + ) =< R(2),

where R is the open door mapping, then p(z) < (14 z)/(1 — 2).

Proof. Let A\ =~y =a =0and 8 = § = 1 in Corollary 2.6 or by assuming
A=a=46=1and y=0 in Corollary 2.28, we get

) 2p'(z)  1+z2 2z
p(2) 1—2z 1-—22
This completes the proof. O

=: R(2).

Remark 2.33. Corollary 2.32 is the result obtained by Nunokawa et al. [14].
For the following result, we one again assume § = 0 in Theorem 2.24.

Corollary 2.34. Let aA/6 >0, 7y(A—=1)/6>0,0<n<1and -1 <ni <2
If p(z) € Ap satisfies

nA n
< Gi) (aﬂ(hi) +(1z)12g7glz+z)1+")
=: h(z),
then p(z) < (14 2)/(1 —2))".
Proof. Let q(z) = ((1+ 2)/(1 — z))" in Theorem 2.24, then Q(z) is given by

n(A-1)
Qz) = 20mz <1+z)

T 1-22\1-2

and
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Since K(z) is lower bounded for —1 < nA < 2, we evaluate K(z) on the
boundary of D which implies Re K () > 0. Thus, Q(z) is starlike (univalent)
in D. Also, from condition (2) of Theorem 2.24, we have

Re(H(2)) = Re (1+ A= | ad (1+z>"+ 22(2 + (A — 1>n>) |

) d \1-= 1— 22
Some computation shows that for z = e (6 € [~,7]), we obtain
; A—1
Re( () = 12 >0,
when a\/é, y(A—1)/6 > 0. O

Taking n = 1 in Corollary 2.34, we obtain the following result:

Corollary 2.35. Let aA/d, y(A—1)/6 > 0 and —1 < A < 2. Ifp(z) € Ap
satisfies

P60 (a5 1) < (H2) (o (352) + 255).

then Re p(z) > 0.

Here, we derive the argument relation between

P(2) (a+7/p(2) + 029/ (2) /p*(2))
and h(z), as defined by the equation (23), such that the subordination (23)
holds for 0 < n <1. We assume —1 < A < 0.

Corollary 2.36. Let « > —0 >0 and v > 0. If p(z) € Ay satisfies
A Yy Zp'(Z)))
arg [ p*(2) la+ —— +6
( ) ( p(z)  p*(2)
where

(i) ¢ = —nA whenever 0 <n <1/2,
(i) ¢ = —nA + (2/7) tan=(—=dn cos(nm/2)/a) whenever 1/2 < n < 1, then

(24)

™
< 56,
56

Vs
|arg p(z)| < 57

Proof. A calculation shows that

~ _ 0
h(e®) = (icot§/2)™ <a +(icot0/2)7 " +i— 770 (i cot 9/2)”)
sin
= | cot §/2|AeFinAT/2 (a + 7| cot §/2| TneFinm/2

5 ,
+ — n | cot 9/2_H€ZW/2(1$T])>.
sin 0

As the ‘+’ sign comes for 0 < § < 7 and the ‘=’ sign comes for —7 < 6 < 0.
Also, we observe that the real and the imaginary part of h(e?) is an even and
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odd function of @, respectively. Thus, we will consider here —m < # < 0. Then,
we have the following

o + | cot(0/2)| 77 cos(nm/2) — 2L sin(nr/2)

sin 6

— . 6
arg h(e') = _gUA + tan~! ( 7l cot(60/2)| " sin(nm/2) + g cos(nm/2) >

1 g _
zfgn)\+tan71 <ys sin(nm/2) 5ncos(n7r/2))

a+ s~ cos(nm/2)
= —Z7A+ tan~}(g(s))
for « > —§ >, v > 0 and where s = |cot(6/2)], (s1 < s < s2), s1 — 0 and

s9 — 00. Now, we consider two cases:
Case 1: Let 0 < n < 1/2, then

o(s) > < s~ sin(nm/2) ) > ( 78y " sin(nm/2) ) ~0

o+ ys~ cos(nm/2) o+ vsy Teos(nm/2)

