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SOME REMARKS OF THE CARATHÉODORY’S

INEQUALITY ON THE RIGHT HALF PLANE

Bülent Nafi Örnek

Abstract. In this paper, a boundary version of Carathéodory’s inequal-

ity on the right half plane for p-valent is investigated. Let Z(s) =

1+cp (s− 1)p +cp+1 (s− 1)p+1 + · · · be an analytic function in the right

half plane with <Z(s) ≤ A (A > 1) for <s ≥ 0. We derive inequalities

for the modulus of Z(s) function, |Z′(0)|, by assuming the Z(s) function
is also analytic at the boundary point s = 0 on the imaginary axis and

finally, the sharpness of these inequalities is proved.

1. Introduction

The most classical version of the Schwarz lemma examines the behavior of
a bounded, analytic function mapping the origin to the origin in the unit disc
D = {z : |z| < 1}. It is possible to see its effectiveness in the proofs of many
important theorems. The Schwarz lemma, which has broad applications and is
the direct application of the maximum modulus principle, is given in the most
basic form as follows:

Let D be the unit disc in the complex plane C. Let f : D → D be an
analytic function with f(z) = cpz

p + cp+1z
p+1 + · · · . Under these conditions,

|f(z)| ≤ |z|p for all z ∈ D and |cp| ≤ 1. In addition, if the equality |f(z)| = |z|p

holds for any z 6= 0, or |cp| = 1, then f is a rotation; that is f(z) = zpeiθ,
θ real (see [6, p. 329]). The Schwarz lemma is one of the most important
results in the classical complex analysis, which has become a crucial theme
in many branches of mathematical research for over a hundred years. On
the other hand, in the book [7], Sharp Real-Parts Theorems (in particular
Carathéodory’s inequalities), which are frequently used in the theory of entire
functions and analytic function theory, have been studied. Also, a boundary
version of the Carathéodory’s inequality is considered in unit disc and novel
results are obtained in [13–15]. As being assumed that the p-valent of the value
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of 1 at s = 1 of the function, at first, as in Schwarz lemma, Carathéodory’s
inequality at right half plane will be presented.

Let Z(s) = 1 + cp (s− 1)
p

+ cp (s− 1)
p

+ · · · be an analytic function in the
right half plane with <Z(s) ≤ A (A > 1) for <s ≥ 0.

Consider the function

f(z) =
Z(s)− 1

Z(s) + 1− 2A
, z =

s− 1

s+ 1
.

Here, f(z) is an analytic function in D, f(0) = 0 and |f(z)| < 1 for z ∈ D.
Now, let us show that |f(z)| < 1 for |z| < 1. Since∣∣∣∣Z (1 + z

1− z

)
− 1

∣∣∣∣2 =

(
Z

(
1 + z

1− z

)
− 1

)(
Z

(
1 + z

1− z

)
− 1

)

=

∣∣∣∣Z (1 + z

1− z

)∣∣∣∣2 − Z (1 + z

1− z

)
− Z

(
1 + z

1− z

)
+ 1

and∣∣∣∣Z (1 + z

1− z

)
+ 1− 2A

∣∣∣∣2 =

(
Z

(
1 + z

1− z

)
+ 1− 2A

)(
Z

(
1 + z

1− z

)
+ 1− 2A

)

=

∣∣∣∣Z (1 + z

1− z

)∣∣∣∣2 + (1− 2A)Z

(
1 + z

1− z

)
+ (1− 2A)Z

(
1 + z

1− z

)
+ (1− 2A)

2
,

we obtain ∣∣∣∣Z (1 + z

1− z

)
− 1

∣∣∣∣2 − ∣∣∣∣Z (1 + z

1− z

)
+ 1− 2A

∣∣∣∣2
= − 2 (1−A)

(
Z

(
1 + z

1− z

)
+ Z

(
1 + z

1− z

))
+ 4A− 4A2

= − 4 (1−A)<Z
(

1 + z

1− z

)
+ 4A− 4A2

≤ − 4 (1−A)A+ 4A− 4A2 = 0.

