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A PROBABILISTIC APPROACH FOR VALUING EXCHANGE
OPTION WITH DEFAULT RISK

GEONWOO KIMm

ABSTRACT. We study a probabilistic approach for valuing an exchange
option with default risk. The structural model of Klein [6] is used for mod-
eling default risk. Under the structural model, we derive the closed-form
pricing formula of the exchange option with default risk. Specifically, we
provide the pricing formula of the option with the bivariate normal cumu-
lative function via a change of measure technique and a multidimensional
Girsanov’s theorem.

1. Introduction

An exchange option is one of the most popular exotic options with two un-
derlying assets. Since Margrabe [7] first derived the closed-form formula of an
exchange option under the Black-Scholes model, a lot of researchers have de-
veloped the valuation of the option. Geman, Karoui, and Rochet [3] used the
change of numéraire method to obtain the pricing formula of the exchange op-
tion. Antonelli, Ramponi, and Scarlatti [1] considered the stochastic volatility
model based on a correlation expansion to price the exchange option. Cheang
and Chiarella [2] derived the a formula of the exchange option when the un-
derlying assets have the jump-diffusion characteristics. More recently, Kim and
Park [5] extended the Margrabe formula under a stochastic volatility model
with fast mean-reversion.

The aim of this paper is to present the pricing formula of the exchange option
with default risk using a probabilistic approach. In fact, Kim and Koo [4]
derived the closed-form formula of the exchange option with default risk based
on the partial differential equation (PDE) approach. They used the Mellin
transforms to solve the PDE and the structure model of Klein [6] to model
default risk. In contrast, we propose a simple approach for valuing the exchange
option with default risk in this paper. Concretely, we provide the closed-form
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solution of the exchange option price using the change of measure technique
and the property of the bivariate normal cumulative distribution.

This paper is organized as follows. In section 2, we introduce the exchange
option and the model for default risk. In section 3, we derive the closed-form
formula for the price of the exchange option with default risk using a probabilis-
tic approach. For the probabilistic approach, we use a change of measure and a
multidimensional Girsanov’s theorem. Section 4 provides concluding remarks.

2. Model and exchange option with default

We assume that the processes of two underlying assets with correlation po
under the risk-neutral probability P are governed by the geometric Brownian
motions (GBM) as

dSy(t) = rSy(t)dt + o151 (t)dW4 (), (1)
dSa(t) = rSa(t)dt + 0252 (t)dWa(t), (2)

where r is the risk-free interest rate, o;, ¢ = 1,2 are the volatilities of asset
i, and W1 (t) and Wh(t) are the standard Brownian motions with correlation
p12, AW (t)dWs(t) = p12dt. To describe the structure model of Klein, we must
define the dynamics of the option issuer’s asset V(¢). Here, according to the
model of Klein, we assume that there is an asset V(t) which follows GBM under
the measure P:

AV (t) = rV (£)dt + o3V (£)dWs (1), (3)

where o3 is the volatility of asset V (t), W3(t) is the standard Brownian motion
satisfying dWl (t)de(t) = plgdt,dWQ(t)dW3(t) = ngdt. As mentioned in [6],
Klein assumes that if a default of the option issuer happens, the option issuer’s
asset is liquidated and provides only the scrap value at the maturity 7. The
scrap value is defined by

V(T)
D

where « is a deadweight cost related with the default, 7" is a time to maturity,
D is a critical value (or a value of the option issuer’s liability) that a default
occurs if the value of the option issuer asset is lower than D. Then, from the
underlying assets S (t), S2(t) and V' (t), the price of an exchange option C' with
default risk at time 0 under the measure P is given by

C = B [eTC(Si(T), S2(T), V(T))[S1(0) = 51, 55(0) = 55, V(0) = V]
= ¢ "TEP [(S1(T) - So(T))*

(1-a) (S1(T) = S2(T)™,

1— a)V(T)

X (1{V<T>>D} + 1{V<T><D}(D> 151(0) = S1,52(0) = 52, V(0) = V| .

(4)
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3. Option pricing: A probabilistic approach

In this section, we derive the closed-form formula for the price of an exchange
option with default risk based on the model in the previous section. A prob-
abilistic approach is used to price the exchange option with default risk. The
following theorem presents the valuation formula of the option.

Theorem 3.1. Let C be the price of an exchange option with default risk at
time 0 with the maturity T. Then, the closed-form formula of C is given by

C = Sl(())(bg(al,ag,ﬂ) —Sg(O)‘I’g(bl,bQ,a)

L G OV (0)el o909 By (¢4 09, —0) — 1=

S2(0)V (0)e" 72732 By (dy , do, —0)

where

o 1 51(0) g
“e a\ﬁl S2(0) T3 \/i

1 V(O) (p130'10'3+7’ O'3>
ag = In + =) VT,
T oVT D 3 2
1
by = L AV, s
ovT S2(0) 2
1 V(O) (p230203+7" Ug)
by = In + — =2 VT,
T oT D 3 2
1 S1(0) (/?130103—/)230203 0)
c1 = In + + = | VT,
YT VT 92(0) o 2
1 D pP130103 + T 03)
cy = In + = \/T,
T o/T V(0) o3 2

o 2

0903 + T o
P230203 + BT,
g3 2

dy = 1 In S1(0) " (Pl30103 — P230203 0) VT,
dy = <
Ug\f V )
0 — P130103 — P230203
003 ’

with o = \/a% + cr% — 2p120109 and the bivariate standard normal cumulative
density function

1 "
Dy (n1,ne, :7/ / e ~a,
2(n1,n2, p) o %17;72 N

Proof. From Eq. (4), the price of an exchange option with default risk at time
0 under the risk-neural measure P is simply given by

