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BACKWARD EXTENSIONS OF BERGMAN-TYPE
WEIGHTED SHIFT
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ABSTRACT. Let m € Ng, p > 1 and

almpl (x):ﬁ’{\/(m"'n_l)P—(m-l-n—Q)}w .
n=1

(m+mp—(m+n—1)
In this paper, we consider the backward extensions of Bergman-type
weighted shift W _ (m,p) (2)" We consider its subnormality, k-hyponormality

and positive quadratic hyponormality. Our results include all the results
on Bergman weighted shift W, ;) with m € N and

m m+1 m+ 2
o (@) Ve, mi1 Vmi22Vm+s

1. Introduction

Let H be a separable, infinite dimensional, complex Hilbert space and let
L(H) be the algebra of all bounded linear operators on H. An operator T in
L(H) is said to be normal if T*T = TT*, hyponormal if T*T > TT*, and
subnormal if T = N|,, , where N is normal on some Hilbert space K 2 H. For
A,B € L(H), let [A, B] := AB— BA. We say that an n-tuple T' = (T3, ...,Ty)
of operators in L£(H) is hyponormal if the operator matrix ([T}, T;])7;_; is
positive on the direct sum of n copies of ‘H. For arbitrary positive integer k, an
operator T € L(H) is (strongly) k-hyponormal if (I, T, ..., T*) is hyponormal.
It is well-known that 7" is subnormal if and only if T is co-hyponormal. An
operator T in L(H) is said to be weakly n-hyponormal if p(T) is hyponormal
for any polynomial p with degree less than or equal to n. And an operator
T is polynomially hyponormal if p(T) is hyponormal for every polynomial p.
In particular, the weak 2-hyponormality (or weak 3-hyponormality) is referred
to as quadratic hyponormality (or cubic hyponormality, resp.), and has been
considered in detail in [5], [6], [10], [12], [13], [15], and [16], etc.
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Let {e,},—, be the canonical orthonormal basis for Hilbert space {? (Ny)
(Ng :=NU{0}) and let a = {a,}52, be a bounded sequence of positive
numbers. Let W, be a unilateral weighted shift defined by Wye, = aye,11
(n € Np). It is well known that W, is hyponormal if and only if o, < 41
(n € Ng). The moments of W, are usually defined by 7o := 1,7, := a3+ a?_;

(ieN).

Berger’s Theorem ([4]). W, is subnormal if and only if there exists a Borel
probability measure p supported in [O, HWa||2:| , with W € supp p, such
that v, = [t"du(t) (Vn € Np).

Let a(x) : z,ap,1,a29,... (x > 0) be an augmented weight sequence for
the given o = {a, }52,. Then we have the following result.

Theorem 1.1 ([3, Prop. 8]). Let W, be subnormal with associated measure
p. Then Wz is subnormal if and only if

(i) 1 € L' (n) and
(i) 2 < (1)

In particular, W) is never subnormal when p ({0}) > 0.

—1

Next problem was introduced by Curto and Fialkow ([4], [5]).

The backward extension problem. Let a(z) : x,ag,a1,... (x > 0) be an
augmented weight sequence for the given oo = {a, }52, and let a weighted shift
W (x) be a backward extension of W,. Assume that W, is k-hyponormal for
k € NU {oo}. Describe the sets

HE(o;n) = {z € Ry : W,y is n-hyponormal} (1 <n <k).
n+3

corresponding weighted shift is called the Bergman shift ([2]). In [3], the author
showed that if W, ;) is an one-step backward extension of the Bergman shift

W, then there exists a sequence {A\;}32; C Ry with limy oo A\p = \/g such

If a weight sequence a = {a, }2, is given by a,, = /22 (n € Np), then the

that Ay > Aisr (k> 1) and HE(a; k) = (0, A, where Ay = (/2,00 = &, 25 =

%, Ay = ,/%, ...,and HE(a, 00) = (O, %} , which distinguishes the classes
of k-hyponormal operators from one another. In [14], the authors obtained
a formula for k-hyponormal of W) which contributed to the improvement
of the study of relationships between subnormality and hyponormality. For

alx) : \/5,1/2—1% (n € N), we know that if 2 < z < 13238 "then W, is not

subnormal but completely semi-weakly hyponormal ([18, Th. 2.3]). Moreover,
the authors in [9] considered a Bergman-like shift which is a generalization of
Bergman shift and they proved that all Bergman-like shifts are subnormal.
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The authors in [11] introduced a class of Bergman-type weighted shift oper-
ators and considered its k-hyponormalities. For a positive real number p > 1,
we consider a weight sequence al?} := {Oégf]}kzo as follows:

