East Asian Math. J.

Vol. 36 (2020), No. 1, pp. 035-053 ‘AYNME
http://dx.doi.org/10.7858 /eamj.2020.004 T e

HYERS-ULAM-RASSIAS STABILITY OF AN
ADDITIVE-QUARTIC, A QUADRATIC-QUARTIC, AND A
CUBIC-QUARTIC FUNCTIONAL EQUATION

SUN-SOOK JIN AND YANG-HI LEE*

ABSTRACT. In this paper, we investigate Hyers-Ulam-Rassias stability of
an additive-quartic functional equation, of a quadratic-quartic functional
equation, and of a cubic-quartic functional equation.

1. Introduction

Throughout this paper, let V, W be real vector spaces, X be a real normed
space, Y be a real Banach space, and k be a fixed real number such that k& ¢
{0,1,—1}. For a given mapping f : V' — W, we use the following abbreviations:

fo() = f(z) —2f(—x)’ fo(x) = f(x) +2f(—x)7
Af(z,y) =f(z +y) — f(z) - f(y),
Qf(x,y) =f(z+y) + f(x —y) —2f(z) — 2f(y),
Cf(z,y) =f(xr+2y) = 3f(x +y) +3f(z) — f(x —y) — 6f(y),

Q' f(z,y) :=f(x+2y) —4f(x +y) +6f(x) — 4f(x —y) + f(z — 2y) — 24f(y),
Dif(x,y) =f(z+ky) + f(x — ky) — K> f(z +y) — K> f(x —y) + 2(k* — 1) f(2)
4 2 4 2

(L A R ()

By f(x,y) =f(kz +y) + f(kz —y) = k> f(z +y) — k* f(z — y) — 2f (ka)
+2k2 f(x) + 2(k* = 1) f (1),
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k*+k k* —k

Hyf(z,y) =f(kx 4+ y) + f(kx —y) — flz+y)— 5
Ktk k2 —

TR fle )~ f 1)~ (B 4 F R - K@)
(KB K+ RS (-a) + (2~ D7)+ (0~ ) ()

f(=z—y)

for all z,y € V. Every solution of the functional equations Af(z,y) = O,
Qf(x,y) =0, Cf(xz,y) =0 and Q' f(x,y) = 0 are called an additive mapping,
a quadratic mapping, a cubic mapping and a quartic mapping, respectively.
If a mapping can be expressed by the sum of an additive mapping and quar-
tic mapping, the sum of a quadratic and quartic mapping, and the sum of a
cubic and quartic mapping, respectively, then we call the mapping an additive-
quartic mapping, a quadratic-quartic mapping and a cubic-quartic mapping,
respectively.

A functional equation is called an additive-quartic functional equation pro-
vided that each solution of that equation is an additive-quartic mapping and
every additive-quartic mapping is a solution of that equation. Some mathe-
maticians have investigated the stability of various types of the additive-quartic
functional equations [4, 3, 6].

A functional equation is called a quadratic-quartic functional equation pro-
vided that each solution of that equation is a quadratic-quartic mapping and
every quadratic-quartic mapping is a solution of that equation. M. E. Gordji
etc. [10] investigated the stability of the quadratic-quartic functional equation
Esf(z,y) = 0, and Abbaszadeh etc. [1], Gordji etc. [7] and Wang etc. [18] in-
vestigated the stability of the functional equation Ej f(z,y) = 0 on the various
spaces for k is a natural number. Many mathematicians have investigated the
stability of various types of the quadratic-quartic functional equations [13, 19].

A functional equation is called a cubic-quartic functional equation provided
that each solution of that equation is a cubic-quartic mapping and every cubic-
quartic mapping is a solution of that equation. Several mathematicians have
investigated the stability of various types of the cubic-quartic functional equa-
tions [8, 9, 20].In particular, Jang et al. [12], Lee et al. [14], and Park [15]
investigated the stability of the cubic-quartic functional equation Hs f(x,y) =0
on the various spaces.

A study on the stability of the functional equation starting from the Ulam’s
question [17] about the stability of the group homomorphisms obtained the
meaningful result about the stability of the Cauchy additive function equation
by Hyers [11] for the first time. Rassias then generalized Hyers’ results and
Gavruta [5] extended the results of Rassias. The concept of stability introduced
by Rassias [16] is referred to as the functional equation ‘Hyers-Ulam-Rassias
stability’.

In section 2, we will show that the functional equation D, f(z,y) = 0 is an
additive-quartic functional equation when r is a rational number and investigate
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Hyers-Ulam-Rassias stability of that functional equation Dy, f(z,y) = 0 when k
is a real number.

In section 3, we will show that the functional equation E, f(z,y) = 0 is a
quadratic-quartic functional equation when r is a rational number and inves-
tigate Hyers-Ulam-Rassias stability of that functional equation Fyf(x,y) = 0
when k is a real number.

