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SOME EXPLICIT PROPERTIES OF (p,q)-ANALOGUE EULER
SUM USING (p,q)-SPECIAL POLYNOMIALS!

J.Y. KANG

ABSTRACT. In this paper we discuss some interesting properties of (p, q)-
special polynomials and derive various relations. We gain some relations
between (p, ¢)-zeta function and (p, q)-special polynomials by considering
(p, ¢)-analogue Euler sum types. In addition, we derive the relationship
between (p, q)-polylogarithm function and (p, ¢)-special polynomials.
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1. Introduction

Riemann zeta function is classically defined by
= 1
((s) = s
n=1
at the positive integers. This zeta function converges in Re(s) > 1 and in partic-
ular, when s = 1, we can see that ((1) =144 + 3 +--- = co. A class of analytic
functions of a complex variable contains zeta-functions in number theory, and
many mathematicians have studied this zeta function for zero-free regions, aver-
age values, counting zeros, and the Riemann hypothesis. They also have started
expanding Riemann zeta functions, which are famous for the generalized Hurwitz
zeta function and the Dedekind’s zeta function, and several research results have
been obtained. Furthermore, they have calculated even values of the Riemann
zeta function using Fourier transformation and found that it is a very important
function possessing various properties(see [4, 7]).
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Euler studied the linear sum and derived that the linear sums have evaluations
in terms of zeta values in specific cases. This linear sum is defined as

= HY N
S(s,t) = Z i where H,/ := ZJ—T
n=1 j=1
From the above equation we can see typical evaluations of Euler sums as
(oo} [ee]
) H, H 5 H,
W) Y3 =2@), D> y=70), D 5 =35~ 2)3),
n>1 n>1 n>1
RN 25 1
(i) > = =)= 5¢(0),
n>1

SN

) > IS 6em -6 - Sesew,
n>1
0 3

0 S B @) + 2c@0)

We can learn that the linear Euler sums have the symmetric property and
some relations of zeta function and study the nonlinear sums which involve prod-
ucts of at least two harmonic numbers in [4,7,18]. Furthermore, in [8], we can
find some properties of quadratic Euler sums and cubic and higher order Euler
sums. In 2017, an expanded Euler sum combining g-numbers appeared in a
paper by Xu and Zhang [18], in which we can see some evaluations of g-Euler
sums. Research on ¢-difference equations appeared in intensive works by F. H.
Jackson[12], R. D. Carmichael, T. E. Mason, and other authors[14-16].

In [1,3,5], R. Chakrabarti and R. Jagannathan, G. Brodimas, et al. and M.
Arik, et al. introduced the concept of the (p, ¢)-number in order to unify various
forms of g-oscillator algebras.

For any n € C, the (p, ¢)-number is defined by

Pt —q"

pP—q
It is clear that (p, ¢)-number possesses the symmetric property and this number
reduces to g-number when p = 1. In particular, we can see that lim,_,1[n], , = n

with p = 1(see [6-7,12]). By using the above numbers, many researchers have
studied (p, ¢)-calculus(see [9-11,13-15]).

[]p,q =
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Definition 1.1. We define the (p, gq)-derivative operator as
f(pz) — flqz)
Dp,qf(x) = ’ x #0,

(p—q)x
and D, ,f(0) = f'(0).

The following properties of (p, q)-derivative operator are immediate.

Theorem 1.2. For the operator D, 4, the following hold :
(1) Derivative of a product Dy, o(f(x)g(x)) = f(px)Dpq9(x) + g(qx)Dp o f (x)
= g(px)Dpo f(z) + f(qz)Dp,q9(2).

(ii) Derivative of a ratio

9(x) 9(pz)g(qz)
_ 9(px) Dy o f(x) — f(px)Dp 9(2)
9(pz)g(qx)
From Definition 1.1, one has
71 = 1ra r) = lx r) = gx
e (). Toaste)=a (o).

