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A NOTE ON THE GENERALIZED BERNOULLI
POLYNOMIALS WITH (p,q)-POLYLOGARITHM FUNCTIONf

N.S. JUNG

ABSTRACT. In this article, we define a generating function of the gener-
alized (p, ¢)-poly-Bernoulli polynomials with variable a by using the poly-
logarithm function. From the definition, we derive some properties that
is concerned with other numbers and polynomials. Furthermore, we con-
struct a special functions and give some symmetric identities involving the
generalized (p, q)-poly-Bernoulli polynomials and power sums of the first
integers.
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1. Introduction

Throughout this paper, we use the following standard notations. N = {1,
2,3,...} denotes the set of natural numbers, Z denotes the set of nonnegative
integers, Z denotes the set of integers, and C denotes the set of complex numbers,
respectively.

The ordinary Bernoulli polynomials B, (z) are defined by the generating func-
tions

et

t o e "
S _TLEZ:OBH(Q;)H (see [1,2,4,5)).

When z =0, Bgfg = B,(fg(O) are called poly-Bernoulli numbers.
In [4], we introduced a generalization of the ordinary Bernoulli polynomials
B, (z;a) with variable a that are defined by

Li(1—e") i = piyy 1"
a1 O T L B
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where

o0 n

. x
Liy(z) = nz::l 5 (heZ) (see [1,2,4,5,6,7))
is polylogarithm function. When a = 1, it is equal to the poly-Bernoulli poly-
nomials. If & = 1, then we have Lij(z) = —log(1 — z) and Li;(1 — e~ %) = t.
Using the result of polylogarithm function, we observe that the poly-Bernoulli
polynomials is identical to the ordinary Bernoulli polynomials B, (z).
For n € C, the (p, ¢)-integer [n], 4 is defined as follows

" —q"
n = .
nhoa ==

Note that lim,_,1[n], = [n]; and lim,_1[n], = n.
From the definition of the (p, ¢)-integer, the (p, ¢)-analogue of the polyloga-
rithm function Liy p 4 is given by

Lippg() = [rﬁ: (keZ) (see[6]). (1.1)
n=1 p,q

where (2), = z(x — 1)(x — 2)--- (z — n + 1) is falling factorial. The generating
function of the Stirling numbers of the second kind is given by

i Sg(n,m)ﬁ = e-nm (see [3,4,5,8]). (1.2)

n! m)!

In this paper, by using the (p, ¢)-polylogarithm function, we define a general-
ized (p, q)-poly-Bernoulli polynomials with variable a. We show that is related
with the other numbers and polynomials. We also find some identities that are
concerned with the Stirling numbers and the weighted Stirling numbers of the
second kind. Moreover, by using special functions and power sums of first inte-
gers, we derive some symmetric properties of the generalized (p, ¢)-poly-Bernoulli
numbers and polynomials.

2. Generalized of (p,q)-poly-Bernoulli polynomials with variable a

In this section, by using the Equation (1.2), we construct a generalized (p, q)-
poly-Bernoulli polynomials Bgfz),,q(x; a) with variable a by the following gener-
ating functions. We investigate some properties of the polynomials and find

several relations that are connected with other polynomials.
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Definition 2.1. Forn € Z,k € Z and 0 < ¢ < p < 1, we define a generalized
(p, 9)-poly-Bernoulli polynomials with variable a by

oo

LZkPQ(l ZB 7pq v (21)

eat

where

o0 tn
Lik,p,q(t) =

2 W,

is the k-th (p, ¢)-polylogarithm function. When z = 0, B(,])g q¢(0;a) = qu,]fg,q(a)
are called the generalized (p, ¢)-poly-Bernoulli numbers with variable a.

From the Equation (2.1), we have a relation between the generalized poly-
Bernoulli numbers and polynomials.