In section 4, we will show that the functional equation H, f(z,y) = 0is a
cubic-quartic functional equation when r is a rational number and investigate
Hyers-Ulam-Rassias stability of that functional equation Hy f(x,y) = 0 when k
is a real number.

We need the following particular case of Baker’s theorem [2] to prove that
the functional equations D, f(z,y) = 0, E, f(z,y) = 0 and H, f(x,y) = 0 are an
additive-quartic functional equation, a quadratic-quartic functional equation, a
cubic-quartic functional equation, respectively.

Theorem 1.1. (Theorem 1 in [2]) Suppose that V' and W are vector spaces
over Q, R or C and ag, Bo, ..., 0m, Bm are scalar such that o; 8, — oyfB; # 0
whenever 0 < j<Ii<m. If f{ : V - W for 0 <1l <m and

m

> filowz + Bry) =0

=0

forallx,y € V, then each f; is a “generalized” polynomial mapping of “degree”
at most m — 1.

The following corollary follows from Theorem 1.1.

Corollary 1.2. If a mapping f : V — W satisfies one of the functional equa-
tions Dy f(z,y) =0, Exf(z,y) =0 and Hif(z,y) =0 for all x,y € X, then f
18 a “generalized” polynomial mapping of “degree” at most 4.

Baker [2] also states that if f is a “generalized” polynomial mapping of
“degree” at most m — 1, then f is expressed as f(z) = zo + Z;’;}l aj (x) for
z € V, where g is a monomial mapping of degree [ and f has a property
flrz) = xo + Zﬁ;l rlaj(z) for € V and r € Q. Notice that a}, a3, a3 and
a} are differently called an additive mapping, a quadratic mapping, a cubic
mapping and a quartic mapping, respectively.

Remark 1. Suppose that fi1, fo, f3, fs : V — W are generalized polynomial
mapping of degree at most 4 and r is a rational number such that r ¢ {0,1, —1}.
It is easily obtained that if the equalities fi(rz) = rfi(x), fo(rx) = r2fo(x),
fa(rz) = r3f3(x) and fi(rz) = r* fi(z) hold for all z € V, then fi, f2, f3 and f4
are an additive mapping, a quadratic mapping, a cubic mapping and a quartic
mapping, respectively.
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2. Stability of an additive-quartic functional equation

We will prove that the functional equation D, f(x,y) = 0 is an additive-
quartic functional equation when r is a rational number.

Theorem 2.1. Let r be a rational number such that r ¢ {0,1,—1}. A mapping
[ satisfies the functional equation D, f(x,y) =0 for all x,y € V if and only if
fo is an additive mapping and f. is a quartic mapping.

Proof. Assume that a mapping f : V — W satisfies the functional equa-
tion D, f(x,y) = 0 for all z,y € V. Then f(0) = _(1:%(8’20) = 0. The
equalities f,(rx) = rf,(z) and f.(rz) = r*f.(z) follow from the equalities
folrz) —rfo(x) = =Dy fo(0,2) and f.(rz) —r'fe(x) = D, f.(0,z) for all z € V.
According to Corollary 1.2 and Remark 1, f, and f. are an additive mapping
and a quartic mapping, respectively.

Conversely, assume that f, is an additive mapping and f. is a quartic map-
ping, i.e. f is an additive-quartic mapping. Notice that equalities f,(rz) =

Tfo(x)a fo(x) = _fo(_$)a fe({rx) = T4fe(x)7 fe(x) = fe(_x)v and f((E) =
fo(x) + fe(z) hold for all z € V and r € Q.
First the equality D, f,(z,y) = 0 follows from the equality

Drfo(xay) = _Afo(-r + rYy, T — Ty) + T2Afo(x + Y, T — y)a

for all z,y € V. Using mathematical induction, we obtain

Dy, fe(w,y) =0

from the equalities

Dafe(z,y) =Qfe(z,y),
Dsfe(z,y) =Dafe(x +y,y) + Dafe(z — y,y) + 4Dz fe(2,y),
Dy fe(x,y) =Dn-1fe(z +y,y) + Dn-1fe(x —y,y) = Dn_zfe(z,y)
+(n—1)°Qfe(z,y)
for all x,y € V and all n € N. Notice that if r € Q, then there exist m,n €

N such that r = > or r = *. Since the equalities D fo(z,y) = 0 and
D_. fo(x,y) = 0 follow from the equalities

2
Dﬁfe(xay) :ane (l‘, E) - %Dmfe (l‘, g) s
m m m m

D fo(2.y) =Dz fo(a,y)

for all z,y € V and n,m € N, we get D, fe(z,y) =0 for all z,y € V and r € Q.
From the equality D, f(z,y) = D, fe(x,y)+ D, fo(z,y), we obtain D, f(z,y) =0
for all x,y € V. O



