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MODULAR JORDAN TYPE FOR k[z,y]/(z™,y") FOR m = 3,4

JUNG PIL PARK AND YONG-SU SHIN'

ABSTRACT. A sufficient condition for an Artinian complete intersection
quotient S = k[z,y]/(z™,y™), where k is an algebraically closed field of
a prime characteristic, to have the strong Lefschetz property (SLP) was
proved by S. B. Glasby, C. E. Praezer, and B. Xia in [3]. In contrast, we
find a necessary and sufficient condition on m, n satisfying 3 < m < n
and p > 2m—3 for S to fail to have the SLP. Moreover we find the Jordan
types for S failing to have SLP for m < n and m = 3,4.

1. Introduction

Let R = k[z1,...,z,] = 692‘20 R; be an r-variable polynomial ring over an
algebraically closed field k of any characteristic, and let A := R/I, where [ is
a homogeneous ideal of R. The Hilbert function of A, Hy : N — N, is defined
by

HA(t) = dlm]k Rt - dlmk It
for t > 0. If I is a homogeneous ideal with v/I = (1,...,2), and ¢+ 1 is the
least positive integer such that (xq,...,2,)*"™* C I, then

A=kdA ®---® A, where A, #0.

In this case, we call ¢ the socle degree of A. For the Artinian graded ring A,
the Hilbert function of A can be expressed as a vector

(ho,h1,...,he) == (Ha(0),Ha(1),...,Ha(c)).
The Hilbert function (hg, h1, ..., h.) of A is unimodal if the vector (hg, h1, ..., he)
has only one local maximum, i.e.,
ho<hy <---<hi=---=hg>hg1>-+2>he
We say that the vector (hg, h1,...,he) is symmetric if

hiihc_i for 210,1,,L%J
Received November 4, 2018; Revised June 20, 2019; Accepted July 25, 2019.
2010 Mathematics Subject Classification. Primary 13A02; Secondary 16W50.
Key words and phrases. Jordan types, strong Lefschetz property, weak Lefschetz property,
Hilbert function.
TThis paper was supported by the Basic Science Research Program of the NRF (Korea)
under the grant No. NRF-2019R1F1A1056934.

(©2020 Korean Mathematical Society
283



284 J. P. PARK AND Y. S. SHIN

Let £ be a general enough linear form. We say that A has the weak Lefschetz
property (WLP) if the homomorphism induced by multiplication by ¢,

X/ : Az — Ai+1,

has maximal rank for all ¢ (i.e., it is injective or surjective for each 7). We say
that A has the strong Lefschetz property (SLP) if

Xéd : Ai — Ai—i—d

has maximal rank for all 7 and d (i.e., it is injective or surjective for each i and
d). In this case, we call a linear form ¢ the strong Lefschetz element of A.

There is a way to characterize if an Artinian ring has the WLP or SLP based
on Jordan type (see [5,11]). Here the Jordan type Jy s of £ € m acting on an
A-module M is the partition, A = (A1,...,\) with Ay > --- > A\, giving the
Jordan blocks of the multiplication map x¢: M — M ([9]). In particular, the
generic Jordan type of A is the Jordan type of A for a general enough linear
form ¢. We introduce an important tool to verify if an Artinian ring has the
WLP or SLP.

Lemma 1.1 ([5, Remark 3.63 and Proposition 3.64]). Assume that the Ar-
tininan algebra A is standard-graded (A is generated by A1) and that Ha is
unimodal. Then

(1) The pair (A, L) has the weak Lefschetz property if and only if the number
of parts of the Jordan type Jo 4 = max,{Ha(4)}. (The Sperner number
of A);

(2) ¢ is a strong Lefschetz element of A if and only if J, 4 = HY, where
HY, is the conjugate of Hg (exchange rows and columns in the Ferrers
diagram of Hg).

Let S :=kz,y]/(™,y™). Whenm <n,Hg = (1,2,...,m—1,m,...,m,_1,
m—1,...,2,1). In characteristic 0, the Jordan type Jy. 5 = (A1,..., A\;m) Was
shown to be the standard partition, i.e.,

(1.1) Jos=m+n—1,....m+n—-2i+1,...,n—m+1)

in 1934 by A. C. Aitken [1], in 1934 by W. E. Roth [16], and in 1936 by D.
E. Littlewood [12], independently. When the characteristic of k is a prime p,
the resulting formulas for Jy ¢ were studied in 1954 by D. G. Higman [7], then
in 1962 by J. A. Green [4], and in 1964 by B. Srinivasan [17]. In particular,
B. Srinivasan proved that the Jordan type Jr g = (A1,..., A ) is the standard
partition if the characteristic of k is p > m +n — 2, and J. A. Green discussed
the representation ring over Z,. The paper [17] seems to be the first paper
emphasizing the characteristic p results in the present formulation related to
the Clebsch-Gordan formula.

The WLP and SLP are strongly connected to many topics in algebraic geom-
etry, commutative algebra, combinatorics, and representation theory. In 1980,
R. Stanley showed in [18] using a topological method - the hard Lefschetz
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property - that if k is a field of characteristic 0 or greater than the socle degree
of A :=K[z1,...,x.)/(x]",...,2%), then the Artinian complete intersection
quotient A has the SLP. In 1987, J. Watanabe proved this again using the lan-
guage ‘representation theory’ [19]. In [13], S. Lundqvist and L. Nicklasson find
a necessary and sufficient condition of the SLP when the number of variables is
> 3. In 2013 J. Miglilore and U. Nagel surveyed recent works about Lefschetz
properties [14]. Also in 2013, the book [5] by J. Watanabe et al. provided a
comprehensive exploration of the Lefschetz properties from a different perspec-
tive, focusing on representation theory and combinatorial connections as well
as commutative algebra methods. In 2018, A. Iarrobino, P. Marques, and C.
McDaniel [9] explored a general invariant of an Artinian Gorenstein algebra A,
or A-module M, which is the set of Jordan types of elements of the maximal
ideal m of A.

The generic Jordan type of a graded Artinian algebra A is that determined
by a general enough element ¢ of A;. For S = k[z,y]/(«™,y™) we may take
¢ = x+y, so the Jordan type of S is the partition of mn giving the Jordan block
decomposition of the multiplication by #; this depends on the characteristic of
k.

When the characteristic of k is 0 or greater than or equal to m + n, the
partitions are the Clebsch-Gordan formulas of invariant theory [8], which have
many applications in physics and have been rediscovered or surveyed frequently
([1,17], see also [6, Theorem 3.9] on Lefschetz properties of Artin algebras).
The significance in representation theory is that each factor k[z]/(z™) and
k[z]/(z™) is an irreducible representation of the Lie algebra slp, and that the
Clebsch-Gordan formula (equation (1.1) above) of invariant theory [8] gives the
decomposition of the tensor product into irreducible representations ([5, Section
3]).