Prersay (z* —2zyp+y” )dydx

C=e"TEY |(S1(T) — S2(T))* (1{V(T)2D} + 1{V<T><D}(1_03V(T)>] )
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Eq. (5) is divided into 4 terms as follows.

e "TEY [(S1(T) = S2(T) " (1gv(ryspy + 6(T)Liv(r)<py) ]
= e EY [S1(T) s, (1)>52(1),v(7)2 D))

—e " TE" [82(T)1s, (1) 52(1).v(7)2 D}

+e "TE" [S1(T)6(T)1 (s, (1)>8,(1),v (1)< D}

—e " EP [S2(T)0(T)1 s, (1)>82(T),v (1)< D} ] +

where 6(T) = %. For simplifying the notations, we denote

= ¢ "B [SU(T) (s, (1)> 5, (), v (1)2D} ]

= e "TEP [S(T)6(T )L(5,(1)> 5 (T).V(T)<D}) »
[4 = e "TEP [SQ T)o(T) 18, (T)>Sa(T )V(T)<D}] :

We first consider I; to obtain the option price C. To calculate I, we define a
new measure P equivalent to P by the following Radon-Nikodym derivative

[S1(T)

= e "TE" [So(T)1(s,(1)>8,(T).v(T)>D}] »
[S1(T)é(
(T)

dP 1
op = eXP o Wi (T) — EU%T .

Then, by Girsanov’s theorem,
Wl(T) = Wl(T) — 0'1T7 WQ(T) = WQ(T) — plga‘lT, Wg(T) = Wg(T) — G‘1p13T
are the standard Brownian motions under the measure P. I 1 is represented by
I = e "TEY [SUT) s, (1> 8:(1),v(1)2 D]
e BT | == S1(T)1(s,(1)> 5, (T),V(T)> D}
dP
= S1(0)P (S1(T) > So(T),V(T) = D)
Under the measure ]3,
P ($1(T) > S,(T),V(T) > D)
= ﬁ (51(0) T‘+20'1)T+O'1W1(T) > S ( ) (r—%og)T+02W2(T)+glg2p12T :
V(O)e(r_%Ug)T+UBW3(T)+U1USP13T > D)

n 51(0) + 1U
S2(0) 2

= ﬁ <0’2W2(T) — Ulwl(T) <1

—~ V(0 1
_0'3W3(T) < ln%) + (010'3[)13 +r— 20’32))T>
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Since o, Wa(T) — oy Wi (T) ~ N(0,02T), —a3Ws(T) ~ N(0,02T) and
COV (02WQ(T) — lel (T‘)7 —O’gWg(T))

= Cov (O'QW, —0'3W3(T)) + Cov (—O’lwl (T), —UgWg(T))
= —0203p23T + o103p13T.

Therefore, we have
Il = 51(0)(1’2(&1, as, 93)

For I, we define a new measure P equivalent to P by the following Radon-
Nikodym derivative

dP 1
op = &P oW (T) — iagT .

Then, by Girsanov’s theorem,
/Wl (T) = W1 (T) — p120'2T, /WQ(T) = WQ(T) — O'QT7 /Wg(T) = Wg(T) — 0'2p23T

are the standard Brownian motions under the measure P.

Under the measure P, I» can be calculated in a similar way to I;.

For I3, we define a new measure ) equivalent to P by the following Radon-
Nikodym derivative

d 1 1
£ =exp | W1 (T) — QafT + osW3(T) — §U§T — p13orosT| .

Then, by the multidimensional Girsanov’s theorem, the standard Brownian mo-
tions under the measure @) are defined by

WlQ(T) == Wl(T) - O'lT - 0‘3p13T,
W2 (T) = Wa(T) — p1201T — 03237,
W??(T) = W3(T) - O'3T - 0'1p13T.

Under the measure @), I3 is represented by

I, = e "TEF [S1(T)6(T) s, (1) 82(T), v (T)< D}
11—« dP .71 o0
= 5 S1(0)V(0)E 10" Tem173013T] (o 1y s 5, (T),V(T) <D}
1 _
= DaSl(O)V(O)e(’"+”1‘73”13)TPQ (S1(T) > So(T), V(T) < D).

Since
PQ(S(T) > S5(T),V(T) < D)

S1(0)
S2(0)

1
+ (502 + o103p13 — 0203p23) T,

= p@ (UQWQQ (T) — oy W2(T) < In 5

D 1
O'3W3Q(T) < IHW - (50’3 +r+ UIUSPIS)T) )
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we have 1
Ig = ;)aSl (O)V(O)e(r+0103pl3)T¢2 (617 Ca, 79)
For I, we define a new measure é equivalent to P by the following Radon-
Nikodym derivative
dQ 1 1
d% = exp O'QWQ(T) - 50’%T + O'3W3(T) — §J§T - p230'20'3T .

Then, by the multidimensional Girsanov’s theorem, the standard Brownian mo-
tions under the measure @ are defined by

WP(T) = Wi(T) — pr202T — 03p137T,
WQQ(T) = WQ(T) - 0'2T - O'3p23T,
W:?(T) = Wg(T) - 0'3T - 0'2p23T.

Under the measure @ , I4 can be derived in a similar way to I3. This completes
the proof. O

4. Concluding remarks

In this paper, we study the price of an exchange option with default risk
based on the model of Klein [6]. More specifically, we derive the closed-form
solution for the arbitrage free price of the exchange option using a probabilistic
approach. To obtain the pricing formula of the exchange option, we use the
multidimensional Girsanov’s theorem and the properties of the bivariate stan-
dard normal distribution. As a result, we provide a simper approach for the
pricing formula of the exchange option with default risk.
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