(1.1) Oé[p].\/T p \/2p—1 \/3p—2
‘ Vo' Vp—-1"V3p—-2"V4ap-3 """

The corresponding weighted shift W, is called a Bergman-type shift. In par-

ticular, if p = 2, then ¥ = { k“} for k > 0, i.e., the Bergman-type shift

W21 is just the Bergman shift. So we can see that the Bergman-type shift
with weight al?! as in (1.1) is a generalized form of Bergman shifts.

In this paper, we consider more generalized form as following (m € Ny,
p>1)

Glml . [P —(m—1) (m+1)p— (m)
(1.2) '\/(m+1)p—(m)’\/(m+2)p_(m+1)""’

and the extended weight sequence

m,p ) (m+ 1)p_ (m)
(1.3) o™ (@ f\/m+1 (m)’ \/(m+2)p(m+1)""’

with 0 < @ < febono )

This paper consists of five sections. In Section 2, we give some key lemmas
and formulas. In Section 3 and Section 4, we discuss the problem of subnor-
mality and the problem of n-hyponormality for W m ») (), which improves the
results in [7] and [14]. In Section 5, we discuss the problem of positive quadratic
hyponormality of W m.p)(g)-

In this paper, as usual, we denote N, C, and R, for the set of positive
integers, complex numbers, and nonnegative real numbers, respectively.

2. Preliminaries and notations

In this section, we give essential lemmas and formulas to prove our results.
First, we recall Cauchy’s double alternant ([17, p. 6]) that the determinant of
the matrix with (4, j) entry ﬁ is

( 1 )  Th<icjon (Xi = X5) (Vi = Y))
Xi+Y;) [hi<ijcn (Xi+Y)) .
According to (2.1), we have the following result.

Proposition 2.1 ([7]). For w > 0, the determinant A, (w) of the matriz with
(4,7) entrym (1<i,j<n) Zsl

Ap (w)= (112! (n — 1)!)2 =

(2.1) det

1<ij<n

FNw+)T'(w+2)--T'(w+n)
m+w+1)Tn+w+2)---T'2n+w)

I1(.) is the gamma function.
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Recall that a weighted shift W, is quadratically hyponormal if W, + sW2 is
hyponormal for any s € C ([5]), i.e., D(s) := [Wq + sW2)*, W, + sW2] > 0,
for any s € C. Let {e;}22, be an orthonormal basis for H and let P, be the
orthogonal projection on VI {e;}. For s € C we let

D, (8) = Py[(Wy + sW2)*, Wy, + sW2]P,

[ qo To 0 0 0

o @ T 0 0

0 ™ q¢@ - 0 0

0 0 O Qn—-1 Tn-1
L 0 0 0 Tn-1  Qn |

where
Py— 2 py— 3
Qi = up + |87 vk, TR = wys,
2 2 2 2 2 2
Uk 1= O — O, Vg 1= QpQpq — Qo0 1,
wi = aj(aj —aj_q)? for k>0,

and a_1 = a_g := 0. Hence, W, is quadratically hyponormal if and only if
D,,(s) > 0 for every s € C and every n € Nyg. We consider d,, () := det D,, (*)

which is a polynomial in ¢ := |5|2 of degree n + 1, with Maclaurin expansion
dy, (t) = " e (n,i) . Tt is easy to find the following recursive relations ([5])
do (t) = qo,

di (t) = goq1 — |rol”, ,
dn+2 (t) = Qn+2dn+1 (t) - ‘Tn+1‘ d, (t) (n > 0) .

Also, we can obtain the followings

¢(0,0) = ug, c(0,1) = v,

¢(1,0) = uyug, c(1,1) = urvg + vy — wo, c¢(1,2) = vyivg,
and

c(n+2,1) = upsac(n+1,9) + vppac(n+ 1,0 — 1) —wpi1c(n,i — 1)
(n>0, and0<i<n+1).
In particular, for any n € Ny, we have
c¢(n,0) = uguy -+ up, c(n,n+1)=1vovy -+ vy.
Furthermore, we can obtain the results as following.

