East Asian Math. J.

Vol. 36 (2020), No. 1, pp. 013-024 S YNMS
http://dx.doi.org/10.7858 /eamj.2020.002 O Uemmmmmew

A NOTE ON (p,q)-ANALOGUE TYPE OF
FROBENIUS-GENOCCHI NUMBERS AND POLYNOMIALS

WASEEM A. KHAN AND IDREES A. KHAN

ABSTRACT. The main purpose of this paper is to introduce Apostol type
(p, q)-Frobenius-Genocchi numbers and polynomials of order o and inves-
tigate some basic identities and properties for these polynomials and num-
bers including addition theorems, difference equations, derivative proper-
ties, recurrence relations. We also obtain integral representations, im-
plicit and explicit formulas and relations for these polynomials and num-
bers. Furthermore, we consider some relationships for Apostol type (p, q)-
Frobenius-Genocchi polynomials of order « associated with (p, ¢)-Apostol
Bernoulli polynomials, (p, ¢)-Apostol Euler polynomials and (p, ¢)-Apostol
Genocchi polynomials.

1. Introduction

The (p, ¢)-numbers are defined as:

n__ .n
Mlpg =p" 4" 2q+p" P+ pgt g = pp - Z '
We can write easily that [n],, = p"~*[n],/,, where [n]q/, is the g-number in

g-calculus given by [n]y/, = %. Thereby this implies that (p, ¢)-numbers

and ¢g-numbers are different, that is, we cannot obtain (p, ¢)-numbers just by
substituting ¢ by ¢/p in the definition of g-numbers. In the case of p = 1,
(p, ¢)-numbers reduce to g-numbers, (see [2], [3] ).

The (p, q)-derivative of a function f with respect to z is defined by

f(px) — fgx)
Dyof(x) = D, fla) = I LY ZIE) g 1.1
p.af(2) = Dyp o f(x) o) (z #0) (1.1)
and (D, ,f(0)) = f'(0), provided that f is differentiable at 0. The number
(p, q)-derivative operator holds the following properties

Dyq(f(2)g(x)) = g(p(2)) Dp,o f () + f(g2) Dp,q9(), (1.2)
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and

(z) 9(qz) Dy o f (x) — flqx) Dy 9(x)
Dr ( ( )> 9(pz)g(qx) ' t9)
The (p, ¢)-analogue of (z + a)™ is given by

(z+a)y,=(x+a)(pr+aq)-- (" *z+ag" ) (p" 'z +ag""),n > 1

_ Z (Z) qp<z>q<";k>xkanfk, (1.4)

)

H

where the (p, ¢)-Gauss binomial coefficients (Z)p . and (p, q)-factorial [n], 4! are
defined by

(D) g = Foirzt—(n > k) and [nly.4! = [lpq -+ [2]p.a[Upgs (n € N).

a!lklp,q

The (p, q)-exponential functions are defined by

oo p(g)m" 0o n "
epq(x) = B and E, 4(x Z (1.5)
n=0 p,q' n=0
hold the identities
ep,q(T)Epq(—2) =1 and e,- 4 (x) = Ep ¢(2), (1.6)

and have the (p, ¢)-derivatives

Dy qg€pq(2) = €pq(pz) and Dy gEp o(2) = Ep q(q2). (1.7)
The definition (p, ¢)-integral is defined by
ok
7 ()

| e f;
/ab f(x)dpqr = /Ob f(@)dpqr — /Oa f(@)dy gz, (see [20]). (1.8)

in conjunction with

The generalized (p, ¢)-Bernoulli, the generalized (p, g)-Euler, and the general-
ized (p, ¢)-Genocchi numbers and polynomials of order « are defined by means
of the following generating function as follows (see [1], [2],[3], [4].[5], [6].[7],

[8],9],[10],[11],[12],[13],[14],[15],[16],[17],[18],[19],[20], [21]):

n

(=) et = S0 gm0

p.q-

2 «
————— ) epq(at) E(z: p, t|<m, 1.10
(ep,q(t) + 1> pal Z b [ ] P.q It ( )
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and