Thus, we can see that

o= ()55 (1)
() ()

If the series in the right hand side of the above is convergent, then we can see
that the previous calculus is obviously valid. Let f be an arbitrary function. In
[16], we note that the definition of (p, ¢)- integral is

— ¢* "
/f(x)dp,qff =(p-qz) Wf <pk+1x> :

k=0

Since the product of differentiable functions is also differentiable in ordinary
calculus, we can obtain

b b
/ f(px) (Dpq9(x)) dp g = f(b)g(b) — f(a)g(a) —/ 9(qx) (Dpo f () dp g,

which is the formula of (p, ¢)-integration by part. We note that b = oo is allowed.

Since (p, ¢)-numbers have some different properties from g-numbers although
they are similar to g-numbers, we need to study (p,q)-numbers in detail. We
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hypothesized that the Euler sum would have some relations to Riemann zeta
function and special polynomials when we combined (p, ¢)-numbers respectively.
In addition, we conjectured the (p, g)-Euler sums will be evaluated from (p, q)-
special polynomials.

Based on this idea, the main concern of this paper is to define Euler sum
combining (p, ¢)-numbers and study some of their formulae. In addition, we find
some relations between (p, q)-zeta function and (p, ¢)-special polynomial. Our
paper is organised as follows: in Section 2, we define (p, ¢)-special polynomials.
From this definition, we investigate some interesting properties of polynomi-
als and derive some relations. In Section 3, we consider (p,q)-analogue Euler
sum types and gain some relations between (p, g)-special polynomials and (p, q)-
zeta function. Furthermore, we derive relationships between (p, ¢)-polylogarithm
function and (p, ¢)-special polynomials.

2. Some properties of (p,q)-special polynomials

In this section, we define a (p,q)-special polynomial, Liy, ,(m;z), which is
related to (p, ¢)-polylogarithmic function and (p, ¢)-Riemann zeta function. This
polynomial contains some interesting properties on |¢/p| < 1 and we find a few
generalized theorems.

Definition 2.1. We define (p, ¢)-special polynomials as

> m(k—1)
Lipq(m;z) = b ¥

k=1 [k];’}q
From m =1 in Definition 2.1, we can define (p, ¢)-logarithmic function as

(k—1)

In, 4(1 Z o = —Li, ,(1;2).

p.q

From the above equation, we note that
Ing(1 —x) = —Liy 4(1;2) = —Liy(1; z).
Clearly, the (p, g)-polylogarithmic function tends to the classical polylogarithmic
function when p = 1 and g approches to 1.
—Li(1;2) = In(1 — z).

We can also define the relation between (p,q)-special polynomials and (p, q)-
Riemann zeta functions as follows:

oo p s(k—1) k
Lip,q(s3q/p) = Z () = Cpq(5)-
k=1

PvfI
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From the above equation, we can consider the g-special polynomials and ¢-
Riemann zeta functions as

, — 1
Liy 4(s;q) = Lig(s;q) Z i
k=1

7" = (o(s).

_Q»

Definition 2.2. Let n be a nonnegative integer. Then we define

pm(k 1)
Liyp p,q(m; ) Z z".
Kl
From Definition 2.2, we note that
n s(k—1) k
. p q
Linga(sia/n) =30 T (1) = Gunao)
i—1 Flpg \P

and

n —

p .
Llnpq 1 1 = Z [k - Lln)p)q = Cn,P,Q'
k=1 p,q

Definition 2.3. We define the transformed (p, ¢)-special polynomials as

[ee]
-~ (p—a)n k—1), k+1
Li, o(m;x) = T p k1) gkt |x] < 1.
2 i,

The integral form of ,Lvinq(m; t) on the interval [0, z] is easy to show and can
be used to define the analytic continuation of Lij, 4(m; ).

Theorem 2.4. Let m > 1 and |q/p| < 1. Then we have
. 1.
Dy gLip,q(m;z) = ELZp,q(m - L pa).

