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ON THE IMPROVED REGULARITY CRITERION OF THE
SOLUTIONS TO THE NAVIER-STOKES EQUATIONS

SADEK GALA

ABSTRACT. This note deals with the question of the regularity of (Leray)
weak solutions of the Navier-Stokes equations in terms of the pressure.
This criterion improves on the existing results.

1. Introduction

This paper studies the regularity criterion for weak solutions of the Navier-
Stokes equations in R3 x [0,7) :

Ou+ (u-V)u—Au+Vr =0,
(1.1) Vou=0,
u(z,0) = up(x),

where u = u(x,t) is the velocity field, 7 = m (x,¢) is the scalar pressure of the
fluid, while ug is a given initial velocity field satisfying V - ug = 0 in the sense
of distributions.

For ug € L?(R3) with V - up = 0, a global weak solution of (1.1) satisfying

u € L™ (Ry; L*(R?)) N L? (Ry; H' (R?))

was constructed by Leray [15] and Hopf [14] in 1951. It is proved that the
weak solution is strong (and unique) locally if the initial datum uo € H!(R3)
in addition, and the strong solution exists globally for small initial datum
(see [16,17]). However, the regularity of their weak solutions is one of the
most outstanding open problems in mathematical fluid mechanics and has been
extensively investigated and many interesting results have been established (see
e.g. [1-11,20-22,24] and reference therein).

In [13], He and Gala proved the regularity of weak solutions under the con-
dition

(1.2) /0 H7T(-,t)HZB—1 dt < co.
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Here and thereafter, Bo_ol,oo stands for the homogeneous Besov space, (for the

definition see e.g. [13] and [23]). Later, Guo and Gala [23] refined the condition
(1.2) to

T )
(1.3) / 2000 dt < oo.
0 (et (500 )

Motivated by the paper of Guo and Gala [23], the purpose of the present
work is to refine (1.3) as follows.

Theorem 1.1. Suppose that u(z,t) is a weak solution of (1.1) in (0,T) with
up € HY(R?) and V - ug = 0 in the sense of distributions. If the pressure
satisfies the following condition:

I )

T
/o (e+1n (el )l gz ) ) (etin (e+ImC Dl sz )

then u is a regular solution in R® x (0,T).

(1.4) dt < oo,

This result provides a new information concerning the question of the regu-
larity of weak solutions of the Navier-Stokes equations and extend those of [13]
and [23]. In particular, the double-logarithm estimate (1.4) is sharper than any
other results [4,23].

Let us recall the definition of weak solution to (1.1).

Definition 1.1 (Weak solutions). Let ug € L?(R3) with V-up = 0. A measur-
able function defined on R3 x (0,7 is called a weak solution of (1.1) on (0,T)
with initial data ug, if v satisfies the following properties:

a) Leray-Hopf class:
ue L>((0,7); L*(R*) N L*((0,T); H'(R?)) ;

b) dpu+ (u-V)u—Au+Vr=0in D (R* x [0,T));
¢) V-u=0inD' (R*x[0,7));
d) the energy inequality:

t
(1.5) I Cu( £)]Z: +2/0 IVu(, T Z2dr < JluollZ

forall0<t<T.

By a strong solution we mean a weak solution of the Navier—Stokes equation
such that

ue L™ ((0,7); H'(R®) N L? ((0,T); H*(R?)) .

It is well known that strong solutions are regular (we say classical) and unique
in the class of weak solutions.
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2. Proof of Theorem 1.1

We now give the proof of our main result.

Proof. Before going to the proof, we recall the following inequality established
in [12] (see also [23]):

(21) 1715 S CUA -1 IVl e

00,00

Testing (1.1); by |u|® u, using (1.1)3 and (2.1), we see by Holder’s inequality
that

4 2, 42 1 2|2
Lol [ 9P e 5 [ 9P| de
= —/ V7T~|u\2udx:/ mu - Vl|u*dzx

R3 R3
/|7T||u|’V|u|2’da:
RS

1 2
f/ V uf? da:+C’/ ]2 uf? dae
4 ]RS ]R3

1 2 2 2
< g L Vil dz+ Ol - [Vl e [lullzs
R3 B

IN

IN

00,00

1 2 2 1 2 2 4
< 1/ Viul"| dz+ S IVul lullpz + Cllall - lullza
R3 B

00,00

which yields

(2:2) )l o < o]l o exp (o JRLCETHE df) .

00,00

Here, we have used the elementary inequality (see e.g. [18,19])
Vx| < Cllu- Vaull ..
Next, testing (1.1); by —Auw, using (1.1)a, we have
1d

5 31 IVuC O3 + 1800l = [ (- V) - Auds
R3

< Mlullpa [Vl o [|Aul| 2
6 9
< Cllull 24 [[Aull 72
1 2 12
< 5 1Aullz + Cllull

where we have used the Gagliardo-Nirenberg inequality:

1 4
IVull o < Cllull s |AullZ. -
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Integrating the above inequality over (0,t), we have

¢ ¢
(23)  [Vu( 072 + / |Au(, 7[5 dr < [[Vuo|[32 +C / )% dr.
1
On the other hand, by a Sobolev embedding theorem H (R3) < L5(R?), (2.3)
and (2.2), we obtain that
e+ [7( s < e+ C llul, )70
< e+ CIVul, 1)
¢
< et CVunlfa+C [t dr
0

<e+C||Vul2s + Cle+t) sup |u(-,7)|}2
0<r<t

< C e+ Vuols) (e +1) sup fful, 73
0<r<t

¢
(2.4) < Cole + 1) exp (o/ I, dT),
0 00,00
where the constant Co = Cl(e, ||Vug|| 2, ||uol 4). Here, we have used the
elementary inequality (see e.g. [18,19]):
7l o < Cllull32y  forall 1< gq< oo

Using the fact that L3(R?) C B!, (R®), it follows that

(25) e+ |0l g < Cle+t)exp <c/0 I, dT).

Now, taking “log” on both sides of (2.5), we can conclude that

20 (et In 0l ) <ICle+0)+C [l o ar

For simplicity, let
Z(t) =In(e + |7, )l 21 ),

(2.7) S(t)zln(C’(e—i-t))—i-C’/o (I dr,

00,00

with £(0) = In(Ce). Then, the above inequality (2.6) implies that
0< Z(t) <E&(t)
and we easily get

(e+ Z(t))In(e+ Z(t)) < (e+&(t)) In(e + £(1)).
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On the other hand, we have

e+ e) = — (eit e w(-,t)||zwfw)
B
satC e
1 IOl
= 2 O et + £y e TEW)
1 IO
<Lic e n(e + £(1)).

€2 (e+ Z(t))In(e + Z(1))
Applying the Gronwall inequality to In(e + £(¢)), we find
In(e + £(1))
2
I I -

T ! 00,00
< In(e+£(0)) exp ?+c/0 (e+Z(T))1H(6+Z(T))dT ’

which yields
[EICEY
T t Boo,00
exp(eﬁcfo Wwwdf)
e+ E(t) < (e+£(0))
and from (2.7), we deduce that

B
T 1 t 5
L5+5 s ez ez

e (omn? _y
(2.8) / I -+ dr < (e +£(0)) < .
0 0,00
Hence by virtue of (1.5), (2.2), (2.3) and (2.8), we conclude that
we L ((0,7); H'(R®)) N L* ((0,T); H*(R?)) ,
which completes the proof of Theorem 1.1. O
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