H-U-R STABILITY OF AN A-Q, A Q-Q, AND A C-Q FUNCTIONAL EQUATION 39

For a given mapping f: X — Y, let J,f : X — Y be the mappings defined
by
Inf(x) =
z)) + sk (f(kT"x) + f(—k ")) if p>4,
_"x)) + %k““%f(k"m) + f(—k:”x)) if 1<p<d4,
%kz_” (f(k”x) — f(k_”x)) + %k:_‘l”(f(k:"ac) + f(—k"x)) if 0<p<1

sk (f(k~"2) — f(=k™"2)) + SE (f(k~"2) + f(—k~"2)) if 0<p<]1,

Sk (f(k7m2) — f(=k™"2)) + Sk~ (f(k"2) + f(—k"z)) if 1<p<A4,

kT (f(kmx) — f(k~"x)) + sk~ (f(k"2) + f(—k"z)) if p>4
for all z € X and all nonnegative integers n when |k| < 1. From this, if f(0) = 0,
then

Jnf(x) - Jn+1f(x) =
B Dy £(0, —k " a) + EXSEN Dy £(0, k7 M) i p > 4,
(1) %Dk}f(07 _k_n_l‘r) - %Dkf( 7k nl )
— g Dif (0, —k"z) — 5 Dy f(0, k") if 1 < p <4,

1— k3n+3

1;311?::;3 Dkf(o kn ) T Tokdnta Dkf(o kn ) lf O S P < ]_

when |k| > 1 and
Jnf(x) = Jny1 f(x) =
B D f(0, =k~ ha) 4+ BT D (0, k7 he) 0 < p <1,

B Dy f(0, k" 12) + BV Dy f(0, k7" 1)
+ a7 D f(0, —=k"x) — 51 Dy f (0, k™) if 1 <p<4,

L DL f(0, kM) — B2 Dy (0, k") if p>4

2)

when |k| < 1. The following lemma follows from the above equality and the
equality f(z) — Jf(z) = S0y (Jif(2) — Jip1 f(2)) for all z € X.
Lemma 2.2. If f: X — Y is a mapping such that
Dyf(z,y) =0
for all x,y € X, then
Inf(x) = f(2)

for all x € X and all positive integers n.

From Theorem 2.1 and Lemma 2.2, we can prove the following stability
theorem, where k is a real number with k ¢ {0,1, —1}.
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Theorem 2.3. Let p ¢ {1,4} be a nonnegative real number. Suppose that
f: X =Y is a mapping such that

3) [1Drf (2, )l < O([|=[[” + [ly*)

for all xz,y € X and f(0) = 0. Then there exists a unique solution mapping F
of the functional equation Dy F(z,y) = 0 such that

0||z||? .
TRt ifp>4,
@ 1)~ F@)l <3 (g + ek ) Ollele 71 <p <4,
0||z||” .
TR ifosp<l

forallx € X.

Proof. The proof of this theorem will be divided into two cases, either |k| > 1
or k| < 1.
Case 1. Let |k| > 1. It follows from (1) and (3) that
k|40 ® :
“]Ll(niﬂl)ll if p > 4,
1 f(2) = Fua fla)]| < § L2l L KPS gy < < g,

np P .
% ifo<p<1

for allz € X. Together with the equality J,, f(2)—Jpim f(x) = Z?:t:nfl((]if(x)—
Jiv1f(x)) for all z € X, we get

(5)
pDasiaugl IS ifp > 4,
[Jf @) = Jnemf @)l < § it BEglele o A ie1 < p<a,
s Al if0<p<1

for all z € X. From (5), it follows that the sequence {J,, f(z)} is Cauchy for all
x € X. Since Y is complete, the sequence {J, f(x)} converges for all x € X.
Hence we can define a mapping F': X — Y given by

F(z) = lim J,f(x)
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for all x € X. Moreover, letting n = 0 and passing the limit n — oo in (5) we
get (4). For the case p > 4, from the definition of F', we easily get

(Dkf<k” ky) ’“f( k' k;%))
4n

N ’% (Dkf( )+ DS (=) |

: "+ llyll®)
< n 4an (”.’EH
< o (k14 ) =

1Dk E (2, )| = lim

=0

for all z,y € X. For the other cases, we also easily show that Dy F(x,y) =0
by the similar method. Now let F’/ : X — Y be another solution mapping
satisfying (4). By Theorem 2.1 and Lemma 2.2, the equality F'(x) = J,F’'(x)
holds for all n € N. For the case p > 4, we have

