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ON A CLASSIFICATION OF WARPED PRODUCT
MANIFOLDS WITH GRADIENT YAMABE SOLITONS

JIN Hyuk CHol, Byung HAK KiMm, AND SANG DEOK LEE

ABSTRACT. In this paper, we study gradient Yamabe solitons in the
warped product manifolds and classify the warped product manifolds with
gradient Yamabe solitons. Moreover we investigate the admitness of gra-
dient Yamabe solitons and geometric structures for some model spaces.

1. Introduction

Let M be a Riemannian manifold with a Riemannian metric g. The Yamabe

soliton is a special solution to the Yamabe flow
0

(1) agij = —T9ij
and naturally arises as the limit of dilations of singularities in the Yamabe flow,
where r is a scalar curvature of M. Such a flow was introduced by R. Hamilton
[2,3]. A Riemannian metric g or (M, g) is called a Yamabe soliton if there exist
a smooth vector field X and a constant p such that

(2) (r—plg= %ng-

In particular, if X = VA for some smooth function h, we call it the gradient
Yamabe soliton [1]. The function h above is called the potential function. In
this case, the equation (2) can be rewritten as

(3) (r —p)g = V>h,

where p is a constant. In this case, we will call M a gradient Yamabe soliton
with (h, p). For p = 0 the Yamabe soliton is steady, for p > 0, it is shrinking
and p < 0 expanding. When h is constant, we call the corresponding Yamabe
soliton a trivial Yamabe soliton. In this case the scalar curvature r is a constant

p.

Received December 24, 2018; Accepted March 26, 2019.

2010 Mathematics Subject Classification. Primary 53C25, 53B21.

Key words and phrases. Warped product space, gradient Yamabe soliton.

The second author was supported by the National Research Foundation of Korea (NRF-
2017 R1E1A1A 03071005).

(©2020 Korean Mathematical Society

261



262 J. H. CHOI, B. H. KIM, AND S. D. LEE

It has been known [5] that every compact Yamabe soliton has a constant
scalar curvature, hence trivial. But the non-compact case is unsettled until
now. For the complete non-compact case, P. Daskalopoulos and N. Sesum [2]
showed that under the certain conditions on the initial data, which in par-
ticular imply that the initial metric admits the asymptotic behavior of the
cylindrical metric at infinity complete non-compact solutions to the Yamabe
flow develop a finite time singularity and after re-scaling the metric converges to
the Barenblatt solution. Moreover, the known classification theorems of Yam-
abe solitons are very few and the underlying space is somewhat special such as
conformal flatness [2]. Motivated by these results, it is natural to investigate
the classification of the Riemannian manifolds with gradient Yamabe solitons,
in particular, including the non-compact case. From this point of view, we
study the warped product spaces with gradient Yamabe solitons and construct
model spaces satisfying some geometric conditions using our results.

2. Gradient Yamabe solitons of the Riemannian product manifolds

Let (B,g) be an n-dimensional Riemannian manifold and (F,g) be a p-
dimensional Riemannian manifold. For a local coordinate system (z%) (a =
1,2,...,n) of B, the metric tensor g has components (gq;) and g on F' has the
components (go3) for a local coordinate system (y*) (o = 1,2,...,p). Then
the product manifold M of B and F is an m(= n+ p)-dimensional Riemannian

Jap
with respect to the local coordinate system z° = (z%,y®) on M and i,j,k,... =
1,....n,n+1,...,n+p. R

If the product manifold M = B x F' is a gradient Yamabe soliton with (h, p),
then

manifold with a Riemannian metric G with the components (G;;) = (95” 0 )

(f - ﬁ)gab = vaVbil,

(4) Daho = 0,
(f - ﬁ)gaﬁ = vavﬁﬁv
where p is a constant and h = iz(xl, 3@, Y1, -+, Yp) IS a smooth function on

M. Since Oghy = 0, the function h can be represented by

h(zi, .. oY1, Up) = k@1, 2n) Uy, -, Yp)
for some functions £ on B and [ on F respectively. Then, using this fact and
the first equation of (4), we get (r + 7 — p)g = VVk, from which we obtain
F=p—r-+ %. Since the left hand side is depending only on F' and the right
hand side is depending only on B, we see that 7 is a constant and that F' is a
trivial gradient Yamabe soliton. By the similar argument, » becomes constant.
Since 7 = r + 7, M becomes a trivial gradient Yamabe soliton. Thus we have:

Theorem 2.1. If the product manifold M = B x F is a gradient Yamabe
soliton, then B, F' and M become trivial gradient Yamabe solitons. This means
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that there is no non-trivial gradient Yamabe soliton in the Riemannian product
manifold.