Theorem 2.2. Letn >0, m>1 and k € Z. We have
SN .
B,(L’f;’q(mx;a) = Z (l)m 1Bl(7p)7q(a)x L
1=0

Proof. Forn >0, m > 1 and k € Z, we get

ZBT(L]?W me;a) nr: = W(gmzt
= i (i: (n)mnlB(k) (a)x"l> i
n=0 \1=0 l b nt
Thus, we obtain the above result. O

When m = 1, it satisfies

n
k n—I
Bt i) = Y () B0 ()

=0

Theorem 2.3. Letn € Z4 and k € Z. Then we get

n n .
B7(llfz)),q(x +y;a) = Z (l)Bl(’];)’q(x; a)y" . (2.2)

=0
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Proof. For n € Zy, k € Z, we have

n . —t
ZB (z+y:a )t _ Ligpqe(l—e )e(m+y)t

Therefore, we have the obvious result.

If ma is replaced = + y in Theorem 2.3, the next theorem is obtained.

Corollary 2.4. Forn >0, m>1 and k € Z, we get

= n n— k n—
B8 ymasa) =3 () m = 0 B s )
=0

Proof. Let n >0, m > 1 and k € Z. We derive

Z B(k) ’ITLSC CL tn Lik,P#l(l — e_t)emzt

n,p,q . eatil
tn x tn
— k n
Z Bilpalwsa) 2 (lm = 1))

_ nz:% (; (7) (m—1)""'B" (a; a)a:"l> =

From the Equation (2.2), we find a recurrence relation as below.

Theorem 2.5. Letn € Z, and k € Z. We obtain

7(1k1)7q( +1;a) — i() ’pqxa).

tn
n!’



A note on the generalized Bernoulli polynomials with (p, g)-polylogarithm function 149

Proof. For n € Zy,k € Z, we get

n oo

ZB JT+ 1 a)i %Bfﬂ,q(x;a)z
_ Lik,p@,gt(l _le_t)e”“'t(et —1)
- ZB’%Q ;! nzljzn'
S (et
Comparing the coefficient on both sides, we have the above theorem. O

By using the binomials series and the definition of polylogarithm function, we
derive next result.

Theorem 2.6. Forn € Z, and k € Z, we have

= m+ 1 (1) @ — 7+ al — am))"
B(lf])gq(x.a)zzz< ; )( ) ([m—i—l]g’q )

Proof. Let n € Z4, k € Z. From the Equation (1.4), we obtain

Lippg(l—e™") o — lat — (1—ef)mrty
cat —1 ¢ de > Ey ¢

=0 n=0
0o l m
= — Z Z ell—m)at (1 —¢ t) i xt
1=0 m=0 [m+ 1]57‘1
oo 1 (I—m)at m+1 1
(e ) (e
=0 m=0 [m + ]p,q r=0 r
_ii : nf(m—&-l) (=) (= =7 +al —am)" t*
n=0 1=0 m=0 r=0 " (m+1]5, n!

oo I m+l el n
B (zia) =Y - <m+1)(—1)+($—r+al—am)

n,p,q [m + 1]];,11

O

In similar method, we get result that is related with the generalized classical
Bernoulli polynomials with variable a.
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Theorem 2.7. Letn € Zy and k € Z. Then we have

oo I+1
I+ 1\ Bpyi(z —7r;a)
Bk 1 n+1 ;
Bupal Z l+ Z ) < r ) n+1 '

= p,qr 0

Proof. Forn € Z, and k € Z,

Likpq(l_e_t) ot = (1_€_t)l e*t
SFCTERE>

et —1 — Mk, et—1
- i 1 § (l + 1) (—1)" elz—r)t
mr il U5 }quo " e* —1
Z(Z o HZI<Z+1)(1)TBn+1(m—r;a)> L’:
= |9 o r n—+1 n!

Hence, we obtain the result.

oo 1+1
1 I+1 Bhii1(z —1;5a)
k n+1 )
Bt = 3 e 3 (1o Bt

=0 pqu

3. Relations with the Stirling numbers of the second kind

In this section, we investigate some identities that is concerned with the Stir-
ling numbers of the second kind by using the generating function. Furthermore,
the definition of the weighted Stirling numbers of the second kind gives some
interesting results that is associated with the generalized poly Bernoulli polyno-
mials with variable a.