Therefore, we have |f(z)| < 1 for |z| < 1.
Since

f(z) =
Z
(

1+z
1−z

)
− 1

Z
(

1+z
1−z

)
+ 1− 2A

=
cp

(
2z

1−z

)p
+ cp+1

(
2z

1−z

)p+1

+ · · ·

2 (1−A) + cp

(
2z

1−z

)p
+ cp+1

(
2z

1−z

)p+1

+ · · ·
,
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we obtain

f(z)

zp
=

cp

(
2

1−z

)p
+ cp+1

(
2

1−z

)p+1

z + · · ·

2 (1−A) + cp

(
2z

1−z

)p
+ cp+1

(
2z

1−z

)p+1

+ · · ·

and from Schwarz lemma

|cp| ≤
A− 1

2p−1
.

This result is sharp with the function

Z(s) =
(s+ 1)

p
+ (s− 1)

p
(1− 2A)

(s+ 1)
p − (s− 1)

p .

We thus obtain the following lemma.

Lemma 1.1. Let Z(s) = 1 + cp (s− 1)
p

+ cp+1 (s− 1)
p+1

+ · · · be an analytic
function in the right half plane with <Z(s) ≤ A (A > 1) for <s ≥ 0. Then we
have the inequality

(1.1) |cp| ≤
A− 1

2p−1
.

This result is sharp and the extremal function is

Z(s) =
(s+ 1)

p
+ (s− 1)

p
(1− 2A)

(s+ 1)
p − (s− 1)

p .

It is an elementary consequence of Schwarz lemma that if f extends contin-
uously to some boundary point b with |b| = 1, and if |f(b)| = 1 and f ′(b) exists,
then |f ′(b)| ≥ 1, which is known as the Schwarz lemma on the boundary. In
[12], R. Osserman proposed the boundary refinement of the classical Schwarz
lemma as follows:

Let f : D → D be an analytic function with f(z) = cpz
p + cp+1z

p+1 + · · · ,
p ≥ 1. Assume that there is a b ∈ ∂D so that f extends continuously to b,
|f(b)| = 1 and f ′(b) exists. Then

(1.2) |f ′(b)| ≥ p+
1− |cp|
1 + |cp|

.

Thus, by the classical Schwarz lemma, it follows that

(1.3) |f ′(b)| ≥ p,
with equality only if f is of the form f(z) = zpeiθ, θ real. The equality in (1.2)
holds if and only if f is of the form f (z) = −zp α−z1−αz for some constant α ∈
(−1, 0]. Inequality (1.3) and its generalizations have important applications in
geometric theory of functions and they are still hot topics in the mathematics
literature [1–5, 8, 12]. Mercer [9] prove a version of the Schwarz lemma where
the images of two points are known. Also, he considers some Schwarz and
Carathéodory inequalities at the boundary, as consequences of a lemma due to
Rogosinski [10]. In addition, he obtain an new boundary Schwarz lemma, for
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analytic functions mapping the unit disk to itself [11]. Also, in [16], positive real
functions (PRFs) have been considered in terms of electrical engineering as they
correspond to driving point impedance functions (DPIFs) of electric circuits.
Two inequalities were obtained by considering the derivative of driving point
impedance function, |Z ′(0)|. Accordingly, extremal functions were determined
by subjecting these obtained inequalities into sharpness analysis and different
circuit structures were synthesized using the obtained driving point impedance
functions.

In this paper, we studied “a boundary Carathéodory’s inequalities” on the
right half plane as analog the Schwarz lemma at the boundary [12]. We present
an analytic to understand the behaviour of the derivative of Z(s) function at
the zero on the right half plane. In the resulting theorems of the analysis,
assuming that <Z(0) = A, a lower boundary for modulus of the derivative of
the Z(s) function at the zero on right half plane, |Z ′(0)|, are obtained.

Also, we target to find the answer of the question: “What can be said about
Z ′(s) when it is considered at the boundary?” The answer of the question
relies on the boundary analysis of the Schwarz lemma, that is, analysis of Z(s)
function at s = 0. As a result, in our study, we give a bounded version of
Caratheodory inequality on the right half-plane for p-valent. Moreover, by
assuming Z(s) is also analytic at the boundary point s = 0 on the imaginary
axis, we shall give an estimate for |Z ′(0)| from below using Taylor expansion
coefficients. The sharpness of this inequality is also proved.