Proof. Using the definition of the (p, ¢)-derivative, we find

> m(k—1)

Dy qLip,q(m; z) Zp p,qu_l

Kl
(m—1)(k—1)
p

*Z (p)*

Lk
L, (m — 1:pa)
= —Li, ,(m — 1;px).
pr P D

Therefore, we complete the proof of Theorem 2.4. O
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Corollary 2.5. From Theorem 2.4, we can easily verify

) 1
Li, o(m;x) = / 7L1p7q(m — 1;pt)d, 4t.
o P

Lemma 2.6. Let s,t be nonnegative integers. Then we have
e p(t+1)(m71)+s(n71)xm+n

t+1

Apq(s,tir) =Ap (s —1,t+1;2) +
[m]plq [”];So,q

n,m=1
n#m

Proof. Consider that

m—+n—1,..m+n

—q)p x
[ ]pq[ ]p,q(p qn_pnqm)

> t(m—1)+s(n— 1)(

Apq(s, tiz) = Zp

n,m=1

n;ﬁm
Then we can transform the above equation as

— pUFDm=ts(n=1)( _ gypmin=lgminipy], o
t+1 '

ool pmHmlplg [n]5 (0™ — P g™)

n#Em

Apq(s tia) =

Here, we note that

p1 [m]IMI - 1 [Tl}p,q + pm+n_1(p — q)'
Applying the above formula, we can find

el p(t+1)(m71)+(sfl)(n71)(p q)pernfl m+n

T
A ) (svth) =
! et [l ol (g = pra™)
n#m
n > p(t+1)(m—1)+s(n—1)xm+n
=1 [m]pla [l
n#m
s p(t+1)(m71)+s(n71)xm+n
=Apq(s—Lt+1z)+ 1 ,
n,m=1 [m]qu [n]p,q
n#m
and complete the proof of Lemma 2.6. O

Lemma 2.7. For |q/p| < 1, one has
(1) Apq(s, tix) =—Ap 4, s;2).

&0 s(n—1) n—1 p_1 n—=k
(ii) Apq(s,0;2) = Liy, g (s;p2°/q) Lip q(1;2) ZP )z Z p (pa:> )
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Proof. (i) In proof of Lemma 2.6, we think the following hold:

D
—A, 4, s;2)
ral n;l }p,q[ ]p,q(pmqn —pnqm)

n;ﬁm

s(m—1)+t(n— 1)(p_q)pm+n71xm+n

= A, 4(t,s;2).

(ii) Substituting 0 instead of ¢, we can see

p p
Ay 4(5,0; ) E E .
P n,m=1 pq(p q _p q n,m=1 pq[m_n]nq
n;ém n#m

s(n—1) p_q)pm+n 1 m+n s(n—1)4+(m— 1) m-+n

From the above equation, since the condition is m # n, we can rewrite as

—1 0o
ps n— 1 n pmflxm pmflzm
Ap (8,05 ) + £ -
e Z nl} (,.nz_:l [m —nlpq m:zn:-‘rl [m —nlpq
-1 —k—1 > s(n—1) m+n—1,.m+n
ps(n l)mn n pn " P " P
-Q: qu P%q+23 >
k=1 ' g m=1
p Va PPt (pa\"TF N
TSR (%) ity 150,
p,q Klpa \ q
The required relation now follows 1mmediately. O

Theorem 2.8. Let s,t be nonnegative integers. For |q/p| < 1, the following

hold:
ipb(n 1 pn "il pk—l <m>nk

p q k=1 [k];mq q

= Lipq (s;pxz/q) Li, o(1;2) + ;Li%q (s +1; x2)