From the Equation (1.2), the polylogarithm function Liy, p, 4(2) is represented
by the following formula.

1. _ I X - (—1)ntm "
—Lipp,(1—e") =~ ~————m!Ss(n,m)—
t P t nZ::lmZ::l [mlk , n!
B i n+1 ( 1)n+1+m Sg(n+1 m) Tk

[m]’;’q m! n+1 n!

(3.1)

The above equation gives the following identity that is related with the Stirling
numbers of the second kind.

Theorem 3.1. Letn € Zy,k € Z. Then we have

U Dr S (r + 1,1
(]?1)7,q ZZ( ) ] = +(1) )Bn ~(x;a).

r=0 (=1
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Proof. Let n € Zy,k € Z. From the Equation (3.1), the generalized (p, q)-poly-
Bernoulli polynomials B,(Llf,),,q(x; a) is represented with the Stirling numbers and

the generalized ordinary Bernoulli polynomials with variable a

Z B(k) L Ligpq(1 — e’’) te
n p,q n! - t eat — 1
0o n+1 (_1)n+1+m 5'2(” +1 m n 00 tn
=2\ X ™ — ) 2 Balasa) o
n=0 \m=1 [m]p,q n+1
oo n I+l I+14+m | n
_ Z <n) (-1) mlSa(l + l,m)B l(x'a)t—
o e f l [m}’;’q(l +1) !
By comparing the coefficients of tn—", on both sides, the proof is complete. O

Theorem 3.2. Ifn € Z, and k € Z, then we get

B(Ij;;q J} a = Z ( ) lSQ(m l)B'ka)m p,q(a) (32)

=0 I=
where (x); = x(z — 1)(x — 2) -+ (x — L+ 1) is falling factorial.
Proof. Let n € Zy and k € Z. The generalized (p, q)-poly-Bernoulli numbers

and polynomials can be indicated by the following formula that is related with
the Stirling numbers.

(o] . o0
t"  Li (1—e™?) (et — 1)t
k . _ k.p,
Z flzz,q(x’a)a - eZt 1 Z(l")l il
n=0 1=0
=Y B, *Z 252”
n=0 =0 r=I
— .- B(k) tn iy )182(n, 1
- Z n,pq ﬁ )152(n, )
= n=0 |= 0
i 33 (1)t 5 0]
(| m n—m,p,q n|

Comparing the coefficient on both sides, we have the explicit result.

O

From Definition 2.1 and the Equation (3.2), we have the another recurrence
formula that is different from the result of Theorem 2.5.
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Theorem 3.3. Forn > 1,k € Z, we get

B (z+aa) — BY) (xia)
~— - ( > (=)™ Sy (r, 1) .,
Z & -
r=1 =0 mm

Proof. Let n > 1,k € 7Z. From the definition of the generalized (p,q)-ploy-
Bernoulli polynomials, we obtain
BY ciaa)l -5 B® (ma)l
Z (T a,a)a - Z n7p7q(x’a)a
n=0
Ligp,q(1 — eit)e(mnta)t  Ligp,q(1— eit)ezt
et —1 e —1

oo n—1 0o
(_1)n+l+1 tn
n=1 [=0 ’ m=0
x© n —1)nt +1 tn & tm
:ZZ([Z]) 1Sy (n, 1) — Z
n=1[=1 p.q m=0

e r -1 r4l tn
=3y 3 (" o™ 1Sy (r, Da" " —.
r) [k, n!
Therefore, we get the following recurrence formula.

n—r r r+l|
B’r(fl))’q(.]j +a;a) Z Z ( ) ! SQ(T l) T

r=11=1 []pq

Theorem 3.4. Forn > 1,k € Z, we get

EY) (z+1)+EY) (z) =2BF) (x+aja) —2BY) (;0).

n,p,q n,p,q
Proof. Let n > 1,k € Z. From the following equation

2Lik,p,q(l - e_t) 2Lik,p,q(1 - @_t)

