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DEBTOR’S BANKRUPTCY AND UPPER BOUND ON
CONSUMPTION

Byung Hwa LiM* AND Ho-SEOK LEE**

ABSTRACT. This paper obtains an explicit expression for a debtor’s con-
sumption, porfolio and time for filing for bankruptcy when the debtor is
subject to upper bound on consumption rate. The utility of consumption
is CRRA type and the dynamic programming principle is applied.

1. Introduction

In the United States, debtors’ unsecured debts can be discharged under Chap-
ter 7. Jeanblanc et al. [2] is the first quantitative research on personal bank-
ruptcy based on stochastic optimization and optimal stopping time. In [2],
debtor and filer don’t have any restrictions on liquidity or consumption. Re-
cently, [4] investigates the debtor’s optimal consumption, portfolio, and bank-
ruptcy strategy for the case where filer faces liquidity constraint.

This paper investigates debtor’s optimal strategy when there is a upper
bound on consumption rate. Literature on the optimal consumption, portfolio
with restrictions on consumption includes [1], [5], [6], [7], [8], [9], [10], and oth-
ers. We employ dynamic programming principle to tackle the HJB equation for
the value function. In order to linearize the Bellman equation, the transform in
[3] is used. The optimal time for bankruptcy is a stopping and charecterized as
the first time the debtor’s wealth level reaches a threshold, which is determined
by smooth pasting conditions between filer’s value function and debtor’s value
function.
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2. The Model

The financial market consists of a riskless asset (money market account) and
a risky asset. The risk-free interest rate r > is assumed to be a constant. The
risky asset price S; evolves the following equation

s
=t — udt + odB;,
Sy

where (By)¢>0 is a standard Brownian on a filtered probability space (2, F,P).
The filtration (F¢)¢>0 is the P-augmentation of the natural filtration generated
by the standard Brownian motion (B;)¢>0. p# > r and o are constants.

Denote by m = (m)¢>0 the amount of money invested in the risky asset,
and ¢ = (¢;);>0 the nonnegative rate of consumption. The debtor pays a fixed
rate repayment p. If we denote by 7 the time at which the debtor files for
bankruptcy, the wealth level X; evolves the following equations

dX, = [rX:+m(p—71)—ct —pldt+ omdBy, t <,
K [rX; 4+ me(p —r) — ¢¢] dt + omdBy. t>T.

The utility function is a CRRA utility function of consumption the form
=
=7 17 > 07
u(e) = 7= il #1, 7

where v is the agent’s coefficient of relative risk aversion.

3. Optimization problems and solutions
3.1. Filer’s optimization problem

The filer’s wealth process is given by
dXt = [TXt-f—’]Tt(/,L—T) —Ct} dt—i—amdBt, XO = T. (31)

We define admissible policy for defining the filer’s optimization problem as
follows

Definition 1. A policy pair (c,7) is admissible at x if
(a) fot csds < oo, for all t >0 a.s.

(b) fot 72ds < oo, for all t > 0 a.s.
(¢) X;in (3.1) satisfies Xy > 0, for all ¢ > 0 a.s.

Let Af(x) the set of all admissible policy pairs at @ and define the filer’s

value function as follows
oo 1—v
/ e Pt & dt|,
0 I—~

o0
Vr(z)= max E [/ e_ﬂtu(ct)dt] = max E
(c,T)eAs(x) 0 (c,T)EA) ()
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where  is the subjective discount rate. The Bellman equation for Vg is given
by

1 1=y
BVir() = max |{re + m(n = 1) = €} Vi(e) + 5o T VE@) + 1|
and the value function is given by
xt=7
V ==
PO = Ty
where
K:r+p_r+’y_192’ g—H—"
272 o

Moreover, the optimal consumption ¢* and portfolio 7* are given by

¢ =Kz and 7 = —=zx.
oy

Note that Vi (z) = (¢*)77.

3.2. Debtor’s optimization problem

The debtor’s wealth level X; follows
dXt = [TXt + 7Tt(/,l, — 7") — C¢ —p] dt + O"]Ttch XO =, t S T. (32)

The debtor should pay a fixed cost F' > at the time of bankruptcy for filing
bankruptcy and retain the rate « of the remaining wealth X, — F, i.e.,

X

T+

=a(X,—F), F>0,0<a<l.