2. Main results

In this section, a boundary version of Carathéodory’s inequality on the right
half plane is investigated. Z(s) is an analytic function defined in the right half
of the s-plane. We derive inequalities for the modulus of Z(s) function, |Z ′(0)|,
by assuming the Z(s) function is also analytic at the boundary point s = 0
on the imaginary axis and finally, the sharpness of these inequalities is proved.
We have following results, which can be offered as the boundary refinement
of Carathéodory’s inequality on the right half plane. Also, in the following
inequalities, p-valent of the value of 1 at point s = 1 and the Taylor coefficient
that, is different from the first zero, are used.

Theorem 2.1. Let Z(s) = 1+cp (s− 1)
p

+cp+1 (s− 1)
p+1

+ · · · be an analytic
function in the right half plane with <Z(s) ≤ A for <s ≥ 0. Suppose that Z(s)
is analytic at the point s = 0 of the imaginary axis with <Z(0) = A. Then

(2.1) |Z ′(0)| ≥ (A− 1) p.

Moreover, the equality in (2.1) occurs for the function

Z(s) =

{
(s+1)p+(s−1)p(1−2A)

(s+1)p−(s−1)p , p = 1, 3, 5, . . . , n,
(s+1)p−(s−1)p(1−2A)

(s+1)p+(s−1)p , p = 2, 4, . . . , n.
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Proof. Let

f(z) =
Z
(

1+z
1−z

)
− 1

Z
(

1+z
1−z

)
+ 1− 2A

.

f(z) is an analytic function in D, f(0) = 0 and |f(z)| < 1 for z ∈ D. Also,
for s = 0 (at the point s = 0 of the imaginary axis), we take |f(−1)| = 1 for
b = −1 ∈ ∂D and <Z(0) = A. From the definition of f(z), with the simple
calculations, we get

f ′(z) =

4
(1−z)2Z

′
(

1+z
1−z

)
(1−A)(

Z
(

1+z
1−z

)
+ 1− 2A

)2 .

Therefore, from (1.3), we obtain

p ≤ |f ′(−1)| =

∣∣∣∣∣ Z ′ (0) (1−A)

(Z (0) + 1− 2A)
2

∣∣∣∣∣ .
Since

|Z (0) + 1− 2A|2 ≥ (< (Z (0) + 1− 2A))
2

= (<Z (0) + 1− 2A)
2

= (A+ 1− 2A)
2

= (1−A)
2
,

we take

p ≤ |Z
′ (0)| |1−A|
|1−A|2

=
|Z ′ (0)|
|1−A|

and

|Z ′(0)| ≥ (A− 1) p.

Now, we shall show that the inequality (2.1) is sharp. Let

Z

(
1 + z

1− z

)
=

1 + zp (1− 2A)

1− zp
.

Then

2

(1− z)2Z
′
(

1 + z

1− z

)
=
pzp−1 (1− 2A) (1− zp) + pzp−1 (1 + zp (1− 2A))

(1− zp)2 ,

1

2
Z ′(0) =

p (−1)
p−1

(1− 2A) (1− (−1)
p
) + p (−1)

p−1
(1 + (−1)

p
(1− 2A))

(1− (−1)
p
)
2 ,

Z ′(0) = 2
p (−1)

p−1
(1− 2A) (1− (−1)

p
) + p (−1)

p−1
(1 + (−1)

p
(1− 2A))

(1− (−1)
p
)
2

= −2p (−1)
p 2 (1−A)

(1− (−1)
p
)
2
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and

|Z ′(0)| = 4p (A− 1)

|1− (−1)
p|2

.

Therefore, since p = 1, 3, 5, . . . , n, (2.1) is satisfied with equality. Similarly, let

Z

(
1 + z

1− z

)
=

1− zp (1− 2A)

1 + zp
.