Case 2: Let 1/2 <n <1, then

ys~Mcos(nm/2) + doncos(nm/2)\ s
g(S) Z ( a_’_fys—’fl COS(T]7T/2) ) B l( )

as a > —0, then

I(s) > (782_77 cOS(777T/2)+577COS(777T/2)> ~ —(57]008(7771’/2).
o a+ sy " cos(nm/2) o

Thus from both the cases, we get arg(h(e'?)) > (n/2, where ( is as given in the
hypothesis. We observe that condition (24) concludes that the subordination
(23) holds. Also, the hypothesis of Corollary 2.34 gets satisfied, as a result we
get

p(z) < (1 +2)/(1 = 2))",

equivalently |arg(p(z))| < nm/2. This completes the proof. O

The next result follows from Theorem 2.24 by taking ¢(z) = e**. Again
assume 5 = 0.

Corollary 2.37. Let |(A—1)u| <1, aA/d > 0 and y(A—1)/6 > 0. Ifp(z) € Ap
satisfies

N v, 2P(R) e gl pz
P (ot o0 ) < (o g 08),

then p(z) < e"*, where p is a non-zero real number such that |u| < 1.

The proof of this corollary is on the similar lines of the proof of Corollary 2.16
and therefore omitted.
Taking 4 = 1 in the above Corollary 2.37, we obtain the following result:
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Corollary 2.38. Let |[A—1| <1, ar\/d >0 and y(A—1) > 0. If p(z) € Ay
satisfies

p(2) <oz + ]ﬁ + 5;?53) < eV (a+ye %+ dze77),

then p(z) < e*.
Corollary 2.39. Let —1 < A <3, aA/d >0, BA+1)/6 > 0 and —1/4 <
~v/0 < 0. If p(z) € Ag satisfies

Ao (o RO Y A C) A2 (4 -
p()( +Bp()+p(z)+5p2(z))< (1+2) ( + BV1+

n ~ n 0z
1+2z 2(1+2)32)
then p(z) < V14 z.

Proof. The result follows from Theorem 2.24 by taking ¢(z) = v/1 + z.
Clearly, Q(z) = 6(1 + 2)A=3/22/2 is starlike (univalent) in z € D on the
similar lines of the proof of Corollary 2.18. Also, we have

(25)
TA-1) aA BA+TD) , 2q'(2) | 2q"(2)
1+ —4+ — —_ A—2
Re( + 5 + 3 q(z) + 54 (2) + ( ) ) + 70
y(A—=1)  aX BA+1) A z
= 1+ —+ —V1 —(1 - —
Re( tes 6\/ trt— ( —|—z)—|—4 (A 3)2(1+Z)
yA=1) X=3 v o1 v o1
> = — —_ — = - >
> 1+ 5 + 1 A 5 + 1 5 + 1= 0,
by proceeding as in the proof of Corollary 2.18 for the given range of constants
in the hypothesis. And hence the result. (I

Taking 5 = 0 in Theorem 2.24, we have the following result:

Corollary 2.40. Let ad > 0 and 0 < A < 2. For -1 < B < A
(14+ AB)(1 — A)(1 - B) > 84B, let (B—A)/((1+ A1+ B)) <
2(B—A)/((14+ A)(1 + B)). Suppose p(z) € Ay satisfies

P (ot 5+ 0% ) < (ﬁé) (o4 (75

1
(A—B)z
+6(1+Az)2>’

then p(z) < (1+ Az)/(1 + Bz).

Proof. The result is followed by taking ¢(z) = (1 + Az)/(1 + Bz) in Theo-
rem 2.24. Then, we have

Q) = 0z(A — B)

(14 Az)2-71 — Bz)’
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and
! A B

zQ(z):1+(/\_2) z /\z’

Q(2) 1+Az 1+ Bz
which is clearly bounded below for the mentioned range of A\. Thus, computing
equation (26) on the boundary of D, we get Q(z) is starlike (univalent) for the
given range of A. Also, from condition (2) of Theorem 2.24, we have Re(H (z))
as follows:

en me (W (5 0w (e ) (550

Now, by using Lemmas 2.19, 2.20 and 2.21, we obtain

Re(H () > 1AL, 24 (1‘2) ; (iig)