Lemma 2.2. Let p := vg (ugv1 — wp) + vo (ugvg — wy). Then for any n > 4,
we have

c(n,n) =upc(n—1,n)+ (Up—10n — wp—1)c(n—2,n—1)
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n—3
+ E UnUn—1 - Vi+3 (Uit1Viga — Wig1) € (4,4 + 1) + vpvp—1 - - - U3p.
=1

Lemma 2.3. Let 7 := ug (ujv2 — wy) . Then for any n > 4, we have

cnyn—1)=upc(n—1,n—1) 4+ (Up_1vp, —wWp_1)c(n —2,n —2)
n—3

+ E UnUn—1 - Vi+3 (Uit1Vit2 — Wit1) € (4,4) + VpVp_1 - - - U3T.
=1

Lemma 2.4. For anyn >5 and 0 < <n — 2, we have

C(TL, Z) = UnpC (n - 17i) + (un—lvn - wn—l) C(n —2,1— 1)
n—3
+ ) vntn1 Vs (U040 — wig) e (f g +i—n+ 1)
j=1

+VpUn_1 U5 (i =1 +5,0) (Ui—ng6Vions7 — Wi—nte) -
To detect the positivity of d,, (t), we need the following concepts.

Definition 1 ([5]). Let « : ap,aq,... be a positive weight sequence. We say
that W, is positively quadratically hyponormal if ¢ (n,i) > 0 for all n,i € Ny,
with 0 <i<mn+1, and ¢(n,n+ 1) > 0 for all n € Ny.

Definition 2 ([1, Def. 3.1]). Let o : ag, a1, ... be a positive weight sequence.
(1) A weighted shift W, has property B (k) if upi1vn > wyn (n > k).
(2) A weighted shift W, has property C (k) if v,y1u, > wy, (n > k).

We give the result as following.

Proposition 2.5 ([3, Coro. 5]). Let W, be any unilateral weighted shift. Then
Wo, is 2-hyponormal if and only if 0y, = ugvi+1 — wi > 0, Vk € N,

It is well-known that if W, is 2-hyponormal or positively quadratically hy-
ponormal, then W, is quadratically hyponormal. By Proposition 2.5, and
Lemma 2.2, Lemma 2.3 and Lemma 2.4, we have the following result.

Proposition 2.6 ([1, Coro. 3.5]). Let W, be any unilateral weighted shift. If
Wy s 2-hyponormal, then W, is positively quadratically hyponormal.

3. Subnormality of W im.»si(s)

For weighted shifts in (1.2), we have
mp—(m—1)

m+n)p—(m+n—1)’(n>1)

and

1 1
/ t"d (t77n<2111>+1) _mp-D+1 / gt B 1 gy
0 p—= 1 0
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B mp—(m—1) B
T mtnp—(min-1 ™

7n(p 1)+1 mp=D+1_ . )
. dp = df(t =t »1 dt is a representing measure for vy :=

{’yn} _ asin (3.1). Hence, we can obtain the result as following.
Theorem 3.1. Let m > 1 and ol™7) (z) be as in (1.3). Then W () is
subnormal if and only if 0 < x < (mml)p(éml)m.

Proof. Indeed,

1 1
1 1 m(p=1)+1 mp — (m—1)
Sdu= | —d(T) = :

/0 ¢ /0 t < ) (m—1)p—(m—2)

Thus by Theorem 1.1, we have our conclusion. O

By Theorem 3.1, we have the results as following.

Corollary 3.2. Let

1p] ) vz, 2p—1 3p72””
2p 3p—2"\ 4p -3’

Then Wynpl () s subnormal if and only if 0 <z < %

Corollary 3.3 ([14, Exa. 3.2]). Letm > 1 and

[m2] f\/m+1 m 4+ 2 m+3
m+2"Vm+3" Vm+4"""

Then Wim 2)(g) s subnormal if and only if 0 <z <

'm+1
Corollary 3.4. Let m > 1 and

ol f\/2m+1\/2m+3 \/2m+5
2m+3"V2m+5"V 2m+7 7

2m—1
2m+1"

Then Wim s () is subnormal if and only if 0 <z <

4. k-hyponormality of W im.pl(qa)
First, we give the following result.