(@) = F' @)l =l (@) — JuF'(@)]
P~ YD)+ 1~ P (k)

k4n
+ 5 (I = F)ET" )| + I(f = F)(=k"2)l)

|k|™ + |k|* ( 1 1 )
< + ol
k[P [[k] —[k[P[  [|K* — [K[7|

for all z € X and all positive integer n. Taking the limit in the above inequality
as n — 0o, we can conclude that F'(z) = lim,_ o J, f(2) for all x € X. For
the other cases, we also easily show that F'(z) = lim, o Jn f(2) by the similar
method. This means that F(x) = F'(z) for all z € X.
Case 2. Let |k| < 1. It follows from (2) and (3) that

el :
“kl‘(nu‘/f)”p if0<p<1,

E[*molzP | |k[™P6||x|? .
”Jnf(x) - Jn+1f(33)|| < ‘“L‘(nl‘fc)u) + l ||k|(1LL|»:f)H if 1 <p<4,

k|"PO|z|P .
| ||k-|4n‘L-4H lfp >4

for all 2 € X. Together with the equality J,, f ()= Jpim f(x) = S0 i f () —
Jiv1f(x) for all x € X, we get

(6)

n+m—1 |k|*P0||z||P .
Zi:n |k|4(i+1) lfp > 47

—1 |k|%e P k|*Pg P .
1 f () = Jnsm f @) < 4SSt D BRI i1 < p < 4,

sontm=L [k Olle | ifo<p<i

1=n |k|Gi+Dp

for all x € X. From (6), it follows that the sequence {.J,, f(x)} is Cauchy for all
x € X. Since Y is complete, the sequence {J,f(z)} converges for all z € X.
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Hence we can define a mapping F' : X — Y given by
F(z):= nhﬁngo Inf(x)

for all x € X. Moreover, letting n = 0 and passing the limit n — oo in (6) we
get (4). For the case p < 1, from the definition of F', we easily get

I (0 (2 ) o1 (5 12)

+%<Dkf(kn k;yn) kf( kn krb))”

o B )
S L T

|D&F (2. )] = lim

=0

for all z,y € X. For the other cases, we also easily show that Dy F(x,y) = 0
by the similar method. Now let F/ : X — Y be another solution mapping
satisfying (4). By Theorem 2.1 and Lemma 2.2, the equality F’(z) = J,F’'(x)
holds for all n € N. For the case p < 1, we have

VIt () = F'(@)]| =1t () — JuF'(2)]
B = PG+ 1 - FY )

4n
+ L0 = Py o)+ 1~ PO (k)
Kok | "
S TR (MPWM+W4—WJw”

for all x € X and all positive integer n. Taking the limit in the above inequality
as n — 0o, we can conclude that F'(z) = lim, . J, f(z) for all x € X. For
the other cases, we also easily show that F'(z) = lim, o Jn f(2) by the similar
method. This means that F(x) = F'(x) for all x € X. O

3. Stability of a quadratic-quartic functional equation

Throughout this section, for a given mapping f : V — W, we use the follow-
ing abbreviation:

Af(l‘) :ﬁ( - Ekfe(xa (k; + 2)1‘) - Ekfe(xv (k - 2)1‘) - 4Ekfe(x7 (k + 1)'77)

- 4Ekfe(x7 (k - 1)1’) + IOEkfe(xa km) + Ek’fe(2xa ZI) + 4Ekfe(2xax)
— K*Ey, fo(z,32) — 2(k* + 1) Eg fe(x,22) + (17k* — 8)E), fo(z, 2))

Exf(0,4z) — 20E;, (0, 2) 4+ 64E), f(0,2)  (28k% — 10)E}£(0,0)
+ 2(k2 — 1) a 2k2(k2 — 1)
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forall z,y € V.

Theorem 3.1. Let k be a real number such that k ¢ {0,1,—1}. If a mapping
[ satisfies the functional equation Eyf(x,y) = 0 for all x,y € V, then f is a
quadratic-quartic mapping.

Proof. Assume that a mapping f : V — W satisfies the functional equation
Eif(x,y) = 0 for all z,y € V. Let g,h be the mappings defined by g(z) =
w and h(z) = W, respectively. Then f = g+h, Exg(x,y) =
0, Exh(z,y) =0, and Af(x) =0 for all x,y € V, where Af(x) is the mapping
defined in (7). The mappings g and h are generalized polynomial mappings of
degree at most 4 by Corollary 1.2. Through tedious calculations, we get the
equation

(8) f(4x) —20f (2x) + 64f(2) = Af(x)

for all x € V. So f(4z) —20f(2x) + 64f(z) = 0, g(2x) = 4g(x), and h satisfies
h(2z) = 2*h(x) for all x € V. According to Remark 1, g is a quadratic mapping
and h is a quartic mapping, i.e. f is a quadratic-quartic mapping. O

We now show that the functional equation E,. f(x,y) = 0 is a quadratic-
quartic functional equation in the following theorem.