2t *
- (a
(€p7q(t)+1) epq xt ZG x p’ [ ] | )|t|<7r (1.11)

p.a’
It is clear that
B{(0:p,q) = B (p,q) , B (0:p,q) = EY (p,q),
and
G(0:p,q) = G (p.q) (n €N).
Recently, Duran et al. [6] defined Apostol type (p,q)-Bernoulli, Apostol
type (p, q)-Euler and the Apostol type (p, ¢)-Genocchi numbers and polynomials

G\ (z,y; A : p,q) of order « are defined by means of the following generating
functions:

t (0% o0 tn
———— | epq(at)Epq(yt) = B,(La) T, Y, AP, q) , (| t+log A |< 2m),
(i) nn(@Bnato) =3 B oy tlog A < 20
(1.12)
2 « 3 i
N (4 11 €p, (ﬂfﬁ)E ) (yt) = E’r(La) (J"aya A ‘D Q) a(| t+10g)‘ < 7T)7
(Aeznq(t) + 1) e e nz:% (lp.q! |
(1.13)
and
<2t>ae (xt)Epq(yt) = ZG(Q) (x,y,A:p,q) " (| t+log A |[< )
Aepq(t) +1 P e 0 ’ " nlpg! .

(1.14)
So that obviously

sza)((),Oa A ‘D, Q) = B(a)()‘ p,q ) ; Er(La)(()aOv)‘ 2 Q) = (a)(A b, q )7
and
G{(0,0,\:p,q) = G\ :p,q) (n €N).

Very recently, Yasar and Ozarslan [21] introduced Frobenius-Genocchi poly-
nomials are defined by means of the following generating relation:

1=Nt . tn
¢ t_ Z{)Gf(m;/\)a (1.15)
Taking A = —1 in (1.15), we get the Genocchi polynomials (see [13])
2 L o~ tn
o1 t_ ZOG,L(:C)H, | t|< . (1.16)
n—

The following section provides some identities and properties for Apostal
type (p, ¢)-Frobenius-Genocchi numbers and polynomials of order « involving
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addition property, difference equations, derivative properties, recurrence rela-
tionships. We also provide integral representations, implicit and explicit formu-
las and relations for mentioned polynomials and numbers. By using generating
function of the polynomial stated in Definition (2.1), we derive some relation-
ship for Apostol type (p, ¢)-Frobenius Genocchi polynomials of order « related
to Apostol type (p, ¢)-Bernoulli polynomials, the Apostol type (p, ¢)-Euler poly-
nomials and the Apostol type (p, q)-Genocchi polynomials.

2. (p,q)-analogue type of Apostol-type Frobenius-Genocchi
polynomials g( )(x, Y;u; A p,q)

In this section, we introduce Apostol-type (p, g)-Frobenius-Genocchi polyno-
mials of order a and provide some basic formulas and identities for Apostol type
(p, ¢)-Frobenius-Genocchi polynomials of order «.

Definition 1. The Apostol type (p, ¢)-Frobenius-Genocchi polynomials g,(la)(z, YUy
p, q) of order « are defined by means of the following generating function:

L—u)t \° t"
<()u) ep.q(@t)Ep 4(yt) = Zg (z,y;u; A p7q)ﬁ, (2.1)

Aepq(t) — "0 nlp.q!

where o and X is suitable (real or complex) parameters, p,q € C with 0 < |g| <
Ip| <1and u e C/{1}.

Remark 1. For z =y =0 and a = 1 in (2.1), the result reduces to

()\e(plq_u> Zgn u; A p, q)[ ] (2.2)

where g, (u; A : p, ¢) denotes the Apostol—type (p, q)-Frobenius-Genocchi num-
bers.

Remark 2. On setting u = —1, equation (2.1) reduces to

n

2t e
- (a v
<)\€p,q(t) n 1) ep.q(@t)Ep o(yt) = E Gy (z,y; X p, q)

o [np,q!” (23)

where Gy(f‘)(w, y; X : p, q) denotes the Apostol-type (p, g)-Genocchi polynomials
of order v, (see [13]).