Then

2

(1− z)2Z
′
(

1 + z

1− z

)
=
−pzp−1 (1− 2A) (1 + zp)− pzp−1 (1− zp (1− 2A))

(1 + zp)
2 ,

Z ′(0) = 2
−p (−1)

p−1
(1− 2A) (1 + (−1)

p
)− p (−1)

p−1
(1− (−1)

p
(1− 2A))

(1 + (−1)
p
)
2

= 2p (−1)
p 2 (1−A)

(1 + (−1)
p
)
2

and

|Z ′(0)| = 4p (A− 1)

|1 + (−1)
p|2

.

Thus, since p = 2, 4, . . . , n, (2.1) is satisfied with equality. �

The inequality (2.1) can be strengthened as below by taking into account cp
which is the first coefficient in the expansion of the function Z(s).

Theorem 2.2. Let Z(s) = 1+cp (s− 1)
p

+cp+1 (s− 1)
p+1

+ · · · be an analytic
function in the right half plane with <Z(s) ≤ A for <s ≥ 0. Suppose that Z(s)
is analytic at the point s = 0 of the imaginary axis with <Z(0) = A. Then

(2.2) |Z ′ (0)| ≥ (A− 1)

(
p+

2 (A− 1)− 2p |cp|
2 (A− 1) + 2p |cp|

)
.

Moreover, the equality in (2.2) occurs for the function

Z(s) =


1−a( s−1

s+1 )+(1−2A)
(
( s−1

s+1 )
p+1−a( s−1

s+1 )
p
)

1−a( s−1
s+1 )−

(
( s−1

s+1 )
p+1−a( s−1

s+1 )
p
) , p = 2, 4, 6, . . . , n,

1−a( s−1
s+1 )−(1−2A)

(
( s−1

s+1 )
p+1−a( s−1

s+1 )
p
)

1−a( s−1
s+1 )+

(
( s−1

s+1 )
p+1−a( s−1

s+1 )
p
) , p = 1, 3, 4, . . . , n,

where a =
2p−1|cp|
A−1 is an arbitrary number from [0, 1] (see (1.1)).

Proof. Let f(z) be the same as in the proof of Theorem 2.1. Therefore, from
(1.2), we obtain

p+
1− |ap|
1 + |ap|

≤ |f ′(−1)| =

∣∣∣∣∣ Z ′ (0) (1−A)

(Z (0) + 1− 2A)
2

∣∣∣∣∣ ,
|ap| =

∣∣f (p)(0)
∣∣

p!
=

∣∣Z(p)(1)
∣∣

p!
=

2p−1 |cp|
A− 1

.
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Therefore, we take

p+
1− 2p−1|cp|

A−1

1 +
2p−1|cp|
A−1

≤ |Z
′ (0)|

A− 1

and

|Z ′ (0)| ≥ (A− 1)

(
p+

A− 1− 2p−1 |cp|
A− 1 + 2p−1 |cp|

)
.

Now, we shall show that the inequality (2.2) is sharp. Let

Z (s) =

1− a
(
s−1
s+1

)
+ (1− 2A)

((
s−1
s+1

)p+1

− a
(
s−1
s+1

)p)
1− a

(
s−1
s+1

)
−
((

s−1
s+1

)p+1

− a
(
s−1
s+1

)p) .

Then

Z ′ (s) =
4( s−1

s+1 )
p
(A−1)(p+a2p−ps2+a2s2+2ap−a2−s2+2aps2−a2ps2+1)

(s−1)(s+1)(a+s+a( s−1
s+1 )

p−s( s−1
s+1 )

p
+( s−1

s+1 )
p−as+as( s−1

s+1 )
p
+1)

2

and

|Z ′(0)| =
4 (A− 1)

(
p+ a2p+ 2ap− a2 + 1

)
|a+ a (−1)

p
+ (−1)

p
+ 1|2

=
4 (A− 1) (p (1 + a) + 1− a)

(1 + a) |1 + (−1)
p|2

=
4 (A− 1)

|1 + (−1)
p|2

(
p+

1− a
1 + a

)
.