The papers S. B. Glasby et al. [3] and K. I. Iima et al. [10] have obtained
a very nice result in the direction of recursion formulas for the Jordan type
Je.s in (m,n) for a fixed prime p. There are approaches to this problem from
different directions and the S. B Glasby et al. paper [3], and briefly in Section
3.2 of A. Tarrobino et al. [9] include some survey of the previous characteristic
p Clebsch-Gordan results. Moreover, S. B. Glasby et al. proved that if m < n,
andn # 0,=£1,...,£(m—2) (mod p), then the Jordan type Jo,g = (A1,..., A\p)
of mn, where Ay > --+ > A, is the standard partition of equation (1.1), whose
i-th partis \; = m+n—2i+1 for 1 <i < m. By Lemma 1.1, this is equivalent
to S having the SLP for such m and n.

Recall that S := K[z, y]/ (2™, y") = k[z]/(«™) @ k[y]/(y™) for m < n, where
k is an algebraically closed field of positive characteristic p. In this paper,
we explore not only the Lefschetz property but also the Jordan type for S.
We also study modular representations of finite cyclic p groups. Given two
indecomposable modules V(m — 1) and V(n — 1) of a cyclic group order p®,
the Krull-Schmidt theorem implies that V(m — 1) ® V(n — 1) is a sum of m
indecomposable modules V(A1 —1)®- - -®V (A, —1). This is shown in [3, Lemma
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9] and implies by Lemma 1.1 that S has (always) the WLP. Then there are
forms f1, fo,..., fin such that deg f; =i — 1 for 0 <i < m —1, and

firs fil oo il

is a string of length A;. In other words, the ring S can be decomposed into
irreducible sly-modules as

S=V—1)@ & V(A —1).

Suppose that either 3 < m < nand p > 2m -3 or 3 < m < n and
p > 2m — 3. In this paper, we show that if n = 0,41,...,£(m — 2) (mod p),
then the Jordan type for S is not the standard partition, i.e., S fails to have
the SLP for such m and n (see Theorem 2.5). This result has an important
role to find the Jordan type for S with m = 3,4. In Section 2, we prove a
necessary and sufficient condition on m and n that S fails to have the SLP
(see Corollary 2.6). In Section 3, we find other conditions that S fails to have
the SLP for m < n and m = 3,4. We also find the Jordan type for S for
such m and n in Section 4. These results in Section 4 for m = 3,4 are the
same as the works in [3], but they [3] found the Jordan type for these rings
using the representation theory of algebraic group. More precisely, they used
new periodicity and duality result for J; s that depend on the smallest p-power
exceeding m. In addition, in [10], K. Iima and R. Iwamatsu found a recursive
formula how to find the Jordan type for S. But, in this paper, we give a more
direct proof in Section 4 without any recursive formula in [10] or any results in
[3].

We are posting some calculations in the proofs of Theorems 4.4, 4.5, and 4.6
to Arxiv to make this paper shorter (see modular jordan type-full.pdf).

Acknowledgement. This project was motivated by a discussion with An-
thony Iarrobino when the second author attended the Lefschetz property work-
shop in Stockholm, 2017. The authors are thankful to a reviewer for their
extensive and valuable comments and suggestions.

2. A necessary and sufficient condition that k[x, y]/(z™,y™) fails to
have the SLP

In this section, we find a necessary and sufficient condition for S to fail to
have the SLP when 3 <m <nandp>2m—3or3<m<nandp>2m-—3.
In [15, Theorem 3.2], L. Nicklasson also find a necessary and sufficient condition
of the SLP for S using the base p expansions of m,n.

We now recall the sufficient condition for S to have the SLP from [3].

Theorem 2.1 ([3, Theorem 2]). Let S :=k[x,y]/ (2™, y™) with chark = p > 0.
Ifo<m<mnandn#0,£1,...,+£(m —2) (mod p), then S has the SLP.

We shall show that if p > 2m —3 and n = 0,%1,...,£(m — 2) (mod p),
then S fails to have the SLP. We first need the following two lemmas.
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Lemma 2.2. Suppose that 3 < m < n and p is a prime with p > m — 1. If
n = —k (mod p) with 0 <k <m —2, then

(n+m—2) =0 (mod p).

m—1

Proof. By the assumption, (m—1)! £ 0 (mod p) and n+m —2 > m — 1. Since
n+k =0 (mod p), we have

n+m—2\ (n+(m-2))(n+(m-3))---(n+k)---(n+1)n _
( m—1 ): (m—1)! =0 (modp),
as we wished. (|

Lemma 2.3. Let p be a prime. Suppose that either 3 <m <n and2m—-3 <p
or3<m<nand2m—3 <p. Ifn=k (mod p) withk =1,2,...,m—2, then
the following hold.

(a) Foranyl < a<kanda < p <min{k,nta—k—1} withm—k—a+g <

b,
n+m-—2k—-1\
) 2k —1
n+m—2k —
( k1 );‘éO (mod p).

Proof. First note that, with given conditions,
n+m—-2k—1=Mn—-k)+(m—-k)—1=m—-k—1#0 (mod p).
(a) Forl <a<kand a <8 <min{k,n+a—k—1}, sincem—k—a+23 < p,

we get that

(m—k—a+B8)!#£0 (mod p).

Moreover, note that
n+m—-2k—1=mn—-k)+(m—-k—1)>n—k=0 (modp), and
n—k+a—-p<n-—k.

This shows that

n+m-—-2k—1>p>m—k—a+p,

and thus
n+m-—-2k—-1\ (m+m-2k-1)(n+m—-2k—2)---(n—k+a—p)
<m—k—a+6> (m—k—a+p)!

=0 (mod p).
(b) Note that m —k —1 < p and
n+m—-2k—1=Mn—-k)+(m—-k—-1)>m—k-—1.
Since 1 <k <m —2, forany y=0,1,...,m — k — 2, we have
n+m—-2k—1l—-vy=Mn-k+(m-k—-1)—v
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=(m—k—-1)—y#£0 (mod p).
This shows that

n+m—-2k-1\ (m+m—-2k—1)(n+m—2k—-2)---(n—k+1)
( m—k—1 ) (m—Fk—1)!

#£0 (mod p).
This completes the proof. O

Remark 2.4. f m=n =3, k=1, and p = 2m — 3 = 3, then the formula of
Lemma 2.3(b) is not satisfied. Indeed,

n+m-—2k—1 3\
R M
Theorem 2.5. Let S = k[z,y]/(z™,y™), where k is a field of a prime charac-

teristic p. Suppose that either 3 <m <n andp>2m —3 or3 <m <n and
p>2m—3. Ifn=0,%1,...,+(m—2) (mod p), then S fails to have the SLP.