1 S
-3 > Liyg(k; ) Lip (s + 1 — k; ).
k=1

Proof. From Lemma 2.6, we can find

e p(t+1)(m71)+s(n71)mm+n

e Il

n#m

p(t+1)(m 1)+s(n— 1)x7n+n e p(t—i-l)(n—l)-&-s(n—l)xZn

- Z Z Bl T - Z 5

n=1m=1 [m] n=1 pq [n]P7q
- s(n 1 p (t+1)(m— 1)$ p(t+1)(n—1)xn
i 1 mlply Qb

= szq(s x)sz)q(t—i— ;) szq(s+t+ 1;2%).
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Therefore, we derive that
Apq(s,t; )
=Ap (s =1, t+1;2) + Lip g(s;2)Lip 4 (t + 1;2) — Liy 4 (s +t+1; xz) .
Using telescoping method for the above equation, we can make
Apq(s,t;x) — Ap g(0, s+t x)

= Z Lipo(k;x)Lipg(s+t+1—k;z) — sLiy g (s +t+ 1;2%).
k=1
Setting ¢ = 0 from Lemma 2.7 (i), we also have

24, ,(s,0;z) = Z Lip q(k; ) Lipg(s +1 —kyz) — sLipq (s + 1;27) .
k=1
Applying Lemma 2.7 (ii) on the left-hand side in the above equation, we can
investigate

oo ps(nfl)xn n—1 pkfl px n—k
2| Lip, (s;pr/q) Li, o(1;2) — Z Z ()
n=1

[n]fa,q 1 (Klpg \ @

= ZLip)q(k:;x)Lip,q(s +1—k;z) — sLiyq (s +1;2°%) .
k=1
The required relation now follows at once. O

Lemma 2.9. Let m be a nonnegative integer. Then, we have

(1) Ipq(m;x)

m—1

k—1 . m—1
n L 1-k; n
=> (om fpalm + 1K) gy (-1 I(1:2)
—\ pln ’

Ip.a [n]p,q plnlp.q

(“) Ipaq(hx) = _[n]pq

(== (&) == (&) 8 ).

k=1

Proof. Suppose that

Ip,q(mWU) :/0 tn_lLiuq(m;pt)dp,qt-

(i) Applying (p, ¢)-integral by parts in the above equation we have

. , q" 1.
Ipq(m;z) = o Lip o(m;z)z™ — Pl /0 t" 1L1p,q(m — L;pt)dy, 4t
Ly g(miz)a” — =L 1, ,(m ~ 1;a)
= ——Liy s(m;z)a” — ——1I, ,(m — L;z).
[n]p,q - p[n]p,q P
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Using telescoping method during (m — 1)-times, we can derive

I, ¢(m;z) = —— Liy ,(m; z)a™ — Iy q(m—1;2)
p.q [n]p,q p.q p[n]p’q p.q

1 ) q"
Ipgm—1;2) = ——Lip 4(m — L;2)z" — ——1I, ,(m — 1) — 1;2)
e [lpg T

1 . q"
Iy, q(m —2;2) = ——Lip 4(m — 2;2)2" — I, g((m—1)—2;2)
e [lpg 7 plnlp,g "

1 . n
I, g(m—(m—2);z) = Wsz’q(m —(m—2);z)x
p.q
qn
- —1 m—1)—(m—2);x).
ST Tpalln = 1) = (m —2):2)
Therefore, we can obtain
Ipq(m; @)
B TS (_ q" >k1 Li, q(m+1—k;x) n
1 plnlpq [lp.q

¥ (p[q”)mlfp,qm — (m— 1)),

n]p,q

and we complete the proof of Lemma 2.9.(i).
(ii) Setting m =1 for I, ,(m;z), we can find

x
Ipg(l;2) = _/0 t”_llnp,q<1 —pt)dp gt

1 s k1 [°
=T (xnlnp,q(l —z)+q" Zpk_l/ tk+n_1dp,qt>

[]p.q pt 0
1
[]p.q

n a\" a\'\~ 1 ek
2" np(1—z)— (=) Inpo(1—2)— (= p |,
( pq( ) <p) PQ( ) (p) —~ [k]p,q )

or equivalently,
Ipq(1; )

_ _[n]lm (xnlnp,qu ) - (Z)nlnp’q(l _a) - <Iq))" Linpq(1; m)) :