Proposition 4.1. (1) Let al%? (z f\/;,\/;\/;.. Then W2 (5 is

n-hyponormal if and only if 0 < x < ﬁ In particular, W02 () is not

subnormal for any x > 0.

(2) Let 1 < p # 2, and oOP)(z f\/;,,/ 1/52 %, Then

Wato.ri(qy 18 n-hyponormal if and only if

@ -p)liy = (- )
[T o= (1= D = () (p — 1)

O0<a<
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Proof. See [11, Th. 3.2, Th. 4.1]. O

For m > 1, we have:

Theorem 4.2. Let o™?! (z) be as in (1.3). Then Wotm.pl (z) (m > 1) is n-

hyponormal if and only if

(m-1)(p-1)+1 P [m+Dp—(m+1-1)
mp—1+1 T [(m+0)p—(m+1-1)— (n)* (p— 1)

Proof. We know that W mri(,) is n-hyponormal if and only if the following
Hankel matrix

O<x<

R
I m 7w - m
MLTf] (z) = o2 M Il | >0,
Tn—1 Tn In+l 0 V2n—1
where v; = _mp=(m—1) _ (1<i<2n-—1). Since

(m+i)p—(m+i—1)
DI () == det MY ()

n+1
= (mp—(m—1))""

- - ! (1] (2]
) [((mp—(m—l))x (m—l)p—(m_2)> Dy (p) + Dy (p)|

where (by Proposition 2.1)

1 1 1
(m-‘rlfp—m (m+2)p1—(m+1) T (m+n)p—1(m+n—1)
Dlzl] (p) = (m+2)P.—(m+1) (m+3)p.—(m+2) T (m_i,_n_i,_l).p_(m_;’_n)
1 1 L. 1
(m4n)p—(m+n—1) (m4+n+1)p—(m+n) (m+2n—1)p—(m+2n-2) |,
! (112! (n — 1)1)2
=" (T, Ty (G +m+t+s—1))
and
7]‘ 71 e —1
(mfl)pf(m72) mpf(lmfl) (m+n71)pf(m+nf2)
2 mp—(m—1) (m+1)p—m e (m+n)p—(m+n—1)
DL-]H(Z’) = . . .
1 1 L 1
(m+n—1)p—(m+n—2)  (m+n)p—(m+n—1) (m+2n—1)p—(m+2n-2) |, 41
1 (112! .. nh?2

p— )t [ 11 . 2n—l+1\
®o=1) (leo(p%l+m+l—1) I (G +m+1-1)
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we know that DI ]( ) > 0 if and only if

n+1
1 [(m = Dp — (m — 2)|DI(p)

mp — (m = 1) DM (p) — [(m — 1)p — (m — 2)|DLL, (p)

(m-1)(p-1)+1 o [m+D)p—(m+1-1)
mp-1+1 [ (m+Dp—(m+1-1)7—(n)?(p— 1)

Thus we have our conclusion. O

O<zx<

By Theorem 4.2, we have the following results.

Corollary 4.3 ([11, Th. 4.1]). Let al*?l(z) : /2, \/2;; I \/52:;, \/22:3, e
Then W5 (g 18 n-hyponormal if and only if
Mo fp—(-vF
PITL, o — (=D = (n)’ (p— 1)2"
Corollary 4.4 ([8, Exa. 8]). Let a!™(z) : \/z, \/;\/g \/;, Then

1 (n+1)
2 n(n+2)"

O<ax<

Waii21(z) is n-hyponormal if and only if 0 < x <
5. Positive quadratic hyponormality of W im.p(5)

Let ol™?! (z) (m € Ng,p > 1) be as in (1.3). Then we have the following
result.

Lemma 5.1. up110, = wy (V0 > 3) and upvny1 > wy (Yn > 2).