Proof. First, note that since n+m —2 > n > m, both of z and y cannot be an
SLP element for S. Thus it is enough to show that any linear form ¢ :=x +y
cannot be an SLP element of S.

(i) Suppose that n = —k (mod p) with 0 < k < m — 2. By Lemma 2.2, we
have

n+m— n+m-—2 m—1, n—
(x+y)"* 22( 1 )m Lyn=1 = .

Hence the first (largest) component of the Jordan type J; g is < n+m—2, i.e.,
the Jordan type J; g is of the form

Jes=(<n+m—2,...),

and thus S fails to have the SLP.
(ii) Now suppose that n = k (mod p) with 1 < k < m — 2. We shall show
that the (k + 1)-st component of Jy ¢ cannot be n +m — 2k — 1. Let

Py = box® + bty 4+ b1y + bpy”

be a nonzero form of degree k in klz,y]. Let i be the smallest integer with
by #0, ie., Py = bja? iy’ 4+ - + bp_1xy" 1 + bpy*. Since 2™ =0, y™ = 0 in
S, we have

P - (:17 + y)n+m—2k—1
:[bixkﬂ'yi T T T T I LA

k v(e)
o n+m-—2k—1 m—o, n+a—k—1
(3w )

=u(e)
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where u(a) = max{i, —m + a + k}, and v(a) = min{k,n + o — k — 1}. Now
consider the coefficient of 2™~ +Dyn+i=Fk in P . (x + y)"+m=2k=1 Since
u(i+1) = max{i,—m+ (i + 1)+ k} =4, and
v(i+1) =min{k,n+ (i +1) -k -1} >,
we get that by Lemma 2.3, the coefficient is

v(i+1)
n+m-—2k—1 n+m-—2k—1
;bﬁ(mk(i+l)+ﬂ)_bi< m—k—1 )3;0 (mod p).

(Here, note that m —k — (i + 1) + 8 < p for any ¢ < 8 < min{k,n + i — k}.)
Hence
P (w4 ) 20,

This shows that for a linear form ¢ € R, the Jordan type J; s cannot be of
the form
(k+1)-st
(..,n+m—(2k+1),...).
Thus S fails to have the SLP.
This completes the proof. O

If we couple Theorem 2.5 with Theorem 2.1, we obtain the following corol-
lary.

Corollary 2.6. Let S = k[z,y]/(z™,y™) with 3 < m < n and p > 2m — 3.
Then a necessary and sufficient condition that S fails to have the SLP is n =
0,+1,...,+(m —2) (mod p).

3. Other conditions that k[z, y]/(z™,y™) fails to have the SLP

In Section 2, we determined when S = k[z, y]/(z™, y™) fails to have SLP for
3<m < nandp>2m—3. In this section we consider the remaining cases
when m = 3 or m = 4. Assume m = 3,4 and m < n. Then we show that
S =klz,y]/(x™,y™) fails the SLP as summarized in the follow table:

’ Theorem \ m \ D \ S fails the SLP ‘
Theorem 3.2 3 2 n=0,%1 (mod 4)
Proposition 3.3 | 3 3 always
Theorem 3.4 3|p>3| n=0,%+1 (mod p)
Theorem 3.5 4 2 always
Theorem 3.6 4 3 n # +4 (mod 9)
Lemma 3.7 4 5 n>4
Theorem 3.8 4 |p>7|n=0,£1,4+2 (mod p)

Remark 3.1. Recall S := k[z,y]/(2™,y™) with m < n. As we mentioned in
the introduction, for a linear form ¢ = = + y, the Jordan type J; g is of the
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form (A1,...,Am) where Ay + -+ + A\, = mn. In this case there are forms
fi,fo,- .-, fm such that deg f; =i — 1 for 0 < ¢ <m — 1, and

firs fil s o f0N 1

is a string of length A;. In other words, the ring S has the slo-module decom-
position as follows.

m

S =Kz,y]/ (@™ y") = P V(N - 1),

i=1
where V(A; — 1) is a A;-dimensional irreducible sly-module for each .

Recall that the Hilbert function of S is

Hs(i) =min{i +1,m+n—-1—-4} for i>0.

In order for S to have the SLP we need that for each 7 satisfying 0 < i < m+n—2
the following sets are linearly independent
(AL, 2070 fill, fin )}
for0<i<m-—1,
{f1€i7 f2€i_17 ) fmflgi_(m_2)7 fmgi_(m_l)}
form<i<n-—1,

{flgi7 f2€i717 . Jc;njLniziigQiJriifmfn7 fm+n717i€2i+2fmfn}
forn<i<m+n-—2.

However, if S fails to have the SLP, we have to find the different linearly
independent sets for each degree-i based on Jordan type Jps = (A1,..., Am)-
Fortunately, it is not hard to prove that those sets are linearly independent for
0 <i<m+n—2. We shall omit the proof for the linear independence of the
sets in general except for a few of cases (e.g., the proof of Theorem 3.6) in the
rest of this paper.

3.1. chark > 2 and m = 3

Theorem 3.2 is known by [2], and we give a different proof based on the
Jordan type argument. We also investigate Jordan type when the ring S =
k[x,y]/(x3,y™) fails to have the SLP for n > 3, i.e., it has only the WLP.
Recall that if S has the SLP for a Lefschetz element ¢, then the Jordan type
Jos for S'is (n+2,n,n — 2) (see Lemma 1.1).

Theorem 3.2 (chark = 2). Let S := k[x,y]/(23,y") with chark = 2 and
n > 3. Then S has the SLP if and only if n = 2k, where k is an odd positive
integer with k > 3. In other words, S fails to have the SLP for n = 0,41
(mod 4).

Proof. By a computer calculation, one can show that for 3 < n < 5, S does
not have the SLP.
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Now consider the case (3,n) with n > 6. Then the socle degree of R/(x?,y")
is n 4+ 1. Note that we have only three kind of linear forms, namely,

z,Y, T +y.
But the strings from x and y are

1=z~ 22, and
Ty y? s gyl

These two forms do not give a string of length (n+2). Furthermore, the linear
form ¢ = x + y satisfies

1
(z+y)" = <n;” )nynl.

(i)If4|nor4d]|(n+1), then x + y cannot give a string of length (n + 2).
Thus R/(x3,y™) does not have the SLP.
(ii) We now assume that 4{n and 41 (n + 1).
e Let n be an odd. Since 4 1 (n + 1), we get that n = 4k + 1 for some
k>2 So4|(n—1).

r(x+y)" =x- (?) xy" ! = nay" ! £ 0.

n-— 1)x2yn—3 _ (n—1)(n— 2)x2yn—2 -0

y(w+y)”_1=y-( ) 5

So the Jordan type Jp s is not of the form (—,n, —) with a linear form
{=2z+y,ie., R/(z3 y") does not have the SLP.
e Let n = 2a with « is an odd, so n = 4k + 2 for some k > 1. Hence

4| (n —2), and so the above two forms have to be 0. But,
n—1 _ n—1 n—2 _ ( _ 2, n—2
sz +y)" = eyt = (e Dty £,
(n—3)(n—4)
2
In degree (n+1), a single form 2%y is obviously linearly independent.