If (X, — F) >0, a stands for the exemption rate but if (X, — F) <0, (1 — «)
is the rate of the value of discharged asset to the lump sum debt |(X, — F)|
(apart from the debt repayment stream p). The debtor’s consumption rate has
a upper bound R > 0, i.e.,

¢ <R, t>0. (3.3)

The inequality (3.3) implies that the debtor cannot consume more than R per
unit time.

Let S, the set of all Fr-stopping times for a fixed T > 0 and define the
set of stopping times when T — oo by S. We define

Definition 2. A policy triple (c, 7, 7) is asmissible at z if
(a) fot csds < 00, ¢t < R, for allt >0 a.s.

(b) fot m2ds < oo, for all t > 0 a.s.
(c) Xy in (3.2) satisfies X; > £, for all t > 0 a.s.
(d) TeS.
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Let A(z) the set of all admissible policy triples at « and define the debtor’s
value function as follows

Viw) = El [ e ttuedt+ eV, X}—F:
(=) (c,ﬂr,rrl?é(A(x) [/0 e Mule)dt +e F(a( )

T 1—~
= max E / Pt g+ e Ve (a (X, — F))
(C77T’T)E-A(m) 0 1 -7

There exists a wealth threshold & such that debtor’s consumpmtion rate is
constantly R when the debtor’s wealth level is at or above Z. We assume that
the debtor does not file for bankruptcy while consuming the full consumption
rate. If we denote by Z the bankruptcy wealth level, the previous assumption
implies

X, =<2
For Z < x < &, the Bellman equation of V(z) is given by

prie) = [{” bl =) — - p} V!(a) + 50V (@) + J 7

while V(x) satisfies the following Bellman equation

1 1=
8V () = wax {1+ 7l =) = R=p} V() 4 32V (0) 41—
for z > Z. The first order conditions are given by
e p—r Vi)
(V'(@) 77, &<z <3,
= (3.5)
R, x> 2.

Therefore, the Bellman equation can be rewritten as follows

ar 2
(rz —p)V'(x) _ L (V@)

V(z) = 2 1‘///(3;/)/ 2 b R
(rw—R—p)V’(m)—QGQ(V”zUx);—6V(m)+ T =0, x>2
(3.6)

Remark 1. The equation
1 1
502’”‘2—"— (B—T+292>7’L—7‘:O,
has a negative root no such that no < —1. The equation
1
rm? — (5+T+292)m+,3=0a

has two roots mq, mo, such that 0 < my <1 < mjy.

—ﬁV(m)+L7(V/(x)) S50, z<ae<?
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Theorem 3.1. The debtor’s value function V (z) is given by

r—162p, r—162p 21
2 —v(n1+1) 2 2 —v(n2+1) = ~
Dz + Dsyz 4+, T< <7,
B B K(1-7)
V(z) =
R+p\™ R ~
Cy (ZE - ) + 0 T 27,
r Bl =)
where
i)
Dy = ERWIH,
o (L l=y=—ma 1 mo (r—46%ng) =8 r—K 1 K-8
\r 7K 1—(mg—1)ns mo3 moKy 11—~ BK '’
5 M2 (r—360°n2) = B1—(my—1ny  ma (r—36°m) -5
maf3 1—(mg —1)ng maf3 ’
1 1—y—mo
17(771271)’&1 _ ;+7K
Dy=—— "2 " pye—n) T K pynatl
2 1-— (m2 - 1)n2 ! + 1-— (mg — 1)’112 ’

1
#=DR™ + D,R™ + —R+ 2,
K r

R R tome
Cy = (f - :p) .

1
X (D1, Dy) & Dyz"7" 4 Doz + 2+ b
T

Then,
T = X(E, D17 DQ),

where ¢ solves

X(¢; Dy, Dy) — &

Forz <x < Z, z follows from the relation
x = X(z; D1, Ds).
Proof. For T < x < &, suppose that the optimal consumption ¢ can be expressed
as an invertible function of wealth level x, i.e.,
c=C(x).
If we denote by X (-) the inverse function of C(-) then
X(c) = X(C(z)) = =,

and from the first order condition (3.5),
C—Ya)

Vi(x) =C " (x), V'(z) = —WT(C)
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Substituting (3.7) into (3.6) we obtain