Proof. Since o2 = (Tﬂnf)p(ﬂtnlf) (n > 1), we have
Un+1 = b 1)2 )
(Gt n s Dp—m+m) ((m+m)p—(mtn=T1)
4(p—1)°
T D= (ma ) (mn=Dp— (m+n-2)
w, = 4(p—1)*

( (m+n—-1)p—(m+n-2))((m+n)p—(m-+n-1)) )
x((m+n+1)p—(m+n))?

thus w410, = w, (Vn > 3). And since

W (p—1)°
" ((mAn)p—(m+n—=1))(m+n—-1)p—(m+n-2)
S 4(p—1)°

(m+n+2)p—(m+n+1))((m+n)p—(m+n-1))
for n > 2, we have

unvn+1 — Wp,
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_ 4(p—1)° 50
(((m+n1)p(m+n2))2((m+n+2)p(m+n+%))) '
x((m+n)p—(m+n—1))"((m+n+1)p—(m+n))
Thus we have our conclusion. [l

By Lemma 5.1, we know that W m »(,) has the properties B (3) and C (2).
Hence, by [1, Th. 3.9], we obtain the result as following.

Proposition 5.2. Let al™P! (z) be as in (1.3). Woim.») () 18 positively quadrat-
ically hyponormal if and only if

c(1,1),¢(2,1),¢(2,2),¢(3,2),¢(3,3),c(4,3)

are all nonnegative.
By Proposition 5.2, we obtain the following result.

Theorem 5.3. Let p > 2 and %P (z) : \/z, \/%, \/2;’_1, \/?;:é, \/Zgzg, o
Then W05 (y 18 positively quadratically hyponormal if and only if

16p® — 25p? + 6p + 4
O0<z< .
32p* — 96p3 + 120p2 — 75p + 20

Proof. In fact,
—(2p—1
c(l 1):xp7(p )@

1—px
— >0,
(2p—-1)@Bp—2) ~
p+2(1—px)
p*(2p—1)(3p—2)
(4p+3)—2(4p* —4p+3)x
p2(3p—2) (4p—3) (2p — 1)*’
4p® —4p* —p+2) — (2p—1) (4p* —6p + 3) z
p*(3p—2) (4p—3) (2p — 1)°
16p3 —25p% +6p+4) — (32p* —96p® +120p> — 75p+20) =
p* (4p—3) (5p—4) (2p—1)° (3p—2)° '

c(2,1) = %x(p— )2

¢(2,2) = (p—1)°

> 0,

c(3,2)=z(p—1)"

c(3,3)=z(p—1)° (

)

c(4,3)=z(p-1)" (

And
dp+3
8p2 —8p + 6’
4p —4p? —p+2
(2p—1)(4p* —6p+3)’
16p® — 25p2 + 6p + 4
32p4 — 96p3 + 120p2 — 75p + 20

c(3,2)>0<=0<x<c3y:=

¢(3,3) > 0<=0<x<c33:=

c(4,3) > 0<=0<z<cy3:=
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It is easy to see that min {%, C32,C33, 043} = c43. Thus, by Proposition 5.2, we
obtain the result. O

Corollary 5.4 ([1, Exa. 4.3]). Let ol%% (z) : /z, \/g7 \/g, \/g, ... Then
Wato.21(5) is positively quadratically hyponormal if and only if 0 < x < 421—?.

For a weighted shift with first two equal weights, we have the result as
following.

Proposition 5.5 ([1, Coro. 3.10]). Let W, be a weighted shift with cg = 1. If
Wy, has property B (3), then W, is positively quadratically hyponormal if and
only if ¢(3,2) > 0 and ¢ (4,3) > 0.

By Lemma 5.1, since W, im »)(,) has the properties B (3), we let

mp — (m—1) ak:\/(m—l—k—l)p—(m—i—k‘—Q)

oy =y = (k>2),

(m+1)p—m’ (m+k)p—(m+k—1)
then we obtain
(m=Dp—(m-=2)p-1"'(m@p-—1)+1)°

¢(3,2) = : X > 0,
(mp-1)+p) (mp-1)+2p—1)"(m(p-1)+3p—2)
and
c(4,3) = (=1 (mp—-1)+1)°f(p)

( (mp—1)+p) ' (mp-1)+2p—1)*(m(p-1)+3p—2)° )
x(m(p—1)+4p—-3)(m(p—1)+5p—4)

where
f(p) = (3m® + Tm — 16) p* + (39 — 8m — 6m*) p+ (3m> + m — 20) .