If the two Riemannian manifolds B and F' are trivial gradient Yamabe soli-
tons, then the product manifold M = B x F becomes a trivial gradient Yamabe
soliton because ¥ =1 + 7.

3. Gradient Yamabe solitons of warped product manifolds

Let the warped product manifold M = R x ; I be a gradient Yamabe soliton
with (h, p). Then we get

F—p=hy,
a1 Noz = ﬁﬁaa
5) A
(F=0)f"Gap = Vahg + ff h1Gap,
T Af  m(m-1) 2
r= 72 —2m7 - THle )
where h = B(t, Y1,---,Yp) is the potential function, p is a constant and f; = %,

~ i~ 2
hy = %,hu = %. Then we can state:

Theorem 3.1. If the warped product M = RxF is a gradient Yamabe soliton
with (h, p), then we have the followings:

(a) If ho # 0 for some oo = 1,...,p, then f2f11 = constant. So the warping

function f becomes f = —(%)%c%t% In this case, F can not admit a

trivial gradient Yamabe soliton, where fi1 = %i

2
(b) If hy = 0, then M and F' become trivial gradient Yamabe solitons. In
this case, M is either a Riemannian product of R and F or the potential
function h is constant.
(c) If ho =0 foralla=1,...,p and M is a non-trivial gradient Yamabe
soliton, then F' is a trivial gradient Yamabe soliton. Moreover f and h
are related by f = \hy for some non-zero \.

Proof. (a) Suppose that ELQ # 0 for some «. Then, from the second rela-
tion of (5), we obtain % = % So we get Inhy — Inf = A(y,...,yp),
that is, he = feAWvp) = fB(y1,--.,yp), where we have put eAWup) =
B(y1,---,Yp). Then we can see that h is of the form h = f(C(y1,...,¥yp) +
D(t,y1,.. . Ya,---+Yp)), where f(Jo) means that f is not a function of yq.
Hence hy = f1(C + D) + fDy and hi; = f11(C + D) + 21Dy + fD1;. From
the first and fourth equations of (5), we have
F o 2n n(n —1)
2

6) fu(C+D)+2fiD1+ fDn = o Tfll - f7||f1||2 =P
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If we differentiate both sides of (6) by y,, then we get

(7) f 1186£ = %ﬁ

Ya f? 0ya
that is, f2f11% = 8872. Hence we get %(foll)% = 0. Therefore f2f;; =
constant or % = 0. From the facts that h, # 0 for some a and h = f(C'+ D),
the case % = 0 does not occur. Thus we have f2f;; = d = constant and
we see that the general solution of the ordinary differential equation f2f1; =
d is given by f = —(%)%d%t%. Since f is a warping function, the constant d

is not equal to zero. From the equation (7) and h = f(C + D), we see that

% = d% does not vanish, that is F is not a trivial gradient Yamabe soliton.

(b) If hy = 0, then we see that M becomes a trivial gradient Yamabe soliton
from the first equation of (5). From this fact and the fourth equation of (5),
we can also see that 7 is constant, that is, F' is a trivial gradient Yamabe
soliton. Moreover, we see that fih, = 0 from the second equation of (5). This
means that M is either a Riemannian products or the potential function h is
a constant.

(c) Since hy = 0 for all o, h is only a function of £. Then, from the third
and fourth equations of (5), we get

(8) = [ 2mf(Af) +m(m = DA+ 5%
If we differentiate the both sides of (8) with respect to yq, then we have 9,7 = 0

for all a, which means that 7 is constant. From the first and third equations
of (5), fthy = hi1f. Since M is a non-trivial gradient Yamabe soliton by (b)

h1 # 0. Hence we obtain f—fl = E“, from which we have f = A\h; for some
1

non-zero constant \. O

Theorem 3.2. Let M = R X F be a gradient Yamabe soliton. Then M is

a trivial shrinking gradient Yamabe soliton with a constant potential function

and the scalar curvature of F' is equal to zero.