Since a =
2p−1|cp|
A−1 and p = 2, 4, . . ., (2.2) is satisfied with equality.

Similarly, for p = 1, 3, . . ., we take the equality (2.2). �

In the following theorem, inequality (2.2) has been strenghened by adding
the consecutive terms cp and cp+1 of Z(s).

Theorem 2.3. Let Z(s) = 1+cp (s− 1)
p

+cp+1 (s− 1)
p+1

+ · · · be an analytic
function in the right half plane with <Z(s) ≤ A for <s ≥ 0. Suppose that Z(s)
is analytic at the point s = 0 of the imaginary axis with <Z(0) = A. Then
(2.3)

|Z ′(0)| ≥ (A− 1)

(
p+

2 (2 (A− 1)− 2p |cp|)2

4 (A− 1)
2 − 22p |cp|2 + 4 (A− 1) 2p−1 |pcp + 2cp+1|

)
.

The inequality (2.3) is sharp with extremal function

Z(s) =


(s+1)p+1+(s−1)p+1(1−2A)

(s+1)p+1−(s−1)p+1 , p = 2, 4, 6, . . . ,
(s+1)p+1−(s−1)p+1(1−2A)

(s+1)p+1+(s−1)p+1 , p = 1, 3, 5, . . . .
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Proof. Let f(z) be the same as in the proof of Theorem 2.1. Let us consider
the function

h(z) =
f(z)

B(z)
,

where B(z) = zp. The function h(z) is analytic in D. According to the
maximum principle, we have |h(z)| < 1 for z ∈ D. In particular, we take

h(z) =
Z
(

1+z
1−z

)
− 1(

Z
(

1+z
1−z

)
+ 1− 2A

)
zp

=
cp

(
2

1−z

)p
+ cp+1

(
2

1−z

)p+1

z + · · ·

2 (1−A) + cp

(
2z

1−z

)p
+ cp+1

(
2z

1−z

)p+1

+ · · ·

=
cp2

p

2 (1−A)
+

(
cp2

pp+ 2p+1cp+1

)
2 (1−A)

z + · · · ,

|h(0)| = 2p−1 |cp|
A− 1

≤ 1

and

|h′(0)| = 2p−1

A− 1
|pcp + 2cp+1| .

If |h(0)| = 1, then by the maximum principle we have f(z)
B(z) = eiθ and

Z

(
1 + z

1− z

)
=

1 + (1− 2A) zpeiθ

1− zpeiθ
.

Therefore, we may assume that

Z

(
1 + z

1− z

)
6≡ 1 + (1− 2A) zpeiθ

1− zpeiθ
,

and so |h(0)| < 1. Moreover, since the expression bf ′(b)
f(b) is a real number greater

than or equal to 1 ([2]) and <Z(0) = A yields |f(b)| = 1 for −1 = b ∈ ∂D, we
take

bf ′(b)

f(b)
=

∣∣∣∣bf ′(b)f(b)

∣∣∣∣ = |f ′(b)| .

Also, since |f(z)| ≤ |B(z)|, we get

1− |f(z)|
1− |z|

≥ 1− |B(z)|
1− |z|

.

Passing to limit in the last inequality yields

|f ′(b)| ≥ |B′(b)| .
Thus, we obtain

bf ′(b)

f(b)
= |f ′(b)| ≥ |B′(b)| = bB′(b)

B(b)
.
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The composite function

T (z) =
h(z)− h(0)

1− h(0)h(z)

is analytic in the unit disc D, |T (z)| < 1, T (0) = 0 and |T (−1)| = 1 for
−1 ∈ ∂D.

For p = 1, from (1.3), we obtain

2

1 + |T ′(0)|
≤ |T ′(−1)|

=
1− |h(0)|2∣∣∣1− h(0)h(−1)

∣∣∣2 |h′(−1)|

=
1− |h(0)|2∣∣∣1− h(0)h(−1)

∣∣∣2
∣∣∣∣f ′(−1)

B(−1)
− f(−1)B′(−1)

B2(−1)

∣∣∣∣
=

1− |h(0)|2∣∣∣1− h(0)h(−1)
∣∣∣2
∣∣∣∣ (−1) f ′(−1)

f(−1)
− (−1)B′(−1)

B(−1)

∣∣∣∣
≤ 1 + |h(0)|

1− |h(0)|
{|f ′(−1)| − |B′(−1)|}

and

(2.4)
2

1 + |T ′(0)|
≤ 1 + |h(0)|

1− |h(0)|
{|f ′(−1)| − |B′(−1)|} .