The required relation now follows at once. O
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Lemma 2.10. For |q/p| < 1, the following hold:

m—1

(_1)k 1qkn (_1)m—1qmn '
I, q(m;q/p) = Z WCp,q (m+1—Fk)+ WI’M@,Q (L;q/p)-
1 P p.q p Mp.q

Proof. Putting (ii) on (i) in Lemma 2.9, one has

Ipq(m; @)
:"”2_:1 (_ q" )k—l Lip7q(m+1—]{1;aj)xn+ < q" )m—l
1 plnlp.q []p.q Plnlp.q

[— [n]lm (;vnln,,,q(l —z) - (f})nlnp,q(l —z) ( )ni

Substituting « by ¢/p and calculating the above equation, we obtain

)]

Ip,q(m;q/p)
m—1 k—1 n .
_ Z ( ) (q) Li,q(m+1—Fk;q/p)
p [1]p.q
_ qm" )
+ (-1 ——————Lin,.(1;q/p
( ) pm+”_1[n]gfq pq( / )
m—1 k 1 kn (_1)m—1qmn '
k+n i k i e (M1 — k) + W”n,p,q(l; a/p);
=1 P p.q P,q
which immediately gives the required result. O

Theorem 2.11. Let a,b be any nonnegative integers. Then, we have

/ﬂ Lz'pyq(a;pz)Linq(b;pz)d
0

b—1
=pY (=) Lipq(a+k;(q/p)")Gpqb+1—k)
k=1
> n—1\ a+b bn
_\b—1 p q ; ] .
S () (@) st

n=1

Proof. To prove the relation, we note that

q

¥ Li qla;px)Li, b;px p Do
/ p.a( ) Lip,q( dpqr = E T 1L2p7q(b;px)dp7qx.
0 0

z P7q
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Using the process of Lemma 2.10, we find

/E Lip q(a; px) Lip,q(b; pz) dy g2
0 T
n=1 [n]qu
<b_1 (—1)k—1ghn (—1)b gt
i Spalb 1= k) 4 e Linpg(15.4/p)
AR () i pbtn=tn)y P
b—1
=p > (—1) " Lipg(a+k; (q/p)")pa(b+1— k)
k=1
a(n—1)—(b—1) ,bn
4 q .
) Z 7&”@@(1;(]/@
[n]p.q
b—1
= pz(_l)k_lLiP,q(a + k; (‘I/P)k)cp,q(b +1-k)
k=1
> pnfl a+b q bn
+ (_1)b71pz ( ) (> Lin,p,q(IQQ/p)-
ne1 ["]pyq p

Therefore, the required relation follows.

Theorem 2.12. For |q/p| < 1, the following relation hold:

Z_: (Z) (Lin.p.q(m;q/p))° (M)ab

Proof. Construct

o0
B = Z Lin,pq(m;q/p))* ™.
n=1

The form B turns into

B =

(Li1pg(m;q/p))* &+ (Linpq(miq/p)” 2"
n=2

(S B  wEE)T)

47

+ Liy g(am; (q/p)®).
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Using the process of Lemmas 2.8 and 2.9, we have

b= () S (s () ) o
S )

+i[2() (Linpaloms /)" (m{’fm (]‘i)+>}x++w

p.q

Hence, we investigate
(1 —2)B = Lip q(am; (¢/p)")x"

0o ra—1 o N
+n§_:1[b§—:1 (Z) (Linpq(mia/p)" ([nil]zz (Z) ) }xnﬂ.

Using Abel’s continuity theorem in the left-hand side we can represent this as

lim (1-2)B= lim (1-2) Z (Lin,p,g(m;q/p))" 2" = (Cp,g(m))*,
n—1 n—1 1
which leads to the required relation immediately. (]

Corollary 2.13. Setting a =m =1 in Theorem 2.12, the following hold :

(i) S Linpa(lia/p)a™ = — Ing q(1 — (qm/p)>7

1—=z

(i) Z Linpq(1;q/p)(px)" = _W'

n=1

Theorem 2.14. Let |q/p| < 1. Then, the following holds :

- I, q(1 —
ZLin,p,qx" __ Mp,q fU).