Theorem 3.2. Let r be a rational number such that r € {0,1,—1}. A mapping
f satisfies the functional equation E,.f(x,y) =0 for all x,y € V if and only if
f is a quadratic-quartic mapping.

Proof. If a mapping f : V — W satisfies the functional equation E, f(z,y) =0
for all z,y € V, then f is a quadratic-quartic mapping by Theorem 3.1.

Conversely, assume that f is a quadratic-quartic mapping, i.e. there exist a
quadratic mapping g and a quartic mapping h such that f = g+ h. Notice that
the equalities g(rz) = r2g(z), g(x) = g(—x), h(rz) = r*h(z), and h(z) = h(—z)
for all z € V and r € Q. Since E,g(z,y) = 0 is obtained from

Erg(z,y) = Qg(rz,y) — r*Qg(z,y)

for all z,y € V, we now prove that E,h(x,y) = 0 for all z,y € V. Let us first see
that E,h(x,y) = 0 is true for any natural number n # 1. Using mathematical
induction, the equality E,h(x,y) = 0 is derived from the equalities

Exh(z,y) =Q'h(x,y),

Esh(z,y) =Exh(z,2 +y) + Exh(z,y — ) + 4Exh(z,y),

E Wz, y) =E,_1h(z,z +vy)+ Ep_1h(z,y — x) — E,_oh(z,y)
+(n = 1)*Esh(z,y)

for all z,y € V. Let us now prove E,.h(z,y) = 0 if r is a rational number such
that r ¢ {0,1,—1}. Notice that if r € Q, then there exist m,n € N such that
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n

r =, orr= % Since the equalities E» f(z,y) = 0 and E_n f(z,y) = 0 are
obtained from the equalities
x n? x
By h(avy) =Euh ((2w) = 5B (2.).
E_wh(z,y) =FE=h(z,y)

for all x,y € V and n,m € N, we get E.h(z,y) =0 for all z,y € V. O

For a given mapping f : X — Y and a fixed positive real number p & {2,4}
, let J,f : X = Y be the mappings defined by

LU pgong) AT poono1)) i s g,

Juf(@) =3 L (f@ T e) —16f(27 ")) if 2<p <4,
gy ntl, nt+loy_ " .

Ml Jim oty L2 12?16%1}((2 ) if 0<p<2

for all x € X and all nonnegative integers n. Then, by the definition of J, f
and (8), the equality
9)
A2 22) — L Af(27 %) if p >4,
Inf(@) = Tni1 f(2) = —bm A (202) — Lo-Af(277 1) if2<p <4,
mrAf(2") — orer AS(2") ifo<p<?2
for all z € X and all nonnegative integers n. Therefore, together with the

equality f(z) — Jof(x) = S0 (Jif (x) — Jip1 f(x)) for all z € X, we obtain
the following lemma.

Lemma 3.3. If f: X =Y is a mapping such that

for all x,y € X, then
Inf(x) = f(z)

for all x € X and all positive integers n.

We can prove the main theorem, ‘Hyers-Ulam-Rassias stability of the func-
tional equation Eyf(xz,y) = 0’ as the following theorem, where k is a real
number with k& ¢ {0,1, —1}.

Theorem 3.4. Let X be a normed space and p a positive real number with
p & {2,4}. Suppose that f : X =Y is a mapping such that

(10) 1B f (@ )|l < Oz]l” + [ly[l”)
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forallx,y € X. Then there exists a unique solution mapping F of the functional
equation EiF(x,y) = 0 such that

Ko|z|? 4 1 .
”22" (21’716 - 2P74) if p>4,

(1) f@) -F@)l <y M (we+ 7)) i 2<p<4,

K91||21\|P (16i2p + =55) if 0<p<2
for all x € X, where
69k2 + 42 + (12k2 + 8)21’ + k23P 4 162:4p
- [kt — k2|
L 10[K[P + 4l = 1|7 + Al + 1P + |k — 2]7 + [k + 27
|k* — k2|

Proof. From (7) and (10), we have

1
A7 =| gz (- Bl (4 2)2) = B (o~ 20)
— 4B fe(z, (k+ 1)x) — 4Eg fe(x, (k — 1)z) + 10E), fe (2, kx)
+ By fo(22,23) + 4By f. (2, ) — 2(k* + 1) By fo(x, 22)
) ) (28k2 — 10)E, £(0,0)
— k*Ey fe(z,3x) + (17k* — 8)Ey. fe(x, ;v)) - SRR — 1)
| Bif(0,42) — 205 (0,22) + 64F,f (0, 2)
2(k2 — 1)
<K|z|”
for all x € X. Tt follows from (9) and (10) that
nn4+1_ .
o KO||z|? if p > 4,
[Jnf (@) = Tnir f(@)]| < (52emrr + sy ) KOllz]|P if2<p <4,
W02 ||| if0<p<2

for all x € X. Since the equality J,f(x) — Jpimf(x) = Z?t:n YJif(z) —
Jit+1f(x)) holds for all z € X, we get