1 t xt:
oy e et — 1

(eat _ l)eact7

we have

ZE(JHZ + ZEflk ) tn
*ZZBSLkI)jquraa QZB
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n [3], Carlitz introduced the weighted Stirling numbers of the second kind
Sa(n,m,x) as follows

(6_71 Z Sa(n, m, x) (3.3)

Theorem 3.5. If n € N,k € Z. then we have

n

Z m+1 )N Sa(n+1,m+1, x—(m—l—l))
n+1

k
Bq(

0

Proof. Let n € N,k € Z. From the definition 2.1, we observe that

= t" Lippq(l—e™?)
k . _ kg xt
;Béy;yq(x, a)a = ol 1 e
x (1 _ e—t>m+1 e;ct
_mZ:O [m+ 1]k et —1
oo (oo}
1)! 1 t"
:Z (m + ]3 —S2(n,m+ 1z —(m+1))—
m=0 n=m+1 [m+1]pq e =1 n!
== (m+1)! Son+1,m+1,z—(m+1))t"
=2 (a) o
_n = [m 41k "0 n+1 n!
Comparing the coefficient on both sides, we get the above result. O

Corollary 3.6. Letn € Nk € Z. We obtain

B (o Z Z (1) g Bl 2 TR o

Proof. For n € N,k € Z, the generalized (p, ¢)-poly-Bernoulli polynomials are
satisfied as follows

st tn oo (1_eft)m+1 6zt
B,(lk> Tya)— =
7;) Pl )n! 'rnZ::O m+1]k, et —1
B S (m+1)' 1 0 n 00 n
- Z [m—&—l}’;anPQ(a)z Z SQ(n7m+1) 'Z(:r—(m+1)) |
m=0 n=m-+1 n=0
o n !
n\ (m+1)! So(l+1,m+1) ot t7
= S 22U T LT (- )"t
ngT;)(l)[erl]ﬁ,qu’p’q(a) ) (&= (m+1)"" —

Thus, we obtain the desired result. O
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4. Symmetric identities of the generalized (p, ¢)-poly-Bernoulli
polynomials with variable a

In this section, we construct special functions and find symmetric properties
of the generalized (p,q)-poly-Bernoulli polynomials with variable a from the
special functions.

Theorem 4.1. For my,ma >0 (m1 # ma), n € Z4, k € Z, we have

. n n—r
Z (r) my mgB,(«,kp)’q(mlx; a)Bé@T’p’q(mgx; a)
r=0

- n s n—r
= Z (r) mims B,@hp’q(mlm;a)Bﬁgq(mgx;a).
r=0

Proof. For n € Z,,k € Z, my,my > 0 and my # mg, we construct a special
function as below

(L= &™) Ligy (1 — 2%)
(eamlt _ 1)(eam2t _ 1)

From the special function F(t), we derive the following equation.

F(t) — Lik7177q(1 B e_mlt)emlmgrt Likapaq(l B e_mQt) mimoxt

(eamlt _ 1) (eamQt _ 1)

N )t S o (mat)”
:Z;)B,(M))yq(mgx,a)T2357;7(1(77111’7@) " (4.1)

o n n " * m
n—r
= E E <r> my mgBr7p7q(m1x;a)Bn_T.J,’q(mzz;a)ﬁ.

n=0r=0

€2m1 moxt .

L
F(t) = Zhpa

In similar method, we obtain

— - n T n—r k tn
F(t) = Z Z (r) mims Béjr’p’q(mlx;a)Bﬁ?yq(mgac;a)a. (4.2)
n=0r=0
By the Equation (4.1) and (4.2), it is easy to get the above theorem. O

m—1

Note that S, (z,m) = 2" +(z+1)"+ - +(z—(m—1))" = 7 (x + k)", = €
C is the power sums on an arithmetic progression. The power sums of the
first integers are expressed by S,(m) = S,(0,m) = z:ol k™ (see [8]). The
exponential generating function of the power sums are expressed by

o0
~ t" em —1 £
an(xam)ﬁz et 1 e’

n=0
From the generating function of the power sums of first integers, we have
the symmetric identity of the generalized (p, ¢)-poly-Bernoulli polynomials with
variable a.
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Theorem 4.2. Forn € Z,,k € Z, m1,me € N and my # ma, we get