) (i) If m = 1, then f(p) :1 —6p? —1—225;0— 16. Since f(p) > 0 < 2 —
5V241 (= 0.78965) < p < L/241 + 22 (= 3.377), we know that c(4,3) >
0= 1<p< V241 + 2.

(ii) If m > 2, then f(p) > 0. In fact, from f(p) = 0, we obtain the two
distinct roots
_ 6m? 4 8m — 39+ /241

pi=r(m) 6m? + 14m — 32
Since 7 (m) = m >0and p — 1 (as m — o0), we know that

p < 1. Thus, if m > 2 and p > 1, then f(p) > 0.

Thus by Proposition 5.5 and [16, Prop. 3.4], we obtain the results as follow-
ing.
Theorem 5.6. Let m > 2 and o™?! (z) be as in (1.3). Then the followings
are equivalent.

(1) Wotm.pi(q) s positively quadratically hyponormal;

(2) Wotm i () 18 quadratically hyponormal;
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mp—(m—1)
(3)0<z< 7(mil>p -

Theorem 5.7. Let ol! V7, \/2p 17\/55:;7\/2:5,.... If1 <p<

254v24L (x5 3.377), then the followings are equivalent.
(1) Watne(y) is positively quadratically hyponormal;
(2) Wi () is quadratically hyponormal,

(3) — 2p 1°

By Theorem 5.7, we obtain the results as following.

Corollary 5.8 ([3, Prop. 7)). Let a2 () : /z, \/g \/:, \/;, .... Then the

followings are equivalent.
(1) Wan2)(y) is positively quadratically hyponormal;
(2) Won.2 (z) & quadratically hyponormal;
(B)0<a<2

Corollary 5.9. Let al3(z) : /z, \/?7 \/; \/;, .... Then the followings are

equivalent.
(1) Wansi(y) is positively quadratically hyponormal;
(2) Wons1(y) is quadratically hyponormal,
B)o<a< g

25+\/ 241

Furthermore, for m =1, and p > , by direct computation, we obtain

L1 —(Bp-2)z
(2p—1)(3p—2)
x p—2p—1zx

=17V Gy oy 2

c(l,1)=p > 0,

c(2,1) =2

and
_ e @Wp-1)-2(2p-1az
A G s @ 7
s p(1lp—4)—2 (11p2 — 12p+4) T
(4p—3) (5p —4) (2p — 1)* (3p — 2)*
B 2 (16p3 — 31p% 4+ 20p — 4) - (3p—2) (7p2 — 10p + 4) x
c@:8) =pri =) (4 3) (0417 Gp 2
4 p (44p® —98p? +71p—16) — (94p* —277p*+312p> — 160p+32) =
(5p—4) (6p—5) (2p—1)° (3p—2)* (4p—3)°

c(3,2)=z(p—1)

)

c(4,3) =z (p-1)

Thus
(4p—1)

2,2) > < =
c(2,2)>0<=0<z<ca 22— 1)
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p(1lp—4)
2 (11p2 — 12p + 4)’
(16p® — 31p* + 20p — 4)
(3p —2) (Tp? = 10p +4)’
p (44p® — 98p? + 71p — 16)
= 9dpt — 277p3 + 312p2 — 160p + 32

It is easy to see that min {ca2, c32, ¢33, c43} = c43. Thus, by Proposition 5.2, we
obtain the results as following.

Theorem 5.10. Let al?!(z): \/57\/2;11 7\/2;;—1 \/3”_2 ..., and p> 2Ev24L

c(3,2)>0<=0<x<c3:=

c(3,3)>0<—=0<x<cs3:=

c(4,3)>20<=0<x<cy3:

3p—2'\/ 4p—3> 12
Then Won.e (g 18 positively quadratically hyponormal if and only if

4493 — 98p% + T1p — 16
0<a< p (44p p? + 71p — 16) _
94pT — 277p3 + 312p% — 160p + 32

p(44p®—98p°+71p—16)
ApT—277p3+312p2—160p+32

Corollary 5.11. Let oV (2) : \/z, \/g, v/ 15:\/ 13, ... Then Wain.41(z) 18 pos-

itively quadratically hyponormal if and only if 0 < x < % (= 0.56567) .

Remark. If p > 25"'17 V2241, then 5 <

P
2p—1°
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