1—2x

Proof. Suppose that

C = Z Lip pqz™.
n=1
The form C can turn into
x© 1 k—1,n+l > n+1
piT px
C Lzlpq:c—i—ZLG,p,qx x+zz 7] +Z i+ 1]
n=2 n=1k=1 p.q n=1 pq

_ Lipq(1;2) _lnzxq(1 — )

1—=z 1—2
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which immediately gives the required result. O

Corollary 2.15. Substituting x by px in Theorem 2.14, the following holds :

[e ]
) In, (1 — px)
n,.n _ P,q
g P x" Lipp g = B E— e

n=1

Lemma 2.16. Let |¢/p| < 1. Then, one has

lnp,q(l — px) + Iy (1 — qx)

D, ,l
pyq Tt 1—px

2 _
p»q(l —r)=—
Proof. Using a formula of the (p, q)-derivative, we easily see that

Dp,qln;q(l —z) =D, 4ln, o(1 — z) (ln%q(l —px)+1In, 4 (1 — qx))

_ (Inp,q(1 = px) +1Iny 4 (1 — g))
1—pz '

Theorem 2.17. Let |q/p| < 1. Then we get

e n—1,n
b . .
lnz%,q(l )= Z (Cnpog T Cnopia(1)) Tn] — Lip,(2;7) — Lip (25 q2/p).
n=1 pyq

Proof. Combining Corollaries 2.13 (ii) and 2.15 in Lemma 2.16, we derive

o (L—2) =Y p"a" (Linpg + Lin,p.q(l;q/p)).

n=1

D, ¢ln

Using (p, ¢)-integral in the above equation, the left-hand side can be transformed
as follows:

/qu n’ (1 —t)dy t =’ (1—2).

We also can transform the right-hand side as follows:

/ antn Lin,p,q + Linp,q(1;9/p)) dp gt

n=1
00 n+1
=S p"(Li, Liy pq(1; [T
27" (Bt Ly ””Nn+um
- % 2(n— 1) < 2(n—1) "
p p
= (Linpg + Linpq(1;4/p)) Z B Z (>
— ]p,q Paq p’q b
n—1,n

(L%pq+L%p41qm»p
el [n]p.q

Mg

— Lip¢(2;2) — Lipq(2; (g7/p))-
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From relation between Li, ,, and (,pq the required relation now follows at
once. O

Lemma 2.18. For |q/p| < 1, the following holds :

bp—q)r
(1= 0) = 220 41, (1= )

Proof. Using the definition of (p, ¢)-logarithmic function, we can find

e pn—l q n 0 pn—l > pn—l
In, (1 —gqx/p) =— (x) + " — "
- o (M]pq \P 1 []p.q ; [n)p.q
—P—q — """
_ " — "
20 S
(p—q)
=——"+1In, (1 —2x).
p(l _ Z‘) qu( )

Substituting © = pzx in the above equation, we can see the required relation. [

Lemma 2.19. Let |¢/p| < 1. Then we have

> n—1,n
T . P x .
ln;q(l —z)+ Llp,q(l;x) =2 E Lln,p,qm — 2L2p7q(2; x).
n=1 ,

Proof. Combining Lemma 2.18 into Lemma 2.16, we get

Iy (1—pz) 1 (p—qz
1—px 1l—px \ 1—px

Dp,qln?xq(l —z)= +Inp (1 - paj))

(P—q)z Iyl —pz)

C(1—pa)? 1—pzx
From Corollary 2.15 we obtain
(

2 p—q)x = n,ny,;
Dy glny (1 —2z) = U= pa)? +2 E p"a" Linpq
n=1

(oo} oo
=—(p—q) Z(” +1)pan Tt 42 Z(px)nl’in,p,q-
n=0 n=1

Using (p, ¢)-integral in the above equation, the left-hand side can be transformed
as

xT
/0 Dy gln2 (1 —t)dy t =1In2 (1 —2),
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and the right-hand side can be transformed as