Now consider two forms in degree n. lL.e.,

Y (@+y)" P =y (n=3)ay" T+ 2?y" 2 #0.

n—1

(x—l—y)" — nyn—Q)
:L‘(:L’+y)n71 _ $2yn72 +yn71’

which are linearly independent. We now consider three forms in degree

(n—1). Le.,
(z+y)" =2y,
w(x+y)" =2y 4y
Ve+y) =y —ay" Ty
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which are linearly independent as well. So the Jordan type J; g is of
the form (n + 2,n,n — 2) with a linear form ¢ = x + y. Therefore,
R/(z3,y™) has the SLP.

This completes the proof. [l

Proposition 3.3 (chark = 3). Let S := k[z,y]/(2®,y") with chark = 3 and
n > 3. Then S fails to have the SLP.

Proof. Note that
1
(z4+y)" = (n; >x2y"_1.
So if n = 0,—1 (mod 3), then the above equation is 0, i.e., a linear form
¢ = x + y does not give a string of length (n + 2).
If n=1 (mod 3), then

w(x+y)" =nay" "t =a2y" Tt #£0,
and
ylx +y)" =0.
Le., the Jordan type J; s with £ = x 4+ y cannot be of the form
Jo,s = (A1,n, A3),

and so S fails to have the SLP, as we wished. O
Theorem 3.4 (chark > 3). Let S := k[x,y]/(z3,y") with chark = p > 3 and
n>3. Ifn=0,£1 (mod p), then S fails to have the SLP. Otherwise, S has

the SLP. In particular, if chark = 3, then S fails to have the SLP for any
n > 3.

Proof. 1t is immediate that the two linear forms = and y do not give a string
of length of n 4 2. So it is enough to consider a linear form ¢ =z + y.

By Proposition 3.3, this theorem holds for chark = 3. So we now suppose
that chark > 5.
(1) Let n = pa, pa — 1 and o > 1. Then p | (”'QH) and p | (";1) So
(z +y)"*t =0,
i.e., for any linear form ¢ in R the Jordan type J; g is of the form
Jgﬁs = (<n+2,...).
This implies that S fails to have the SLP.

(2) Let n = pa+1. Thenp | (g)7 D | (g), pln—=1),p] ("51), and p | ("gl)
Hence

z(x+y)" =2y #£0,
y(z +y)" = 0.
This shows that for any linear form L = x + by with b € k,
Lz +y)" #0,
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i.e., for a linear form ¢ = z +y € R, the Jordan type J; g is of the form
Jo.s = (A1, A2, A3)

with Ay > n. Thus S fails to have the SLP.
(3) Let n # 0,41 (mod p). By Theorem 2.1, S has the SLP. Hence for a
linear form ¢ = x 4 y, the Jordan type J; g is

’J@S: (’I’L—|—2,’I’L,n—2).‘

This completes the proof. O

3.2. chark > 2 and m =4

Note that if S = k[z, y]/(z*, y™) has the SLP for a Lefschetz element ¢, then
the Jordan type Jy g for S'is (n+3,n+1,n—1,n — 3). The following theorem
is known by [2, Corollary 4.8], and we introduce a new proof based on Jordan
type argument for a linear form ¢ =z + y.

Theorem 3.5 (chark = 2). Let S := k[z,y]/(z* y") and chark = 2 and
n > 4. Then S fails to have the SLP.

Proof. Note that we have only three kind of linear forms, namely,
T,Y, T+ Y.
But for a linear form z,y, the Jordan types are
Jr = (4,4,...,4) = [4"],
Jy = (n,n,n,n) = [n?.

So two linear forms = and y are not strong Lefschetz elements. Now consider
a linear form ¢ = z + y, and note that

+3 _
(m+y)n+3: (n3 )xSyn 1.

(a) If n = 41,2 (mod 4), then

(fﬂ + y)n+3 = (n + 3) xBy”ﬂ = 07

3
and so the Jordan type J; g is of the form
Jos = (A1,...)

with Ay < n 4+ 2, and thus S fails to have the SLP.
(b) We now assume that n = 0 (mod 4). By a simple calculation, the Jordan
type is
Jo.s = (n,n,n,n) = [n4].
This implies that S fails to have the SLP.
This completes the proof. (I
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Theorem 3.6 (chark = 3). Let S := k[x,y]/(z*,y") with chark = 3 and
n>4. If n # +4 (mod 9), then S fails to have the SLP. Otherwise S has the
SLP.

Proof. (1) Assume n = 9,9 — 1,9« — 2, with « > 1. Note that 3 | (":{2)

Then
+2
(l‘ y)n+2 (Tl 5 ).TB . yn—l 0,

which implies that any linear form x 4y cannot give a string of length (n + 3).
Thus the ring S fails to have the SLP.
(2) Let n = 9a + 1 with a > 1. Note that 3 | (3) and 3| (}). So

ylx+y)" = <Z) 22yl 4 (;L) z2y""2 =0, and

r(z+y)" = (Z) 3y"? = 0.
Thus for any a € k — {0},

(ax +y)(z +y)" =0,

as well. This implies that for a linear form ¢ = x + y the Jordan type J; g is of
the form
Jo.s = (A1, A2, Ag, Aa)
with Ao < n + 1. Hence the ring S fails to have the SLP.
(3) Let n = 9 3 with a > 1. Note that 3 | () and 34 ("3"). So

y(z +y)"t = (n +1

5 )x?’y"_l;éO, and

z(z+y)" = (Z) 23y" 2 =0.

Thus,
(z+y)(@z+y) "t #0.

This implies that for any linear form ¢ the Jordan type Jy g is of the form
Jo,s = (A1, A2, Az, Ag)

with A2 > n + 1. Hence the ring S fails to have the SLP.
(4) Let n = 9a + 2 with a > 1. Note that 3t (n —1) = (9a + 1), 3| (nEZ),
and 3 | ("3?). For every a € k — {0},

ZCZ(.’L' + y)n—l — x2yn—1 + (7’L _ 1)$3yn—2 7& 0,
zy(r+y)" = (n—1)2%y" ' £0, and

-2 -2
yZ(x_i_y)n—Q _ (n_2)$yn—1 + (n ) >$2yn—2+ (n X )w3yn—3 = 0.
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Since one can easily show that the above two nonzero forms are linearly inde-
pendent, we see that for any (v, d) # (0,0),
(va? + dzy)(z +y)" ' #0,
which implies that for any linear form ¢ the Jordan type J; g is of the form
Jo.s = (A1, A2, Az, Adg)

with A3 > n — 1. Thus the ring S fails to have the SLP.