Remark 3. For y =0 in (2.1), the result reduces to known result of Khan et al.
[13] as follows

(1—u)t \* e
( ep,q(t) Zg(a) Tyu; AP, q) Il (2.4)

[7]p.q!
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From (2.1), we have
98 (@, g us N i p,q) o= gn(x, yius A1 p, q),
9\ (@, g us At p, Q)lp=1 = g\ (, yi us A), (see [9])
liminf g{* (2, y; w; At p, q) == G\ (z + y;u;\),  (see [14], [15]).

q—=1,

Note that

n
(0) e\ — n (&), ("3F) Lk n—k _ n
9 (@, y;us X p, q) ,;(0,, ple)g\"e ) gky (z+9)p.q

»q

Theorem 2.1. (Addition Theorems) The following relationship holds true:

- n [eY n—
g @,y w N pg) =) <k) o (s p )@+ Yt (255)
k=0 p:q

n n n—k _ o
oS (@, y;u N p,q) = <k> gy ol (z,05u: p, q), (2.6)
k p,q

Il
S

)

gt

M;z

n n—k _ o
(z,y;w; A2 p,q) = <k) p()gm ol (0, y;u: . q). (2.7)
p,q

k=0 )

Proof. Suitably using equations (1.5) and (1.6) in generating function (2.1) to
get three different forms. Further, making use of the Cauchy product rule in
the resultant expressions and then comparing the like powers of ¢ in both sides
of resultant equation, we find formulas (2.5)-(2.7). O

Theorem 2.2. (Difference equations) The following recursive formula holds
true:

A (1, g us At p,q) — ugl® (0, y;w A pyq) = (1 —u)g™ (0, y;us A p, q),

(2.8)
A (z, 05 us X s p, @)—ug® (z,— 1 us X2 p,q) = (1—u)gl™ " (m,—1;u; X < p, q).
(2.9)

Proof. By using generating function (2.1) and use of the Cauchy product rule in
the resultant expressions and then comparing the coefficients of ¢ in both sides,

we get (2.8)-(2.9). O

Theorem 2.3. (Derivative properties) The following relationship holds true:
Dy g (@, 45w At p, @) = [n]p,q 00" s (b, g wi At p, q), (2.10)
Dy g0 (@, 93w X p, q) = [n]p.000" (2, qy; wi X 2 p, ). (2.11)

Proof. Differentiating generating function (2.1) with respect to = and y with
the help of equation (1.2) and then simplifying with the help of Cauchy product
rule, formulas (2.10) and (2.11) are obtained. O
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Theorem 2.4. (Recurrence relationship) The following formula holds true:
S S k@ oy
az:: (k>pqp( 2 mFgi (@, 05X p, )

k=0 )

= <Z> pU2 ) mb gl (@, — 1,030 p, )
p,q

k=0

3

n

n—1 n—k-1 a—
<1u>2( . ) P kgD A pg). (212)
p,q

k=0

Proof. By using definition (2.1) and use Cauchy product rule, we obtain the
result (2.12). O

Theorem 2.5. For a, 8 € N, (p, q)-Apostol type Frobenius-Genocchi polynomi-
als satisfy the following relations:

n n o
g @, yrush i pg) = ( ) o @y X p, 0)g” (wi X s p, q),
p,q

k=0 k 5
(2.13)
a— " n a _
a e ywhip )= (k) 9 (@, s A p, q)gp P (ws A p, q).
k=0 p,q
(2.14)

3. Main Results

In this section, we includes implicit and explicit formulas, integral represen-
tations, some identities for g,ia)(x, y;u; A i p,q). Also we present new theorems
and some (p, g)-extensions of known results in Carlitz [1], Kurt [9], Simsek [17],
[18] and so on. We start with the following implicit formula for Apostol type

(p, q)-Frobenius Genocchi polynomials of order a by the following theorem.