Proof. Since e! is not a solution of the equation f2f;;= constant, we see that
he = 0 for all o from Theorem 3.1(b) and that 7 becomes constant by use of
Theorem 3.1(a). From these facts and equation (5), we obtain hiy = 7 —p = hy
and that h is given by h = \e! + p for some constants A and p. Hence we get
7 =p+ Xt and 7 = e%(p + Ae! + p? + p). Consequently we see that A = 0,
p+p?>+p=0and finally # = 0 and ¥ = p = —p? — p. Hence we see that h is
constant, p is negative constant and 7 = 0.

It is known [5] that in a compact Riemannian manifold with a gradient
Yamabe soliton, the scalar curvature becomes constant. From Theorem 3.2,
we can see that the warped product R X ¢ F' with a gradient Yamabe soliton has
a constant scalar curvature without topological conditions such as compactness.

Since the scalar curvature 7 of R x.t S™ is re™2! — p? — p for the nonzero
scalar curvature r of S™, by Theorem 3.2, we can state:
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Corollary 3.3. The warped product manifold Rx .« S™ can not admit a gradient
Yamabe soliton.

In [4], it is known that the warped product space R X ..t F'(¢ > 0) of the line
R and Kaehler manifold F' admits an almost contact metric structure (¢, &, 7, g)
which satisfy
Vx&=X—n(X).
From this fact and Corollary 3.3, we have:

Theorem 3.4. The warped product manifold M = R x .« S®™ can not admit a
gradient Yamabe soliton but admit an almost contact structure satisfying (9).

Next consider the warped product manifold M = S*(k) x s F with a gradient
Yamabe soliton. Then we have

N o7 t -
F =P —p =0~ m—ph
alﬁa = ﬁhom
(10) f
(F = p)f*Gap = Vahs + [ higas,
T A plp—1) 2
= 2m7 - T||f1|| ;
where h = h(t,y1, ... ,Yp) is a potential function and p is a constant.

Theorem 3.5. Let M = S' x; F be a gradient Yamabe soliton with (h, p).
Then we have the followings:

(a) If ha # 0 for some «, then the warping function f satisfies f> (f11 (k2 —
t2) —tf1) = v = constant. Moreover, if the scalar curvature ¥ of F is
constant, then the warping function f becomes f = Asin™! % + i for
some constants \ and .

(b) If hi =0, then M and F become trivial gradient Yamabe solitons.

(c) If heo =0 for all o, then F is a trivial gradient Yamabe soliton.

Proof. (a) Assume that h, # 0 for some . Then from the second equa-

tion of (10), we have % = % So we get hy = feAWr¥) If we put

B(yi,..-,yp) = eAWi¥p) then h, = B(y1,...,yp) and so h is of the form

h=f(CW,-yp) + Dy, Jas - -, Yp))- Hence by = f1(C + D) + fD;
and hy; = f11(C + D)+ 2f1 Dy + fD11. From the first and fourth equation of
(10), we obtain

fu(C+D)+2fiDy+ fDi1 — kztﬁ(h(cﬁ-D) + fD1)
1D T, Af pp-1) K
2

= (m-F - Nl -
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If we differentiate both sides of (11) by ¥, then we get f11 gy — e fE Dy =

jl 8877 7z, that is
k2 —t%)—t 7
(12) 2 L )—tf2f1 gyc; _ %

Hence we get 3 (f2f11(k:2 — %) — thfl)Cf?TC; = 0. Therefore f2f1;(k? —t?) —
tf2f1 = constant or g—c = 0. From the fact that hq # 0 for some « and
h=f(C+D),2 ay =0 does not occurs. Thus we have f2(f11(k? —t?) —tf1) =
constant. Moreover, if 7 =constant, then we get

(13) fii(k? —t?) —tf1 =0

from the equation (12), and the differential equation (13) gives us the general
solutions f = Asin? % + w for some constants A and p. Since f is positive, we
see that A and p satisfy u > %Iw. The function f = vcos™! % + w for some
constants v and w is also the general solution of the equation (13) by the same
method. So we can restrict the range of f due to positive function.

(b) From the assumption iy = 0, k depends only on F and the first equation
of (10) gives ¥ = p, which means that M is a trivial gradient Yamabe soliton.
Then from this fact and the fourth equation of (10), we see that 7 is constant.

(¢) From the assumptions and the third equation of (10), we get 7—p = f—flill,
from which 7 depends only on S!. Then, this fact and the fourth equation of
(10) give £ — Qp% p P D12 =5+ &k +h1. Hence 7 becomes constant.