(5) Let n = 9a + 4 with a > 0. Note that 3 { ("4?) and 3 | ("}'). Let
{ = x +y. We shall find four forms L,Q, and C of degrees 1,2, and 3 which
give strings of length n + 3,n + 1,n — 1, and n — 3, respectively.

First, let £ = x +y. Then

(:L,+y)n+2 _ ( xSyn 1 _2m3yn 1 #0

Since

z(x+y)" = =nay" 4+ (Z) =22y ! and

n _
y(x+y)n: (2>m2yn 1+ (3) 3yn 2 xSyn 2’

we can take L =2 —y {2z +y. Then
(z—y)(x+y)" =a’y" " =2’y #0, and

1
(z—y)(z+y)" T = (n; )x?’y”_l =0.
Now let Q = o z? + aszy + asy? for some «a; € k, and assume that
Q- (e+y)" > #0, and
Q- (z+y" =0
By a simple calculation, one can find that Q = zy 1 2 + y. Indeed,

n—2
ay(e+y)" =2y 4+ (n - 2ay" T + ( ) ) 2Py e
_ l,ynfl o x2yn72 +x3yn73 7& O, and
= ey =2ty T 4 2y ) (@ y) = 0.

We now find a cubic form C' = B123 + fBaz?y + B3xy? + Bay® with 3; € k such
that

zylr +y

C-(x+y)"*+#0, and
C-(z+y)" =0,
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By a simple calculation, we find C' = 23 —xy? +2y* —y3. In fact, since 3 | (";4)
and 3 | ("§4), we have

a4y =By,

ny(x T y)n—4 — m2yn—3’

zy?(z+y)" P =2y % and

v e +y) =y

In other words,
(@ =2y’ +ay® —y*) (@ + )" =2ty 2y P ey Py #£ 0, and
(@ —zy® +ay® —y*) (@ +y)" 70 = @y =2y T by Ty T (2 )
=0.
We now prove that the four forms
(@+y)" L (z+y)"%Q (z+y)" > C - (x+y)"
are linearly independent. Assume that for some a; € k
a(x+y)" Pl (z+y) "+ azQ - (x+y)" P+l (z+y) Tt =0.
After we multiply by (z + )3 to the above equation, we obtain that
a(z+y)"? =0, ie, o =0.
By a similar argument, we can easily show that
as=a3=a4=0

as well. This shows that the above four forms are linearly independent. By an
analogous argument as above, one can easily show that the following three sets

{(z+y)" L (z+y)" 1, Q (x+y)" 2},

{(z+y)" " L-(z+y)"}, and

{(z+y) 2}

are linearly independent, respectively. Thus the Jordan type J; s is

’Jg’s = (n+3,n+1,n—17n—3)‘
and hence the ring S has the SLP.
(6) Let n = 9 + 5 with o > 0. Note that 3 ¢ (”;‘2) and 3 | ("), and

3 | (";1) Let £ = x +y. By an analogous argument as in Case (5), one can
find that

L=z Q=2>-2y—vy? C=2z>—-zy>—19>
Indeed,

5 )xl’)y’nl — 2x3yn71 # 0’
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2(z +y)" = nnynfl + <Z>x3yn2 _ 2yn71 + xByn72 40, and

+1
.Z’(.I +y)n+1 _ <n ) )x‘synl —0.

Moreover, note that

1'2(.’E + y)n72 _ x2yn727
ry(x+y)" 2 =2y, and
yQ(x + y)n72 _ xiiynfi%7

which implies that
(22 — 2y —y*)(x+y)" 2= —ay" F 2%y % —2%y" P £0, and
(@ —ay —y*) (@ +y)" ! = (—ay" T+ 2Py =2y ) (@ y) = 0.
Since 3 | (%) and 3 | ("), we get that
a x4yt =2ty
ry?(z4+y)" "t =ay" 2 + 2%y, and
Yty =y ey
ie.,
(2 =2y =)@+ )" = =y ey -y 2%y £0, and
(@ —ay® =y )@ +y)" 7 = (—y" Hay" T =2y 2ty ) (2 +y) = 0.
By a similar argument as in Case (5), one can show that the following four
sets

{@+y)" L L-(z+y)" Q- (z+y)" ., C (x+y)" '},
{z+y)"L-(z+y)" Q- (x+y)"?}, and
{(z+y)" L (x+y)"},

{(z+y)"*?}

are linearly independent, respectively. Thus the Jordan type Jy g is

’Jg7g:(n+3,n+1,n—1,n—3)‘

as we wished, and hence the ring S has the SLP.
This completes the proof. ([

We now move on to chark > 5. Let S := k[z,y]/(2%,y") with chark = 5
and n > 4. Then
H{=mn+3n+1,n—1,n-3).
Note that
z(z+y)" T =y(z+y)"2=0.
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Hence two linear forms z and y cannot give a string of length (n + 3). So we
shall assume that a linear form is £ = x + y for the rest of this section.

Lemma 3.7 (chark = 5). Let S :=k[z,y]/(z*,y") with chark = 5 and n > 4.
Then S fails to have the SLP for every n > 4.

Proof. If n =4, then
(z+y)° =0,
i.e., the Jordan type J; s cannot be of the form

JZ,S = (77 5a 37 1)

Furthermore, since p =5 > 2-4—3 = 2-m — 3, by Theorem 2.5 for every
n = 0,%+1,4+2 (mod 5), i.e., for every n > 5, S fails to have the SLP. This
completes the proof. O

We now classify the Jordan type for an Artinian ring S := k|[x, y]/(z*, y*) for
any characteristic p > 0. Recall that S has the SLP for p = 3 and (m,n) = (4,4)
(see Theorem 3.6), but S fails to have the SLP for p = 5 and (m,n) = (4,4)
(see Lemma 3.7). So we assume that chark = p > 7 for the following theorem.

Recall that by Theorem 2.5 and Lemma 3.7 the ring S := k[z, y]/(z*, y")
with chark > 5 fails to have the SLP for any n > 4 with n = 0,£1,+2
(mod p). By Theorems 2.1 and 2.5, the following theorem is immediate, and
thus we omit the proof.

Theorem 3.8 (chark = p > 7). Let S := k[x,y]/(z*,y") with chark =p > 7
andn > 4. Then S has the SLP forn =43, ..., :tpgl (mod p). Otherwise, S
fails to have the SLP.

4. The Jordan type for rings k[z, y]/(z™, y™) failing to have the
SLP when m is 3 or 4

In this section, we determine the Jordan type for an Artinian complete
intersection quotient S := k(x, y]/(2™,y™) for m = 3,4 with chark =p > 0. In
order to shorten the paper, we are posting full calculations for proofs of some
Theorems of this section on the arXiv version of the paper (see modular jordan
type-full.pdf).