[ Jnf (@) = Jngm f(@)]] <

4+m—1 44+t -1 .
D g [ P [ it p >4,
+m—1 i»
(12) Yita T (e + 3 2<7+1>p)K9||CUHp if2<p<4,
i41
St U K| if0<p<2

for all x € X and n,m € NU {0}. It follows from (12) that the sequence
{Jnf(2)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
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{Jnf(x)} converges for all x € X. Hence we can define a mapping F': X —» Y
by
F(z) = lim J,f(x)
n—oo
for all z € X. Moreover, letting n = 0 and passing the limit n — oo in (12) we
get the inequality (11). For the case 2 < p < 4, from the definition of F, we

easily get
" 22 2y Y
— 16E:f (50 o)
2 ( f(2” 2") + / 2n’ 2n )

N Eif (2nH1z, 27 ly) — AE, f (22, 2™y) H
12 - 167
4™(2P +16) | 2"P(2P 4 4)
9 p p
( 192 . 9np + 12 16" (l[|” + {ly[[)

IERF (2, )] =

< lim

n—oo

=0

for all z,y € X. Also we easily show that EyF(z,y) = 0 by the similar method
for the other cases, either 0 < p < 2 or 4 < p. To prove the uniqueness of
F,let F' : X — Y be another solution mapping satisfying (11). Instead of
the condition (11), it is sufficient to show that there is a unique mapping that
satisfies condition || f(z) — F(z)|| < KG{';HP (‘16i2p| + |4_12p‘) simply. By Lemma
3.3, the equality F'(z) = J,F’(x) holds for all n € N. For the case p > 4, we
have

[ Tnf(z) = F'(2)||
=[|Jnf(z) — JnF,(Jf)”

42n+1 _4n . 42n+2 _ 4n+2 .
<l = )@ ") + ————I(F = F)2 ™" "a)|
< 42n+1 _yn N 42n+2 _ 4n+2 K9||$||p( 1 N 1 )
=\ 3.2m 3. 20+ 12 V16 —2¢| 4 — 27|

4272 K0)||z||P 1 1
—3.2n 12 (|16—2P\ |4—2P|)
for all x € X and all positive integer n. Taking the limit in the above inequality
as n — 0o, we can conclude that F'(z) = lim, o Jf(x) for all x € X. For
the other cases, either 0 < p < 2 or 2 < p < 4, we also easily show that
F'(z) = limy, 00 Jn f(z) by the similar method. This means that F(x) = F’'(x)
for all x € X.

+

O

4. Stability of a cubic-quartic functional equation

Now we will show that the functional equation H,f(z,y) = 0 is a cubic-
quartic functional equation when r is a rational number such that » ¢ {0,1, —1}.
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Theorem 4.1. Let r be a rational number such that r ¢ {0,1,—1}. A mapping
[V — W satisfies the functional equation H,f(x,y) = 0 for all z,y € V if
and only if f, is a cubic mapping and f. is a quartic mapping.

Proof. Assume that a mapping f : V — W satisfies the functional equation
H,f(x,y) = 0 for all x,y € V. The equalities f(0) = 0, f,(rz) = r3f,(x) and
fe(rz) = r*f.(x) follow from the equalities
__Hrf(oa 0)
f(o) _27,,2(7,2 o 1)7
H,f(x,0) — H.f(—x,0
folr) - 1 fyfa) = T DD = HTE00)
H, H,.f(—

fo(rz) — 7"4fe(33) _ rf(z,0) +4 rf(=,0)

for all z € V. The mappings f, and f. are generalized polynomial mappings of
degree at most 4 by Corollary 1.2, so f, is a cubic mapping and f. is a quartic
mapping by Remark 1.

Conversely, assume that f, is a cubic mapping and f. is a quartic mapping,
i.e., f is a cubic-quartic mapping. Notice that the equalities f,(rz) = 3 f,(),
fo(x) = =fo(=2), fe(rz) = rtfe(x), fe(z) = fe(—2), and f(z) = fo(x) + fe(z)
for all z € V and r € Q. Also we know that

H, f(z,y) =H, fe(z,y) + H; fo(z,y),
H, fo(z,y) =folrz +y) + folre —y) = rfolz +y) —rfolx —y) = 20° = r) fo(2),
Hy fe(z,y) =fe(rz +y) + fe(rz —y) — T2fe(x +y)
—r?fe(z —y) = 20" = 7*) fe(2) +2(r* = 1) fe(y)
forall z,y € V.