: —m — (n n—r,_.r,_n—r Q

le,p’q(l —€ zt) Z (7,)@ mymesy B7(~,kp),q(m2x;a)sn7r(m1)
r=0

= Lijpq(1 —e™™7) Z (n) a”_’qm?”mgBSffp)’q(mlx; a)Sp_r(my)

r
r=0

Proof. Let n € Zy , my,my > 0 and my # mo. If we consider a special function
that is given below, then we get

Fe) — Likpall =€) Lipg(1 = e (emm! — 1(emme)
- (eamlt _ 1)(6am2t _ 1)

> n
) -m n n—r__r.__n—r ~ tn
Z Linpg(1 =) Z ( )a mymy Bﬁ,’“),q(mw; a)Sn—r(ml)E.
n=0 :

r
r=0

In analogous method, we have

Iy Sty N gk (m2t)" S~ & (amyt)"
F(t) = Lirpq(1— e > BE) (myz) - > Sp(m2)—1—
n=0 r=0
.- ; -m — (n n—r, n—r,_.r < t
= Z Liypq(1—e ) Z <T>a my szﬁﬁ.@),q(mlx; G)Snfr(mz)a~
n=0 r=0

Comparing the coefficient of £;, then we get the above symmetric identity. O
n:

Theorem 4.3. Ifn € Z,,k € Z, my,ms (my # my) €N, then we get

n
Li pq(1 — e~ m2t) Z (:) a"frmgmgf’”Bﬁﬁg)’q(a)gn,r(%x, my)
r=0 :
= Likgall =) ) (1) arrmt B )3 (i ma)
Proof. Forn € Zy , mi,my € N and my # my. From the special function that
is given in theorem 4.2, then we obtain

Lik,nq(l - e_mlt)Lik,p,q(l - e_mzt)(emlmﬁ - 1)(eam1m21t)

F(t) =
( ) (eamlt _ 1)(eam2t _ 1)
— . —m & Y\ pn—r,_r n-r rad mi L
= 3 ikt =) 32 ()i B @) (gt m)
In similar method, we get
. ity (mat)" = 5 (amit)"
F(t) = Ligpq(l — ™) > B (myx) . > S (my) 7
n=0 r=0

oo n . tn
= Z Ligpq(1—e ™% <n> a"*TmTfrmngnkp) q(a)Sn,T(@gv7 ma)—.
s P a n

n=0
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Therefore, we have the above result. O

Theorem 4.4. Letn € Zy, k € Z and my, ma € N (mq # my), we have

- n —r, n—r,__r— rad
> () mt g B ) B )

r=0 r
n n _
= Z (T)anTml‘_lmg_rBﬁp,q(mQx)Sn—r(ml)~
r=0

Proof. Let n € Zy,k € Z and mi,ma € N (m; # mg). Consider a special
function F'(t) as follows, then we get

Likvaq(]. . efmlt)Lik’p)q(]_ _ e*mzt)(eamlmgt _ 1)(eam1m21t)t

(eamlt _ 1)2(eam2t _ 1)2
mlt mgt)
Z B Z B0 =

o0
amlt 4 amsot)™
- i - a 1m212)37l7p7q(m1$)( n!)
— n—

t)" mot)"
=3B @ ZBM (mat)

n=0
DN @an_ I B 0) G ()
r=0 :

n=0r=

F(t) =

M8

In similar method, F(t) is expressed by

oo

mlt mZt)
F(t)zz Stlfz)vq Z mq nl

n=0
3 " 7"—1 ~ tn
ZZ my BT’I”q(me)Sn—r(mﬂﬁ,
n=0 r=0 .

Comparing the coefficient of both sides, we find the symmetric identity:

- n —r__r— o
5 ()t g B 1), (o)

= Z (n) a"_lmg_lmg_lBT(mgx)gn_T(ml).
r
r=0
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