4.1. chark > 2 and m = 3

Theorem 4.1 (chark = 2). Let S := k[x,y]/(23,y") with chark = 2 and
n=0,£1 (mod 4). Then for a linear form { = x +y, the Jordan type Jy s is
as follows.

Ju,s

n=0 (mod 4) (n,n,n)
n=-1 (mod4) | (n+1l,n+1,n—2)
n=1 (mod4) |(n+2,n—1,n—-1)



http://web.sungshin.ac.kr/~ysshin/modular.pdf
http://web.sungshin.ac.kr/~ysshin/modular.pdf
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Proof. Recall that S fails to have the SLP for n = 0,+1 (mod 4) and S has the
SLP for n =2 (mod 4) (see Theorem 3.2). Since there is no quadratic form @
such that the product

Q- (x+y)"*#0, and
Q- (z+y)"° =0,
Jy,s is of the form

Jo.s = (n+2, A2, A3)

(a) Assume n =0 (mod 4). Let 4 | n with n > 4. Note that

(z+y)" " =(m—-Dxy" 2 +y" ! #£0,
(x+y)" =0.

In other words,

’ Jo.s = (n,n,n). ‘

(b) Let n =1 (mod 4). Let ¢ = z + y with n > 4. But S fails to have the
SLP, i.e., Jg 5 is not of the form

Jog = (n+2,n,n—2).
Furthermore, it is easy to prove that each of the following three sets

{@+y)" Nyl +y)" 2 v (@ +y)" %},
{(z+y)" v (x+y)" 2,
{(z+y) 1},

is linearly independent, respectively. In other words,

’Jg,sz(n—FQ,n—l,n—l).‘

(c) Let n = —1 (mod 4). Since there is no linear form L # x + y such that
L-(x+y)" =0,
and
(@ +y)" =2y " +ay" T £0,
(z+y)"* =0,

Jy,s is of the form
Jos=n+1,>n+1,>n-2).

So Jg_’S is

’Je,_g:(n+1,n+1,n—2).‘

This completes the proof. (I
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Theorem 4.2 (chark = 3). Let S := k[x,y]/(z3,y") with chark = 3 and
n > 3. Then for a linear form { = x +y, the Jordan type Jy s is as follows.

Ju,s

n=0 (mod 3) (n,n,n)
n=-1 (mod3)|(n+1l,n+1,n-2)
n=1 (mod3) | (n+2,n—1n—1)

Proof. Recall that S fails to have the SLP (see Proposition 3.3). Note that
there is no quadratic form @ such that

Q- (z+y)"3=0.
So Jy,s is of the form

Jo,s = (A1, A2, A3)
with /\3 >n— 2.

(a) Assume n =0 (mod 3). Note that
(l‘ + y)n—l — x2yn—3 + ijn—Q + yn—l 7& 0’
(z+y)" =0.

In other words,

’ Jo.s = (n,n,n). ‘
(b) Let n =1 (mod 3). Note that
(x+y)"t =a2?y" !t #£0,
(z+y)" T =0,

Jo,s is of the form
Jo,s = (n+2,A2,A3)
with A3 > n — 2. Since S does not have the SLP, Jy 5 cannot be of the form
Jos = n+2,n,n—2).

Hence Jy 5 is of the form

’JZ,S:(TL—FQ,TL—I,’I’L—I).‘

(c) Let n = —1 (mod 3). Note that
(z+y)" =2y —ay" "t £0,
(z+y)"t =0.
Hence Jy g is of the form
Jo.s = (n+1, A, A3)
with A3 > n — 2. Since there is no linear form L # x + y such that
L-(z+y)" " #0,
L-(z+y)" =0,
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Jy,s is of the form
Joes=(n+1,>n,n—1).
So we get that

’Jg,gz(n+1,n—|—l,n—2).‘

This completes the proof.
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Theorem 4.3 (chark = p >5). Let S :=k[z,y]/(23,y™) with chark = p > 5.
For a linear form £ = xz +y and for n = 0,£1 (mod p), the Jordan type Jy s

is as follows.

Ji,s

n=0 (mod p) (n,m,n)
n=-1 (modp)|(n+1,n+1,n—2)
n=1 (modp) |(n+2,n—1,n—1)

Proof. Recall that by Theorem 3.4, S fails to have the SLP for n = 0,+1

(mod p).
(a) Assume n =0 (mod p). Note that

(.’E + y)n—l _ x2yn—3 _ xyn—Q 4 yn—l 75 07
(z+y)" =0.

In other words,

’ Jo.s = (n,n,n). ‘
(b) Let n =1 (mod p). Note that
(z+y)"t =a2?y" "t #£0,
(x+y)" " =0.

Hence Jy 5 is of the form
Jo.s = (n+2, A2, A3)
with A3 > n — 2. Since S fails to have the SLP, J; g is of the form
Jes=(Mn+2,n—1,n-1).
(c) Let n = —1 (mod p). Note that
(z+y)" =2y —ay" "t £0,
(x+y)" Tt =0.
Hence Jy 5 is of the form
Jo.s = (n+1, A2, A3)

with A3 > n — 2. Note that there is no linear form L # = + y such that

L-(z+y)" =0,
and for Q = 322 + 3zy + y?,
y( +y)" =yt #0,
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y(z +y)" =0,
Q- (x+y)" P =a2y 3 —ay" 24+ y" 1 £0, and
Q- (x+y)"?=0.
So

’J@)s:(n+17n+1,n—2).‘

This completes the proof. (I

4.2. chark > 2 and m = 4

Theorem 4.4 (chark = 2). Let S = k[z,y]/(z*, y") with chark = 2 and
n > 4. For o linear form { = x + vy, the Jordan type Jy s is as follows.

Jis

n=0 (mod 4) (n,m,n,n)
n=-1 (mod4) | (n+1l,n+1,n+1,n—3)
n=2 (mod4) | (n+2,n+2,n—2,n—2)
n=1 (mod4) |(n+3,n—1,n—1,n—-1)

Proof. Recall that S fails to have the SLP for n > 4 (see Theorem 3.5). Note
that there is no cubic form C' such that

C-(z+y)"*=0.
Hence the Jordan type J; g is of the form
JE,S = (A17 >\27 >\3a )‘4)

with )\4 Z n—3.
(a) Let n =0 (mod 4). Then

(z+y)" =0,
and thus the Jordan type Jy g is

’ Jo.s = (n,n,n,n). ‘

(b) Let n = 1. For any linear form L,
L-(z+y)"T2=0.
Moreover, if for a linear form L
L-(z+y)"t =0,
then L =y, and thus
L-(x+y)"=Lx+y" ' =0,

as well. This shows that J, g is

’Jg,s:(n+3,n—1,n—1,n—1).‘
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(c) Let n = —1. Then
((E + y)n _ xByn—3 + 1’23/”_2 + l,yn—l 75 07

(z+y)"" =0
Since there is no linear form L # x + y such that
L-(z+y)"=0.