(rX(c)—p)e 7 + %02017“’)(’(0) -V (X(c) + = =o0. (3.8)

If we differentiate (3.8) with respect to ¢, we have
1 1-
2W3XW@+(rﬁ+27W>dT@)WX®)PW+WPO (3.9)
Y Y

The homogeneous solution X}, (c) to the equation (3.9) is given by
Xp(€) = D17 7™ 4 Doc™ "2,
Trying a particular solution to the equation (3.9) to obtain
1 p
r

X,(c) = e

Thus, we have

1
X(c) = X(¢; D1, D) = Xp(c)+Xp(c) = D™ "™ + Doc™ 172 —|—§c—|—§. (3.10)

From (3.8) and (3.10) the value function V(z) is given by
r—162p, r— 102n, 2=
Viz) =V(X(z)) = —2——Dyz "+ 27 Zp, ety =
(@) = V(X() = 5Dy 2D, o
where z is determined by the relation
Tr = X(Z;Dl,DQ).

} , R+p\" ,
For x > z, we try a homogeneous solution <x TP > to the equation
T

(3.6) then we are lead to the equation
1
rm? — (ﬁ+r+292) m+ 8 =0,

which has two roots my, ms, such that 0 < my < 1 < my. The particular

1—~
solution is given by m Therefore, the value function is given by
R+p\"™ R
V(x) =Co (a: — ) 4+ —
(@) r B —7)

where we set C; = 0.
Let ¢ and ¢; the optimal consumtion rates such that

XT :f:X(E;Dl,Dg), (311)
1_
X =ao(X; - F) = Ko (3.12)
Firstly, we use the smooth pasting condition at © = &
d
V(@)= 2 Vela(r—F)|  =aVi(a(@—F),
T _

r=x
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which yields
& =are. (3.13)
The value matching condition at z = ,
V(z) = Vr(a(z - F)),

gives us
r— 10%n, r— 162%n, =
2 D,e—v(m+1) + 2 Do v(n2+1) +
E g K(1-7)
o -
K(1—=7)
Combining (3.11), (3.12), and (3.13) yields
1—v
1 1y
Die"™ 4 Dy 4 e+ L F = G
r
At x =17,
1
G=DR™ + DR 4 — R+ L, (3.14)
K r
r— 10%n, r— 10%n, R
Fy=— 2" " p R+ 4 - 27 " p—vy(natl)
V() 3 1R + R + K —7)
_ R+p\™ R
_ _ 1
eaa-52) iy 19
_ _ R ma—1
V(%) = maCh (:c - jp ) =R, (3.16)
and
_ _ R+p\™? R—1
V"(@) = - 1)C — =V 3.17
(&) = ma(ma = 1)C; <ac r ) ’YX/(R; Dy, D5) (8.17)
From (3.16) and (3.17) we have
-1 R
F = (ms — DnyDyR™™ + (my — DngDyR™1" — mny R+ :p. (3.18)

Plugging (3.16) into (3.15) to obtain

192 192
(r— 307 _ 1) D Rl 4 <T_ 3072 _ 1> DyR™ 721
B ms g mso

1 1 1 1 1 1
(&) 5 Gox) 19

Equating (3.14) and (3.18) we have
{1 —(ma—1)ny} DIRT™ 4 {1 — (ma — 1)no} DoR™™2 71
1 n 1—vy—mg '

T vK

(3.20)
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From (3.19) and (3.20) we obtain

®
Dy = ERW“.

Theorem 3.2. Debtor’s optimal policy is given by

Zt7 fO’I".’Z'<Xt<§77
*
C =

R, for Xy > 1.

0 Z
— (fynlDthW“ —yne Do Z; 7" + Kt>, forz < X; < 7,

Yo

T, =
0 1
—_—— (Xt—R+p>, fOTXtZ-i‘7
ol —mo T

where, Zy follows from the relation

Xt — X(Zt;DlvDQ)a

and the optimal time for filling bankruptcy T is given by

T =inf{t >0: X, <ZT}

Proof. The first order conditions (3.4) and (3.5) leads us to the optimal con-
sumption ¢ and portfolio 7;. The derivation of the optimal stopping time 7*

is obtained by following similar lines to the proof of Theorem 3.1 in [2]. O
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