A—-B
0= () @020

B ~ A—-B al [1—A 1—|B|
A<5+(Lh®u+3945(1—3>+1+w|
¥ 2(A-DB)
(28) - <5+ (1+A)(1+B))'

To achieve the desired result it is required to show that equation (28) becomes
greater than or equal to 0, which is possible when (B — A)/((1+ A)(1+ B)) <
v/6 < (2(B - A))/((1+ A)(1+ B)). This completes the proof. O

(26)

0<A<L2,

3. Sufficient conditions

On substituting p(z) = zf'(2)/f(z) in Corollaries 2.6, 2.13, 2.28 and 2.35,
respectively, we have the following example.

Example 3.1. The following are sufficient conditions for f € S*.
(i) Let (a) 1+28/6> 0,70 <0,ad >0and 0 <A <1, or (b) ar/d >0,
BA+1)/6>0,v(A—1)/6 >0 and |A] < 1. If f € A satisfies

(F5) (i ro-og5es (- 55))

142\ 14+ 1—2 252
= (1—2) (a+ﬁ<l—z)+’y(1+z>+1—z2>'

(ii) Let (a) 14+2a/d > 0,y > 0and 1 <X <2, 0r (b) aA/d, v(A—=1)/6 >0
and —1 < A\ < 2. If f(z) € A satisfies

(F5) (oosgiy o (M52 )

- 142\ n 1—Z+ 20z
1—2 T (142)2)°
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Remark 3.2. Let « =y =0 and A =1 in Example 3.1(i)(a). Then we have the
following result of Ravichandran and Kumar [16]:

Corollary 3.3. Let 1+28/6 > 0. If f(z) € A and

zf'(2) ( o 2f(2) ( zf”(z)>> <1+Z>2 252
f(Z) (ﬂ 5) f(Z) +d(1+ f’(Z) <3 1—- —|—(1_2)2’
then f(z) € S*.

Remark 3.4. Let A = a =+ =0 and 6 = 1 in Example 3.1(ii)(b). Then we
have the following result of Obradowi¢ and Tuneski [15]:

Corollary 3.5. If f(z) € S and

14 2f"()/ 1 (2) 2
TEIE T arar

then f(z) € S*.

Kaplan [6] introduced the close-to-convex class CC as follows:

ccz{feA;Re@é;))w},

where g(z) is convex (univalent) function in D.

Remark 3.6. Let p(z) = 2f'(2)/(2+ z), «a =+ =0 and A =1 in Corollary 2.6,
we get the sufficient condition for f to belong to the class CC, as given below:

Example 3.7. Let 1 +28/§ > 0. If f € A satisfies

21'(2) , 202" (z) 1+2\° 20z
B1op AR -+ = ”’)(1) =22
then f € CC.

As an application of Corollaries 2.17 and 2.38, we have the following example:

Example 3.8. Let f € A. Then following are sufficient conditions for f € S¥.
(i) Let § > 0, oA > —(A+B), where A = f(A+1)/e > 0, B =~y(A—1)/e >
0 and |A| < 1. If f satisfies

O (LB 5 52 ) 2" (2)
( 72 ) ( T TPy (1 e ))
~< e (’ye*'z + a+ pe* + 5z) .
(ii) Let [A=1] <1, aA/d > 0 and y(A — 1) > 0. If f satisfies
2f'(2)\ () . f(2) L+ 2f"(2)/f'(2)
( ) ) (‘“ Ty Ve O ( TG 1))
< e (a + Be” + e * + (526_2) .
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Taking p(z) = zf'(2)/f(2) in Corollaries 2.7 and 2.29, respectively, we have
the following example:

Example 3.9. Let f € A. Then we have the following sufficient conditions for

fes(1/2).
(i) Let 1+ 8/6 > 0,7 <0, -1+ 2a+8)/6 >0and 0 < A <1 and f
satisfies
2f (2)\* f(2) 2 f() 2f"(2)
( 72 ) (“”zﬂz) BTy T (1 ) ))

A
() (orarty e -ar ),
(ii) Let 1 +a/d >0, 2y +«)/d > 1and 1 <X <2 and f satisfies
Zf’(Z)>A< f(z) 5(1+2f”(2)/f'(2) B ))
(F) (e (B
A
» (liz) (a+(1—2)y +62).
Remark 3.10. Let A\ =a=7=0,d=pF=1landA=a=6§=1,v =0,

respectively in Example 3.9(i) and (ii), we obtain the following known result
of Marx [9] and Strohhécker [23].