So the Jordan type Jy g is of the form
Jos=(n+1,n+1,A3\)

with Ay > n — 3. Moreover, if @ - (z + y)™ = 0 for a quadratic form @, then
x+y| Q. we get that Jy g is

’h5:m+Ln+Ln+Ln—$w

(d) Let n = 2. Then
(@ + )" = 23y"2 4 a2y £ 0,
(z+y)"T2=0.
Since there is no linear form L # = + y such that
L-(z+y)"t=0.
So the Jordan type Jy g is of the form
Jos =(Mn+2,n4+2,A3,\1)

with Ay > n— 3. Moreover, since there is no a cubic form C such that z+y { C
and

c- (‘T + y)n73 =0,
we get that Jp g is

’ﬁﬂz(n+ln+ln71n72w

This completes the proof. (I

Theorem 4.5 (chark = 3). Let S = klx,y]/(z*,y") with chark = 3 and
n > 4. For a linear form ¢ = x +y and for n Z +4 (mod 9), the Jordan type
Ji,s 1s as follows.

Jis

n=0 (mod 9) (n,m,n,n)
n=—-1 (mod9) | (n+1l,n+1,n+1,n—3)
n=-2 (mod9) | (n+2,n+2,n—1,n—3)
n=-3 (mod?9) (n+3,n,n,n—3)
n=1 (mod9) |(n+3,n—-1n—-1n-1)
n=2 (mod9) | (n+3,n+1,n—2n—2)
n=3 (mod?9) (n+3,n,n,n—23)
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Proof. Recall that by Theorem 3.6, for n £ +4 (mod 9), S fails to have the
SLP. Otherwise, S has the SLP. First note that there is no cubic form C such
that
C-(z4+y" =0
So Jp,s is of the form
Jo.s = (A1, A2, A, Aa)
(a) Let n =0 (mod 9). Note that
(+y)" =2y Py T g Ty £,
(x+y)" =0.

In other words,

’ Jo.s = (n,n,n,n). ‘
(b) Let n =1 (mod 9). Note that
(a4 9)2 = 2y 20,
(x+y)" T =0.
Thus J;,s is of the form

J&S = (TL + 3, A2, A3, )\4)
with Ay > n — 3. Moreover there is no quadratic form @ such that
Q- (z+y)"*=0.
So Jg,s is of the form
Jo.s = (n+ 3, A2, A3, A1)
with A3 > n —1 and Ay > n — 3. Since the sum of the components of J; g is

4n, the second component of J; ¢ has to be <n+ 1. But for k =n+1,n, and
for some linear form L,

(l‘ + y)k — xk7n+1yn71’

we see that L- (z +y)* = 0 implies that L - (x +y)¥~! = 0. Hence we conclude
that

’J&S = (n+3,n—1,n—1,n—1).‘
(c) Let n=—1 (mod 9). Note that
(x+y)" ="y —ay" " £0,

(z+y)"Tt =0
Hence Jy 5 is of the form
Jg}sz (n—l—l,—,—,Zn—S).

Note that

-1
ZE(CC 4 y)n — nz2yn71 4 n(n2 )xByn72 7& 0’
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nm—1) 5,1 nmn-1)(n-2)

y(x +y)" = -y vV + Tﬁynd # 0,
—1H(2n -1
($+2y)(x+y>n _ n2x2yn—1 + n(n )6( n )x3yn—2 75 0,
which implies that there is no linear form L # x + y such that
L -(z+y)"=0.

This shows that the Jordan type Jy s has to be of the form
JZ,S = (n +1,n+1, /\37 )\4)

with Ay > n — 3. Furthermore, it is not hard to show that if for a quadric form

Q
Q- (x+y)" ' #0, and
Q (z+y)" =0,

then @ = y(z + y). This implies that the third component of the Jordan type
Jo,s has to be > n +1, ie,

’Jg,s:(n+1,n+1,n+1,n73).‘

(d) Let n =2 (mod 9). Note that
(z+y)" T =2y "t £ 0,
(x+y)" T =0.
Hence the Jordan type Jp s is of the form
Jo.s = (n+3, A2, A3, A1)
with Ay > n — 3. Suppose C = az? + baz?y + caxy? + dy? for some a,b,c,d € k
such that
C-(x4+y)"*#0, and
C-(z+y)"2=0.
Then

(J,CL‘?’ . (LL' + y)n—S — ax?)yn—?)’

bey (z+ y)”f3 = by % 4 (n— 3)bx3y"73,
o n—2 M=3)n—4) 5, 3

cxy® - (x+y)" 3 = cay™ ' + (n — ey + ey
—3)(n—4
dy* - (x +y)"" 3 = (n — 3)dxy™ ' + (n=3)n=-4 3)2(n )dchZy’%2
(n=3)(n—-4)(n—-5) , 3

n—3

+ dz’y

6
First, since n = 2 (mod 9), we have n = 2 (mod 3), i.e., n — 3 = 2 (mod 3),
n—4=1 (mod 3), and n —5 =0 (mod 3).
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¢+ (n — 3)d = 0 implies that ¢ = d.
(2) b+ (n—3)e+ =D g — 0 with ¢ = d, we have that b = 0.
(3) a+(n—3)b+ =8t oy =3 n=8) g — () with b =0, and ¢ = d
yield a = 0.

In other words, (z + y) | C = y?(x + y). Thus the last component of the

Jordan type J; s has to be > n — 2, i.e.,
JZ,S - ('I’L + 3; )\27 >\37 )\4)

with Ay > n — 2. Moreover, there is no linear form L # x + y such that

L-(x4+y)"=0.

So Jy,s is of the form
JZ,S = ('I’L + 3; )\27 >\37 )\4)
with Ao >n+1and \y >n—2, ie.,

’Jg,s:(n+3,n+1,n—2,n—2).‘

(e) Let n = —2 (mod 9) and ¢ = z + y. Note that
(z+y)" T = =2y 2 p Py £ 0,
(z+y)"** =0,
this shows that the Jordan type J; g is of the form
Jo.s = (n+2, A2, Az, A1)
with Ay > n — 3. Furthermore, there is no linear form L # z + y such that
L-(z+y)"* =0,
and no quadratic form @) such that
Q- (z+y)" =0,
we see that J; g is of the form
Jo.s = (n 42,2, A3, A1)
with Ao >n+2, A3 >n—1,and \y > n— 3, ie.,

]Je,s:(n+2,n+2,n—1,n—3).\

(f) Let n =3 (mod 9). Note that
(x+y)"*2 =2yt #£0,
(x+y)"™ =0, and
there is no quadratic form @ such that
Q-(z+y" =0
So the Jordan type Jy g is of the form
Jo.s = (n+ 3, A2, Az, A1)
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with A3 > n and \y > n — 3, i.e., Jy 5 has to be

’Jg_’S: (n+37n,n,n—3).‘

(g) Let n = —3 (mod 9). Note that
(z+y)" "2 = —2Py" "t £ 0,
(z+y)" " =0,
there is no quadratic form @ such that
Q- (z+y)" ' =0.
So the Jordan type Jy s is of the form
Jo.s = (n+3, A2, Az, A1)

with A3 > n and Ay >n — 3, i.e.,

’JAS: (n+3,n,n,n—3).‘

This completes the proof. (I

Theorem 4.6 (chark > 5 and m = 4). Let S :=k[x,y]/(x* y") with chark =
p>5andn > 4. For a linear form { =z +y and forn =0,£1,4+2 (mod p),
S fails to have the SLP, and the Jordan type Jy s is as follows.