Theorem 3.1. The following implicit summation formula holds true:

Dz g us A p, )

k,l I 2
n,m=0 M/ pa \""/ pq

Proof. Replacing ¢t with (¢t 4+ w) in (2.1) and using result [19], we get

(Lot Y,

Aepq(t+w) —u

= epg(—2(t+w) Y gz yius A p,q) (3.2)

= [Flpoa! !
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Replacing « by z and equating the obtained equation with the above equation,
we arrive at

= tk w'
epa((z—2)(t+w) Y oD@y ui X p,q) AL
k,1=0 p,q- p,q*
> o tk w!
k,1=0 p,q- b,q
Expanding the exponent part in the above equation, we have
=z —2)(t +w)V th w!
G (T, Y w3 A p,q)
2L ,”Z = Floog! Ul
0 k l
«@ t w
=Y gz yurip g AT, (34)
k,1=0 p,q* p.q
e (Z _ x)n—i—mtnwm e (@) tk wl
91 (T Y5 us A 2 p, q)
nmzz() [n]p.q![mlp.q! k,gz:o hH [Klp,q! [U]p.q!
> . tk w!
k,1=0 p,q: p,q
Using Lemma [19] and then on comparing the coefficients of t* and w!, we get
the required result. O
Corollary 3.2. Forl =0 in Theorem 3.1, we get
k
RPN Z ( > (z— o)\ (w i ws A p,g).  (3.6)
=0

Theorem 3.3. The following (p, q)- mtegml is valid

o Loy w X p, ) = gl (2, 5w A p, )

)

/ (”)(ac Yius A, q)dp gt =p
a

[n+ 1]p.4
(3.7
/b (a)( A )d 97(”21( ’Z’UA p.q) — gr(zojr)l(xa%;w)“pvw
g TyUSA P, q)ap qY = P )

a " e [n+1]p,4
(3.8)

Proof. Since

b
| 5ot s by a) gz = 1) - (@), (e 20)

in terms of equation (2.10) and equations (1.7) and (1.8), we arrive at the
asserted result

b
_ p () (¥
P [”‘*‘Hp,q

5 ( 7y7u >‘ p7 )dpﬁqx
p,q T
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() Sw () b, Y
Iyt (Zoys s A p,q) = gy (2,500, q)
P .
[n+1]pq
The other can be shown using similar method. Therefore, the complete proof
of this theorem. O

Theorem 3.4. The following result holds true:

n

n
2u—1))" (k) g (WA py @) gn—k(z,y5 1 —w; A1 p,q)
k=0 p,q
= ugn(z, y;w; A p,q) = (1 = w)gr(z,y; 1 —uw; A p, q). (3.9)
Proof. By utilizing the same method of Duran et al. [4] and Kurt [9], we first
consider the identity
2u—1 1 1

(Aep,g(t) — u)(Aepq(t) — (1 —u)) - Aepg(t) —u - Aepq(t) — (1 —u)’

(1 — u)tep,q(t) Ep,g(yt)(1 — (1 — u)t)
(Aep,q(t) = u)(Aepq(t) — (1 = u))
(1 —u)tep,q(t)Epq(yt) _ (1 —u)tepq(xt)(1 — (1 —u)t)Epq(yt)

(2u—1)

Aepq(t) —u Aepq(t) — (1 —u)
0 k n
(2u—1)) ge(uiX:p.q) ,Zgnwy,l—u/\ P a)
P [k]p.q [7]p.q!

(1 —u) Zgn T,y 1 —u;A:p,q)

On comparing the coefficients of ", we arrive at the required result (3.9). O

*uzgn Ty A, q)

T
= [n ]p,q

[n]p,q!

Theorem 3.5. The following result holds true:

n

ugn (2, Y3 s AP, @) =AY gnok(z, Y5 X1 p, Qp) — (1 =)@+ y)n,
k=0
(3.10)
Proof. By using e, ¢(2)E, (—x) = 1, consider the identity

u 1 1
(Aepq(t) —u)ep 4(1) B Aepq(t) —u Aep,q(t)’

u(l —u)tepq(t)Epq(yt)
(Aep,g(t) — u)Aep,q(t)
(1 — u)tepq(at)Epq(yt) _ (1 —u)tepq(at)(1 — (1 —ut)Epq(yt)
Aepq(t) —u Aep,q(t)

tn
Azgnwy,u/\ P
oy [7]p.q!

then

|
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St tn+1

> 1—-u n
zzgn(:v,y;uw\:pqn ,Zp ,*T (Z+Y)p.q

n—0 Ip.q! 0 p.q ne0 [n]p,q!