Corollary 3.11. A convez function is starlike of order 1/2.

Definition. A function f(z) =z+ )., ,a,z" is said to be p-convex in D if it
is analytic and f(z)f'(z)/z # 0 and also it satisfies
2f"(2) 2f'(2)
29 Re(p(1+ +(1—p > 0.
> i) ) TR
The set of all such functions is denoted by p-CV.

Mocanu [12] gave the following result for p-convex functions.

Corollary 3.12. Let p be an arbitrary real number, and suppose that f(z) is
p-convez. If p > 1, then f(z) is convez.

Taking A =a =7 =0, =1 and § = p in Example 3.9(i), we get the
following result:

Corollary 3.13. Let 1/p > 1 and if f satisfies

) )\ 14 pe
(30) =070 702) ) T
z2f'(2) 1

< .
fz) 1=z
The above Definition, Corollaries 3.11, 3.12 and 3.13 yield the following
result:

+p<1—|—

then
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Corollary 3.14. A p-convex function is starlike of order 1/2 for p > 0.

As an application of Corollaries 2.18 and 2.39, respectively, we have the
following example.

Example 3.15. Let f € A. Then following are sufficient conditions for f € S7.
(i) Let =2 <A <2, y(A—1) >0, B(A+1) >0, § > max(0,v27) and
—(2v2y 4+ 6)/4 < a < —37/(2V/2) and f satisfies

<zf’(2)>A <a+ CINPRING UC I (1 N Zf”(Z))>

1) 6 1) ()
/2 v z
< (1+2) (m+a+6\/1+z+5<2(1+z)>>.
(ii) Let =1 <A <3,aM\d>0,8A+1)/6 >0and —1/4 < /6 <0 and f
satisfies
ZHON T (O ) L+ 2f"(2)/f(2)
( ) ) ( T Y *‘5( @G 1))

0z
< (142)? (a+ﬂ\/1+z+ %17+z+2(1+z)3/2)'

Let p(z) = zf'(2)/f(2) in Corollaries 2.22 and 2.40. Then we have the
following example.
Example 3.16. Let f € A. Then following are sufficient conditions for f €
S*[A,B], -1<B< A<1.
(i) Let 0 £ fe€S. Let 0 < A<1. If(1+ AB)(1 - A)(1 — B) > 8A4B, let
a/d > (B—-A)/(1+A)(1+B)), B/6 > (A-B)(1-B)/((1-A*)(1+B)).
If f satisfies

() (avn iy v -0 wa (14200

1+ A2\ 1+ Az (A— B)z
B <1+Bz> <a+(5_5)<1+Bz)+5(1+Az)(1+Bz))'
(ii) Let wd > 0, and 0 < A < 2. If (1 + AB)(1 — A)(1 — B) > 8AB, let

(B-A)/(1+A)(1+B)) <v/6 <2(B-A)/(1+A)(1+B)). If f
satisfies

(F5) (e s (M52 )
A
<(55) (o () o (Gra))
From Corollary 2.23, we get the following example by taking
p(2) = 2f'(2)/ f(2).
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Example 3.17. Let f € A. Then following are sufficient conditions for f € Sp.

(i) Let 8/§ > max(0; —a/d). If f satisfies
(i) (e -0+ 057
< (1+7T22 (1og1f£)2><a+ﬂ 1+% <logi—£>2

n(:25))

21—z

Remark 3.18. As an application of the above results and by Noshiro-Warsch-

awski, an analytic function f is univalent if we substitute p(z) = f'(z) in
Corollaries 2.6, 2.28, 2.7, 2.29, 2.18, 2.39, 2.23, 2.17, 2.38, 2.13 and 2.35, re-
spectively.
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