Ju,s

n=0 (mod p) (n,m,n,n)
n=-1 (modp)|(n+1l,n+1,n+1,n—3
n=-2 (modp)| (n+2,n+2,n—1,n-3
n=1 (mod p) n+3,n—1n—-1,n-1
n=2 (mod p) n+3,n+1,n—2n—2

(
(
(
(

Proof. Recall that by Theorem 2.5, if n = 0,+1,4+2 (mod p), S fails to have
the SLP. Otherwise, S has the SLP (see Theorem 2.1). First, note that there
is no cubic form C such that

C-(z+y)"*=0.
So the Jordan type is of the form
Jo,s = (A1, A2, Az, Ag)

with \y > n — 3.
(a) Let n =0 (mod p). Then

({E + y)nfl _ _x3yn74 4 x2yn73 o myn72 4 ynfl # O, and
(@+y)" =0,

So Jg,s is of the form

’ Jo.s = (n,n,n,n). ‘
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(b) Let n =1 (mod p). Note that
(x+y)"T? =231 £0, and
(z+y)" " =0.
Note that for any linear form L
L-(z+y)"? =0,
so we have
Jo.s = (n 43, A2, Az, A1)
with Ao < n + 2 and Ay > n — 3. If for a quadratic form @Q
Q- (z+y)"*=0,
then
Q=ay+y’=(x+yly="~Ly.
So Jy,s is of the form
Jos=m+3, n+2,A3>n—-1,A\ >n-—23).

But the second component n +2 of Jy g is not possible. Moreover, since S does
not have the SLP, J; s is not of the form

Jes=Mm+3,n+1,n—1n-3).
Furthermore, there is no linear form L # x + y such that
L-(z+y)" " #0,
L-(z+y)" =0,
and thus Jy g is of the form
Jo.s = (n+ 3, A2, A3, A\q)
with Ay <n—1, A3 >n—1, and Ay > n — 3, ie., Jy g is of the form

]Je,s=(n+3,n—1,n—1,n—1).\

(c) Let n =2 (mod p). Note that
(z+y)" T2 =423y 1 £0, and
(z+y)" " =0.
Note that for any linear form L
L-(z+y)"T?=0.
So
Jo.s = (n+ 3, A2, Az, \4)
with Ao <n+2 and Ay > n — 3. If for a cubic form C
C(z+y)" 7 =0,
then
C=y* (z+y)=y> L
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This implies that

Jos = (TL + 3, A9, Ag, )\4)
with Ag <n+2and Ay > n — 2 and so

J@,S = (TL + 3, A2, A3, )\4)
with Ao <n+ 1 and A\y > n — 2. Since there is no linear form L # = 4+ y such
that

L-(z+y)" =0,
Jy,s is of the form
Jos = (n +3,n+ 1,3, )\4)

with Ay > n — 2, i.e.,

]Je,s:(n+3,n+1,n—2,n—2).\

(d) Let n = —1 (mod p). Note that
({E + y)n _ _xBynfi% + nynf2 o xynfl 75 0’ and
(z+y)"tt =0.
So
JAS = (TL + 1, A27 )\3, )\4)

with Ay > n—3. Furthermore there is no quadratic form @ such that (z+y) 1 @
and

Q- (z+y)" =0,
S0,
Jz’s = (n+1,)\2,>\3,)\4)
with A3 >n+1and \y >n—3, ie.,

[Jis=m+1Ln+ln+1n-3)|

(e) Let n = —2 (mod p). Note that
(x+y)" T = —3y" 2 4 2%y £0,  and
(x+y)" T =0.
So Jy,s is of the form
JZ,S = (n + 2, )\27 A3, )\4)

with Ay > n — 3. Now consider a quadratic form Q = ax? + bry + xy? with
a, b, c € k such that

Qz+y)"? =0.
Note that

—-2)(n—-3
(l‘ + y)n72 — ynfl + (TL _ 2)3)3/"73 + (TL )2(”’ )x2yn74

(n—2)(n g 3)(n—4) x3yn—5_

+
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This implies that
ax?(z +y)"" % = az*y"? 4 (n — 2)axdy" 3,
(n—2)(n-23)

bry(x + y)" 2 = bxy" ! + (n — 2)ba®y" % + 5 badyn 3,
—2)(n—3
cy2(a: +y)n—2 = (n— 2)cay™ ! + (n )2(n )chyn—Q
+ (n—2)(n ; 3)(n—4) cxbyn3,
Moreover, Q(x + y)"~2 = 0 yields
b+ (n—2)c=0 ifandonlyif b=4c,
a—l—(n—?)b—!—%c:() if and only if a = 6e¢.
Hence we may take that a =6, b =4, and ¢ = 1. But,
-2 -3 —2 -3 —4
SR (UEL UL U VRN
—2)(n— —2)(n—3)(n—14

2 6
which follows that there is no quadratic form ) such that
Q- (z+y"?=0.
In other words, Jy g is of the form
Jos = (n+2,, X, A3, A1)
with A3 > n — 1 and Ay > n — 3. Note that there is no linear form L # x + y
such that
L-(z+y)"tt=0.
So the Jordan type Jy s is of the form
Jo.s = (n+2, A2, Az, A1)
with Ao >n+2, A3 >n—1,and \y > n— 3, ie.,

’J&s:(n+2,n+2,n—1,n—3).‘

This completes the proof of Theorem 4.6. O

Remark 4.7. We found a general formula for characteristic p > 2m — 3, but
not for low characteristic p < 2m — 3, which were discussed individually in
Sections 3 and 4. It has been explored when S = k[z, y]/(«™,y™) has the SLP
using a different language ‘representation theory’ for m < n and m = 3,4 in
[3]. As we mentioned in the introduction, there is a recursive formula how to
find the Jordan type for S [10]. However, not much is known about the Jordan
type of S = k[z1,...,z,]/(x]™,...,x*") for r > 3 over a field k of a prime
characteristic p smaller than the socle degree j = (3, m;) — 7, except for the
strong Lefschetz case treated in [2] and completed in [13].
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