It can be seen that

T ′(z) =
1− |h(0)|2(

1− h(0)h(z)
)2h

′(z),

T ′(0) =
1− |h(0)|2(
1− |h(0)|2

)2h
′(0)

=
h′(0)

1− |h(0)|2

and

|T ′(0)| = |h′(0)|
1− |h(0)|2

=
2p−1

A−1 |pcp + 2cp+1|

1−
(

2p−1|cp|
A−1

)2 =
4 (A− 1) 2p−1 |pcp + 2cp+1|

4 (A− 1)
2 − 22p |cp|2

.
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Also, we have |B′(−1)| = p for −1 ∈ ∂D. Let’s substitute the values of |T ′(0)|,
|f ′(−1)|, |B′(−1)| and |h(0)| into (2.4). Therefore, we obtain

2

1 +
4(A−1)2p−1|pcp+2cp+1|

4(A−1)2−22p|cp|2
≤

1 +
2p−1|cp|
A−1

1− 2p−1|cp|
A−1

{
|Z ′ (0)|
A− 1

− p
}

=
A− 1 + 2p−1 |cp|
A− 1− 2p−1 |cp|

{
|Z ′ (0)|
A− 1

− p
}
,

2
(

4 (A− 1)
2 − 22p |cp|2

)
4 (A− 1)

2 − 22p |cp|2 + 4 (A− 1) 2p−1 |pcp + 2cp+1|
A− 1− 2p−1 |cp|
A− 1 + 2p−1 |cp|

≤ |Z
′ (0)|

A− 1
−p

and

2 (2 (A− 1)− 2p |cp|)2

4 (A− 1)
2 − 22p |cp|2 + 4 (A− 1) 2p−1 |pcp + 2cp+1|

+ p ≤ |Z
′ (0)|

A− 1
.

So, we take the inequality (2.3) .
Now, we shall show that the inequality (2.3) is sharp. For p = 2, 4, . . ., let

Z(s) =
(s+ 1)

p+1
+ (s− 1)

p+1
(1− 2A)

(s+ 1)
p+1 − (s− 1)

p+1 .

Then

Z ′(s) = −4 (A− 1) (p+ 1) (s− 1)
p

(s+ 1)
p(

(s− 1)
p+1 − (s+ 1)

p+1
)2 ,

|Z ′(0)| = 4 (A− 1) (p+ 1)

|1 + (−1)p|2

and

|Z ′(0)| = (A− 1) (p+ 1) .

Since cp = 0 and cp+1 = 1−A
2p , we obtain

(A− 1)

(
p+

2 (2 (A− 1)− 2p |cp|)2

4 (A− 1)
2 − 22p |cp|2 + 4 (A− 1) 2p−1 |pcp + 2cp+1|

)

= (A− 1)

(
p+

8 (A− 1)
2

4 (A− 1)
2

+ 4 (A− 1) 2p−1
∣∣2 1−A

2p

∣∣
)

= (A− 1)

(
p+

8 (A− 1)
2

8 (A− 1)
2

)
= (A− 1) (p+ 1) .

Similarly, for p = 1, 3, . . ., we take the equality (2.3). �
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In the following theorem, we shall give an estimate below |Z ′(0)| according
to the first nonzero Taylor coefficient of about two points, namely s = 1 and
s = s1 6= 0. Motivated by the results of the work presented in [1], the following
result has been obtained.