/U ((p —q)Y (n+ 1)t 42y p”Lin,p,qt"> dp,qt

n=0 n=1

s l.n+2 o p’ﬂanrl n pkfl
=—(-9 ) n+)p"——0—+
nz:% n+2)pq ; [n+1pq 1 [K]p.q
el n—1,n+1 e n k—1 n—1,n . 2(n—1),n
np- ~x p p T D x
=)} T 42 Sy
nzz:l [+ 1]pq nZ::l el (Klpg ) [nlpq 7; 3.4
&0 pn—l n
= —Li, ,(1;2) + 2 Z Lip pq ] 2L, 4(2; )
n=1 p.q
Therefore, the proof is completed. O

Corollary 2.20. For |q/p| < 1, the following holds :

T .
ﬁ — 2Lip 4(2;q2/p).
n=1 p,q

> n—1,n
- ) P
lnth(l —x) = Lipq(Liz) =2 Z Linpq(1:9/p)
3. Some evaluation of (p, ¢)-analogue Euler sum types

In this section, we define (p, ¢)-analogue Euler sum types that are related to
(p, ¢)-Riemann zeta functions and finite (p, ¢)-special polynomials. We also give
some explicit formulae using theorems in Section 2.

Definition 3.1. (p, ¢)-analogue Euler sum is defined by

o n_dk ek an+b cn
PTgT P
sp,q(@b,c,d,e;s,t):E:(Z il ) M,
n=1 \k

—1 Mpyg P.q

where a, ¢, d, e, s,t are positive integers and b is an integer.

From Definition 3.1, we note that (p, ¢)-analogue Euler sum is ¢g-Euler sum
when p = 1. According to conditions that p = 1 and ¢ — 1, we can see linear
Euler sum(see [4, 7, 8, 18]).
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Theorem 3.2. For \q/p| < 1, we have

(i) Z Grpa— %L (2 @/p) + 5 (G + G2,
(ii) chpq C  Lipg(3 (/D)%) + Gpg3),

2n 3q 3 ) 5 1 9
(iii) Z Cn,p, q [ E §L7’ZW(4; (a/p)”) — ) (Cp,q(2))” + Cpg(4)-

Proof. (i) Replacing 1, ¢/p with s, z, respectively, in Theorem 2.8, we get

Z ' Z v = 5 (Lip,q(1; Q/p)) + 1Lipyq(Q; (a/p)*).
L 2
k=

n=1

The left-hand side is represented as

S <>””” T
ne1 npq 1 [klp.q 1 k1 [k]p.q P[n]p.q ne1 3, \p
=) Gap, — Lip,q(2; (q/p)-
nz::l P qp[n]p q D,q ( /

We omit the proofs of (ii) and (iii) since we can derive them by the same method
as (i) when s = 2 and s = 3, respectively. O

Corollary 3.3. From Theorem 2.19, we find

1~ 1
Z Cn.p, T = 5 Lipg(Lia/p) + 5 (Lip(L; a/p))* + Lip.q(2:4/D).

n=1 pa

Corollary 3.4. In Corollary 3.3 and Theorem 3.2, the following holds:
Lip,q(1;:a/p) = Lip,e(2; (a/)).