Finally, consider the warped product mamfold M = B x; F of an n-
dimensional Riemannian manifold (B, ¢g) and a p-dimensional Riemannian man-
ifold (F,g). If M is a gradient Yamabe soliton, then we have

(’F - ﬁ)gab = v ilb)
fas

dahs = =hg,
f
(14) e - o -
(T - p)f Gap = vahﬁ + ff hagaﬁa
- T Af ( ) 2
r=r+— —2p—— — fe
72 7 [1fell

where h = W(T1,.- - @0, Y1,---,Yp) is a potential function and p is a constant.

d

Theorem 3.6. If the warped product manifold M = B xy F' is a gradient
Yamabe soliton with (h, p), then we have the followings:
(a) If R £ 0 for some «, then f2Af is constant. In particular, if B is
compact, then M is the Riemannian product of B and F.
(b) If he = 0 for all a, then M is either a Riemannian product of the

Riemannian manifolds B and F or the potential function h is constant.
In any case, M and F are trivial gradient Yamabe solitons.
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(c) If ho =0 for all a, then F is trivial gradient Yamabe soliton and the
potential function h can be expressed by h = k + | for some functions
k andl on B and F respectively. Moreover if B is compact, then the
integral of ¥ on B is equal to p vol(B).

Proof. (a) Assume that ko # 0 for some a. Then we get ‘9%@ = fT“ from the
second equation of (14), that is d,(Inh, — In f) = 0. So we get h, = feA®)

for some A(y) = A(y1,...,yp). We denote eAWi¥) = B(y), then he =
fB(y). Hence we obtain h = f(C + D) for some C = C(y1,...,¥yp), D =
D(z1, ... Zn Y1, Uas - - - Yp) and then h, = foC + foD + fD,. From the

first equation of (14),

(15) F=p+9"(Vahy)

and if we differentiate (15) with respect to y,, then we get Af % = f—lga%,
that is

2 oC _ or
(16) f Af@ya B 8y7;'
If we differentiate (16) by z,, then we see that 6%& (f2 Af)gTCa = 0. So we see
that f2Af is constant or 8872 = 0. Since h, = ngi, 572 = 0 does not occur

because hg, # 0 for some o on F. Consequently f2Af is constant. Since Af3 =
6fl|df||* +3f2Af, by Green’s Theorem, [ f2A fdv = =2 [, f|ldf|[*dv < 0 on
the compact manifold of B. Then we see that the constant f2Af is non-
positive, and hence Af < 0 on B. Consequently f is constant.

(b) From the first equation of (14) and the assumptions, it is easily verified
that # = p, that is M is a trivial gradient Yamabe soliton. Since ¥ = f25 —
F2r+2p(fAf) +p(p — 1)||fe||? and the right hand side of the upper equation
depends only on B, 7 is constant. Since f, and he are functions depending
only on B and F respectively, the warping function f and potential function h
become constants.

(c) Assume that h, = 0 for all . Then there exist a function k on B and a
function [ on F such that h = k+1 because 8a8aﬁ = 0 from the second equation
of (14). So we obtain 7 = p+ LAk = p+ fT‘lka from the first and third equation
of (14). Moreover we see that 7 is a quantity of B and 7 is constant because
7= f2F— f2r4+2pfANf +p(p—1)||fe||? is satisfied from the fourth equation of
(14). Since 7 = p+ %, if B is compact, then we get [, 7dv = pvol(B). Hence
the integral of 7 on B is zero or positive or negative if the soliton is steady or
shrinking or expending respectively. From the third equation of (14), then we
obtain 7 = %ka + p and that

(17) P =1+ [ 1 5) + 2 Af + (0 = VISP

is satisfied. Then we easily see that 7 is constant because the right hand side
of the equation (17) depends only on B. O
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Remark 3.7. If we combine the results of Theorem 3.5(a) and Theorem 3.6(a),
then we see that the constant v in Theorem 3.5(a) is equal to zero.

If we combine the results of Theorem 3.5 and Theorem 3.6(c), we get:

Corollary 3.8. The integral of scalar curvature ¥ on M = S* x ¢ F'is equal to
/33}0[(51) sz the warped product manifold M is a gradient Yamabe soliton with
(h,p) and ho =0 for all .
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