On comparing the coefficients of ¢, we arrive at the required result (3.10). O

4. Relationship between Apostol-Bernoulli, Apostol-Euler and
Apostol-Genocchi polynomials

In this section, we prove some relationships for Apostol type (p, ¢)-Frobenous-
Euler polynomials of order « related to Apostol type (p, q)-Bernoulli polyno-
mials, Apostol type (p,q)-Euler polynomials and Apostol type (p, ¢)-Genocchi
polynomials in Theorems 4.1, 4.2, 4.3.

Theorem 4.1. The following recurrence relations are valid:

fas n+ 1
(o) cus N — ( )
gn x7y7u7 P, q
( )=, y

s=0

)

s (o)
0,y;u; X : p,
X [E (8) Bs-k(x,O;A:p,q)p(g)—Bs(x,O;A:pyq)] Intr=sl0, g i A1 p q).
P.q '

o \k [n+ 1]p,q!
(4.1)
Proof. By using Definition (2.1), we have
(1—u)t \*
_— E
()xep,q(t) —u ep,q(2t) Epq(yt)
(1—-ut \* t Aepq(t) —1
= _— E t : t
(Aenq(t) - U paly ))‘ep,q(t) -1 t r.a(t)
_li S (1) B (2,015 p, q)pl s zn: o(2,0; A2 p,q)
Tt k n—k p.a)ple g sAipg
n=0 \k=0 p.q s=0 p.q
o] tn
x> G0, y;u M pa)
ne0 [n]p,q!
IR IR SVANES o (5) N (7 N
=> [AZ <s) > Bok(z,0:X:p,q)plz) = (S) By(z,0; A : p, Q)]
n=0 s=0 P9 k=0 s=0 p,q
tn—]

x g\ (0, y;u; X\ 2 p, q)

[7]p,q!

By using Cauchy product and comparing the coefficients of w1, We arrive at
nlp.q

the required result (4.1). O
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Theorem 4.2. Fach of the following relationship holds true:

~ n
i p) =Y ()
p,q

s=0

2]p.q!

s (c)
5= 0 5 5 A :
" lz (Z) Ei(2,0:7: p,)p(2) + By, 0,0 :pv‘I)] el AP D)
k=0 p.q
(4.2)

Proof. The proof of this theorem is based on the following equalities

(W} ) )

_ (1—wt \° 2]p,q Aepq(t) +1
B ()‘ep,q(t> - “) EpV(I(yt) Aepq(t) +1 2]p,q

- & nio [(i} ( ),,,q,; (Z)mEk(:ﬂ,o; A :p,q)p(52k)>

+Z< ) Ey(@,0:):p,)| 9:7,(0, y:u; A5 p, ) T
p,q [n]p,q!

On comparing the coefficients of oot ] 7 we arrive at the required result (4.2). O

ep,q(x1)

Theorem 4.3. Each of the following relationship holds true:

n+1 s
o n+1 S k
g\ (z i uh i pg) =) ( ) > [Z (k,) Goilz, 037 p, q)p®)
Pyq Pyq

s=0 k=0
9% (0, 5w X p,q)
2]p,q![n + 1p,q!

Proof. By making use of the following equalities

(W&) 1) )

- (1 - U)t “ [2]p,qt )‘ep,q(t> +1
- ( u) BoaWl) 3o 7T gt 0

- [2]; OOO lz (“) > (Z)p’quk(x,o;A )

" n=0 Ls=0 P4 k=0

+Gs(x, 0,1 p, q)] (4.3)

tn
+ < > (z,0; X : p,q) gff‘) (0, y5us X py )
Z v + [”+1]p7q!

On comparing the coefficients of w1, We arrive at the required result (4.3). O
T—’v
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