Theorem 3.5. Let |q/p| < 1. Then we have

o (P0)" (" + ¢")Cnpa (1)

(Gpa(2)* = .
i ; Pl ,

Proof. Setting a =2,b =1 in Theorem 2.11, we can get

7 Lip,g(2;pr) Lip(1ip2) | P 3"
/0 £ " 2 dpqt =p ZLlnpqlfJ/p)

n=1 [ ]p,q
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Using Lemma 2.9 (i) and (ii) in the above equation, the left-hand side transforms
as

>, pn-l 1 )
Z / a"" " Lip,q(2;px)dp q(2)
n=1 TL 0
.- Lipq(2i9/p) (a\" 4"
Z [ = - Ipq(1;q/p)
1 Np.q []p.q p plnlpq
n 2q2n
P (Gpa(2) ZLG,pq (Lig/p) g
5
Therefore,
n 21q2 2n 3q
(Cpq ZLGpq]-Q/p) +ZL7’npq1q/p)7v
[ ]p,q n=1 [n]llvq
which immediately gives the required relation. U

Theorem 3.6. For |q/p| < 1, the following relation holds :

. q
(Cp,q(l))s = Lip 4(3; Q/p +3Z 1]p,qCn.p,a(1) = q")Cnp,q(1)) 112
p*[nl3 4
Proof. Putting a = 3, m =1 on Theorem 2.12, we have
(gp’q(l))s — Lipq(3; (a/p)?)
fe%s) (n+1) oo n+1
. q . 2 9
=3 Liy, p.q(1; - +3 Lip pq(l;q/p)" —————
D Linpal q/p>p2[ o, 3 Finpa(La/) Sr

n=1

n

- q
= 3ZLZH 1p,a(1; Q/p Z Liin—1,p,q(1; ‘J/p)) o]
n=2 p,q

Z Lip p,q(1; q/p))

2n

-3 Z Lln)p)q 1 q/p) [TL]

p[”]p,q th

and it is proved. O
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Theorem 3.7. Let |q/p| < 1. Then one has

(i) ZLGpq (1:q/p)

= pln ]p,q

(1) Z Linpq(1;4/p)

= 2 GV + 5 Lia (2 (a/p)),

isH
3|
(V]

]p,q

1 f» In;, (1—2) P2~ .

= 5/0 Ihqfdp,qaj - ?LZp,q(QQQ/pQ) +lep,q(3§Q/p2)7
2n 3. n

(i) }jL%%qlwm q

n=1 []pq

L P  Lipg(3ia/p) (0= a)Lipq(3:9/p)
Z 7“71711711 ] pg P .
n=1 p,q

Proof. (i) Taking = = q/p on Theorem 2.17, we obtain

(Lipq(1;q/p))°
= Z n,p, q

By using Lemma 2.9 (i) and (ii) in the above equation the left-hand side turns
into

+ZLZ”PQ (Lq/p) ——

]p,q 1 pln ]p,q

— Liyq(2;/p) — Lipq(2; (q/p)?).

3 Linpa L a/p) e = 5 (Wipa(Lia/p))” + 5 (L2 /0

(ii) Dividing « and (p, q)-integral over the interval [0, ¢/p] in Corollary 2.20, the
left-hand side turns into

711 n

/ ZLZn,p,q (L; q/p)[ Toa 1dp7q$ = ZLZn,p,q (Lia/P) =~ o[n ]

n=1 qu

and the right-hand side is transformed as

q

q 2 q = q .
v 11n, (1 — ) 1 Liy, 4(1; x) v Lip 4(2; (¢/p)x)
| 3li;‘*%ﬂ‘§é ‘Q?‘“Mx+é‘iﬁ7?44%“x

2 Jo x pa? T g k‘—l—l p?

Ic:l
(n—1) n
0% ()
P

g

Il

€T

1 Ehrl2 (1—1x) P2~ .
=5 |y = B T2 a/8”) + pLiya i /?).
0
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(iii) From the definition of (p, ¢)-special polynomials, we have

n k
) . q—D k-1 q (g —p)n
Liy p.g(1;¢/p) — Liy pg = —p <> -1 = .
n,p,q n,p,q k:lqk_pk P

We can turn the above equation into

2n3

q"
ZLG,pq (Lg/p) g
= 5.9
Z ) 2 4 Z 2 4q
n=1 p,q n=1
2n 3q
Llp,q<3 a/p) — 7[’@17 «(339/p) + Z Lln,p,q )
p (5.
which gives the required relation at once. O
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