Theorem 2.4. Let Z(s) be an analytic function in the right half plane with
<Z(s) ≤ A for <s ≥ 0. Assume that, for positive integers p and m, Z(s)

have expansions Z(s) = 1 + cp (s− 1)
p

+ cp+1 (s− 1)
p+1

+ · · · , cp 6= 0 and

Z(s) = 1 + am (s− s1)
m

+ am+1 (s− s1)
m+1

+ · · · , am 6= 0, about the points
s = 1 and s = s1, respectively. Suppose that Z(s) is analytic at the point s = 0
of the imaginary axis with <Z(0) = A. Then

|Z ′(0)| ≥ (A− 1)

{
p+m

<s1

|s1|2
+

2 (A− 1) |s1 − 1|m − 2p |cp| |s1 + 1|m

2 (A− 1) |s1 − 1|m + 2p |cp| |s1 + 1|m
(1)

×

[
1 +

Φ (s1)−Ψ (s1)

Φ (s1) + Ψ (s1)

<s1

|s1|2

]}
,

where

Φ (s1) = 4 (A− 1)
2

∣∣∣∣s1 − 1

s1 + 1

∣∣∣∣m+p
(

4

|s1 + 1|2

)m
+ 2m+p |cp| |am|

(
4<s1

|s1 + 1|2

)m
,

Ψ (s1) = 2m+1 (A− 1)

∣∣∣∣s1 − 1

s1 + 1

∣∣∣∣m−1

|am|

(
4<s1

|s1 + 1|2

)m

− 2p+1 (A− 1)

∣∣∣∣s1 − 1

s1 + 1

∣∣∣∣p−1
(

4

|s1 + 1|2

)m
.

The inequality (2.5) is sharp, with equality for each possible values |cp| and
|am|.

Proof. Consider the function

q(z) =
z − a
1− az

.

In addition, let g : D → D be an analytic function and a point a ∈ D. From
the Schwarz-pick lemma, we take∣∣∣∣∣ g(z)− g(z1)

1− g(z1)g(z)

∣∣∣∣∣ ≤
∣∣∣∣ z − a1− az

∣∣∣∣ = |q(z)|

and

(2.6) |g(z)| ≤ |g(z1)|+ |q(z)|
1 + |g(z1)| |q(z)|

.
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If w : D → D is an analytic function and 0 < |a| < 1, letting

g(z) =
w(z)− w(0)

z
(

1− w(0)w(z)
)

in (2.6), we obtain∣∣∣∣∣∣ w(z)− w(0)

z
(

1− w(0)w(z)
)
∣∣∣∣∣∣ ≤

∣∣∣∣ w(a)−w(0)

a(1−w(0)w(a))

∣∣∣∣+ |q(z)|

1 +

∣∣∣∣ w(a)−w(0)

a(1−w(0)w(a))

∣∣∣∣ |q(z)|
and

(2.7) |w(z)| ≤
|w(0)|+ |z| |M|+|q(z)|1+|M||q(z)|

1 + |w(0)| |z| |M|+|q(z)|1+|M||q(z)|

,

where

M =
w(a)− w(0)

a
(

1− w(0)w(a)
) .

If we take

w(z) =
f(z)

zp
(
z−a
1−az

)m ,
we have

w(0) = (−1)
m 2p−1cp

(1−A) am
, w(a) =

2m−1am

(
1− |a|2

)m
(1−A) (1− a)

2m
ap
.

Let α =
2p−1|cp|

(A−1)|a|m and

M1 =

∣∣∣∣ 2m−1am(1−|a|2)
m

(1−A)(1−a)2map

∣∣∣∣+
∣∣∣ 2p−1cp

(1−A)am

∣∣∣
|a|
(

1 +
∣∣∣ 2p−1cp

(1−A)am

∣∣∣ ∣∣∣∣ 2m−1am(1−|a|2)
m

(1−A)(1−a)2map

∣∣∣∣) .
From (2.7), we obtain

|f(z)| ≤ |z|p |q(z)|m
α+ |z| M1+|q(z)|

1+M1|q(z)|

1 + α |z| M1+|q(z)|
1+M1|q(z)|

and

1− |f(z)|
1− |z|

≥
1 + α |z| M1+|q(z)|

1+M1|q(z)| − α |z|
p |q(z)|m − |z|p+1 |q(z)|m M1+|q(z)|

1+M1|q(z)|

(1− |z|)
(

1 + α |z| M1+|q(z)|
1+M1|q(z)|

) .