Let us first prove H, f(x,y) = 0 if n is a natural number. Using mathematical
induction, the equalities H,, fo(x,y) = 0 and H, f.(z,y) = 0 follow from the
equalities

H2fo<x7 y) :Cfo(ya ,T) + Cfo<_y7 m)>

H3f0($7 y) :Cfo(y -7, 2$)a

ano(l'y y) :Hn—lfo(xa T+ y) + Hn—lfo(xa T — y) - Hn—QfO(Ia y)
+ (n—1)H fo(z,y),

) =Hafe(z,z +y) + Hafe(z,x — y) + 4H> fe(2,Yy),
ane(xvy) :Hn—lfe(zvx + Z/) + Hn—lfe(xvx - y) - Hn—2fe(xay)
+ (n - 1)2H2fe(xa y)

for all z,y € V and all n € N. Let us now prove H,f(z,y) = 0if r is a
rational number such that r & {0,1, —1}. Notice that if r € Q, then there exist
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m,n € N such that r = > or r = —*. Since the equalities H~ f(z,y) = 0 and
H_. f(x,y) = 0 follow from the equalities

Ha fo(a.y) =Hofo (Sry) = oo (2-0y)
2

Hmfe( ) H fe( 7y> nQHmfe (E7y)7
H—ﬁnfo(xvy) = H%fo(xvy)a
H%Lfe(xay) =Hz fe(z,y)

for all x,y € V and n,m € N, we get H,f(z,y) =0 for all z,y € V. O

For a given mapping f : X — Y and a fixed positive real number p & {3, 4},
let J,f : X — Y be the mappings defined by

Jnf(x) =
LR (f(k~ma) — f(—=k~"x)) + Sk (f(k~"2) + f(—k~ "))  if p >4,
L3 (f(k~ma) — f(—k"x)) + Sk~ (f(k"2) + f(—k"z)) if 3<p<A4,

kT3 (f(k"x) — f(k7"2)) + sk~ (f (k") + f(—k"z)) if 0<p<3

for all € X and all nonnegative integers n when |k| > 1 and

Inf () =
sk (f(kTa) — f(=k7"2)) + sk (f(k7"2) + f(—k~"2)) if 0<p<3,
kT3 (f(k"x) — f(—k"x)) + Sk (f(k~"x) + f(—k~"2)) if 3<p<A4,
LT3 (f(kna) — f(k7"2)) + 2k~ (f(k"z) + f(—k"x)) if p>4

for all z € X and all nonnegative integers n when |k| < 1. From the definition
of J.f, if f(0) =0, the equality
Jnf(@) = Jnt1fz) =

B H f (k" a, 0) 4+ B Hy f(—h,0) i p > 4,

(13) Ly f(k "1, 0) — BN H f(—k~" e, 0)
— g He f(k"2,0) — e Hi f (—k"2,0) i 3<p <4,

L Hyo f (R, 0) — S Hy f(—kn2,0) if0<p<3

4k;4n+4
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holds for all € X and all nonnegative integers n when |k| > 1 and
Inf(2) = Jnga f(2) =

k,4w k3n 4n kSn

Hif(k~" g Hif(—k—"12,0) if0<p<3,

0)+
—kaaf " lr,0)+ 5 H f( )

14 .
( 4k3n+3ka(k x,0) + 4k3"+3ka( k:"x,(]) if 3 <p<4,
L Hy f (R, 0) — LR f(— ke, 0) if p >4

holds for all # € X and all nonnegative integers n when |k| < 1. From the

above equality and the equality f(x) — J, f(z) = Z;:OI(JJ(Q:) — Jiy1f(x)) for
all z € X, we obtain the following lemma.

Lemma 4.2. If f : X — Y is a mapping such that
Hk:f(x7 y) =0

for all x,y € X, then
Inf(x) = f(x)

for all x € X and all positive integers n.

From Theorem 4.1-Lemma 4.2, we can prove the following stability theorem,
where k is a real number with k ¢ {0,1, —1}.

Theorem 4.3. Let p & {3,4} be a fized positive real number. Suppose that
f: X =Y is a mapping such that

(15) [k f (2, )l < O(l2]” + [ly]*)

forallx,y € X (and f(0) = 0 when p =0). Then there exists a unique solution
mapping F of the functional equation HypF(x,y) = 0 such that

(16)
0]z i p>4
2k = [R[7] p=%
I1f(z) = F(z)|| < (2“k‘31_‘k‘p| + 2||k|41_|k\p\> Ol if 3<p<i4,
0||z||” .
AP if 0<p<3
forallx € X.

Proof. Note that f(0) = 0 follows from |2(k* — k2)£(0)|| = ||Hxf(0,0)| < 0.
The proof of this theorem will be divided into two cases, either |k| > 1 or
|k| < 1.
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Case 1. Let |k| > 1. It follows from (13) and (15) that

|k[*" 0|2 ||” ;
SR DE if p>4,
k™70 P k13701l .

[T f(x) = Jns1 f(2)]] < ‘2||k|4<ilf|1‘> + |2||k‘<nmlp if 3 <p <4,
k[P0 |)? :

for all z € X. Together with the equality J, f () —Jnym f(x) = S0 (i f () —
Jir1f(x)) for all x € X, we get

(17)

Sntm—L k0l
i=n 2|k|(i+1)P

if p>4,

=1 [ |k|*P0|z|” k|%10]|z||? :
1nf (@) = Jnim fl@) < § it (Sl + B2ty s <p <y,

+m—1 |k|"P0]z|” -
ZZL::L IJ%\JE! if0<p<3

for all x € X. Tt follows from (17) that the sequence {J,f(z)} is a Cauchy
sequence for all z € X. Since Y is complete, the sequence {J,, f(z)} converges
for all x € X. Hence we can define a mapping F : X — Y by

F(z) = lim J,f(x)

n—oo

for all x € X. Moreover, letting n = 0 and passing the limit n — oo in (17) we
get the inequality (16). For the case 3 < p < 4, from the definition of F, we
easily get

o= i [ (1 (2 ) 0 (-2

2 Tk R ke
- Hyf (k"2 k"y) + He f (—k"2, —k"y) H
2k4n
N L DT
< Jim (IM’W+kI4" 0(]lall” + llyl)
=0

for all z,y € X. For the other cases, we also easily show that HyF(x,y) = 0 by
the similar method. Now let F’ : X — Y be another solution mapping satisfying
(16). Instead of condition (16), it is sufficient to show that there is a unique map-

ping that satisfies condition ||f(x) — F(x)| < (QHk‘gl_‘klpl + 2||k|41_|k‘,,|> 0]|z||P
simply. By Lemma 4.2, the equality F’'(x) = J,F’(z) holds for all n € N. For
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the case p > 4, we have

[nf (@) = F'(@)|| =l Jnf (2) = JnF' ()]

k3n
<f(||(f FO (k") + I(f = F)(=k""2)ll)

(ICf = FDE" )]+ [I(f = F)(=k"2)]))

2k4n
L L 1 1 p

for all x € X and all positive integers n. Taking the limit in the above inequality
as n — oo, we can conclude that F'(z) = lim, o J, f(x) for all z € X. For
the other cases, we also easily show that F'(z) = lim,,_,o Jp, f(z) by the similar
method. This means that F(x) = F'(x) for all x € X.

Case 2. Let |k| < 1. It follows from (14) and (15) that

K[> 6] ||”

2D if 0 < p <3,
k|40 x||P E|™PO||z|P .

[Jnf(2) = Jns1f(2)] < ‘Qllkl(nlfﬂ‘p + |2||k‘3(,‘1|f‘1|) if 3 <p<4,
k|™P0]|z||? .
ol itp>1

for all z € X. Together with the equality J,, f ()= Jnpm f(x) = S04 (Jif () —
Jit1f(z)) for all x € X, we get
(18)

ntm—1 [k[7||z]? -
Zi:n 2]k if p>4,

-1 |k|**0]|z||P k|7 g||z||? .
1 nf () = Tem @) < ST Sy + Sy i3 <p <4,

n+m—1 \k|‘3'0|\m”p .
Dol SR if0<p<3

for all z € X. It follows from (18) that the sequence {J,f(x)} is a Cauchy
sequence for any = € X. Since Y is complete, the sequence {.J,, f(z)} converges
for any x € X. Hence we can define a mapping F': X — Y by

F(z):= nl;r& Inf(x)

for all z € X. Moreover, letting n = 0 and passing the limit n — oo in (18), we
get (16). For the case p < 3, from the definition of F, we easily get

5 (s (e )~ 0 (= 22)
4n
+%(ka( k;y”> kf( kn_7)>H

P P
< lim (k" + \k|4n)M

n—o0o |k|np

=0

[ HpF (2, y)[l = Tim
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for all x,y € X. For the other cases, we also easily show that HyF(z,y) = 0 by
the similar method. Now let F’ : X — Y be another solution mapping satisfying
(16). By Lemma 4.2, the equality F'(x) = J,F’'(x) holds for all n € N. For the
case 0 < p < 3, we have

| Tnf () = F'(@)|| =[|Jnf (z) = Jn F' ()

3n
S%(H(f = F(a)| + I(f = F) (k"))

k4n . .
+ L0 - Bt 17 - F) (k)
k|3 + | k|4 ( 1 1 )
< + 0l|z||?
w2l =] 2 e ) O

for all z € X and all positive integer n. Taking the limit in the above inequality
as n — oo, we can conclude that F'(z) = lim, o J, f(x) for all z € X. For
the other cases, we also easily show that F'(z) = lim,,_,o Jp, f(z) by the similar

method. This means that F(x) = F'(x) for all x € X. O
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