Let

ξ(z) = 1 + α |z| M1 + |q(z)|
1 + M1 |q(z)|
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and

σ(z) = 1 + M1 |q(z)| .
Thus, we have

1− |f(z)|
1−|z|

≥ 1

ξ(z)σ(z)

{
1−|z|p+1 |q(z)|m+1

1−|z|
+ M1 |q(z)|

1−|z|p+1 |q(z)|m−1

1−|z|

+α |z| |q(z)| 1−|z|
p−1 |q(z)|m−1

1−|z|
+ α |z| M1

1−|z|p−1 |q(z)|m−1

1−|z|

}
.

Since

lim
z→−1

ξ(z) = lim
z→−1

1 + α |z| M1 + |q(z)|
1 + M1 |q(z)|

= 1 + α,

lim
z→−1

σ(z) = lim
z→−1

1 + M1 |q(z)| = 1 + M1

and

lim
z→−1

1− |z|i |q(z)|j

1− |z|
= i+ j

1− |a|2

|1 + a|2
,

for nonnegative integers i and j, passing to the angular limit in the last in-
equality yields

|f ′(−1)| ≥ p+m
1− |a|2

|1 + a|2
+

1− α
1 + α

[
1 +

1− M1

1 + M1

1− |a|2

|1 + a|2

]
.

Also, since

|f ′(−1)| ≤ |Z
′ (0)|

A− 1
,

1− |a|2

|1 + a|2
=

1−
∣∣∣ s1−1
s1+1

∣∣∣2∣∣∣1 + s1−1
s1+1

∣∣∣2 =

4<s1
|s1+1|2

4s21
|s1+1|2

=
<s1

s2
1

,

1− α
1 + α

=
1− 2p−1|cp|

(A−1)|a|m

1 +
2p−1|cp|

(A−1)|a|m
=

2 (A− 1) |a|m − 2p |cp|
2 (A− 1) |a|m + 2p |cp|

,

1− M1

1 + M1
=

1−

∣∣∣∣∣ 2m−1am(1−|a|2)
m

(1−A)(1−a)2map

∣∣∣∣∣+
∣∣∣∣ 2p−1cp
(1−A)am

∣∣∣∣
|a|

(
1+

∣∣∣∣ 2p−1cp
(1−A)am

∣∣∣∣∣∣∣∣ 2m−1am(1−|a|2)m

(1−A)(1−a)2map

∣∣∣∣)

1 +

∣∣∣∣ 2m−1am(1−|a|2)m

(1−A)(1−a)2map

∣∣∣∣+∣∣∣∣ 2p−1cp
(1−A)am

∣∣∣∣
|a|

(
1+

∣∣∣∣ 2p−1cp
(1−A)am

∣∣∣∣∣∣∣∣ 2m−1am(1−|a|2)m

(1−A)(1−a)2map

∣∣∣∣)
and

1− M1

1 + M1
=

Φ (s1)−Ψ (s1)

Φ (s1) + Ψ (s1)
,
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where

Φ (s1) = 4 (A− 1)
2

∣∣∣∣s1 − 1

s1 + 1

∣∣∣∣m+p
(

4

|s1 + 1|2

)m
+ 2m+p |cp| |am|

(
4<s1

|s1 + 1|2

)m
,

Ψ (s1) = 2m+1 (A− 1)

∣∣∣∣s1 − 1

s1 + 1

∣∣∣∣m−1

|am|

(
4<s1

|s1 + 1|2

)m

− 2p+1 (A− 1)

∣∣∣∣s1 − 1

s1 + 1

∣∣∣∣p−1
(

4

|s1 + 1|2

)m
,

we obtain

|Z ′ (0)|
A− 1

≥ p+m
<s1

|s1|2
+

2 (A− 1)
∣∣∣ s1−1
s1+1

∣∣∣m − 2p |cp|

2 (A− 1)
∣∣∣ s1−1
s1+1

∣∣∣m + 2p |cp|

×

[
1 +

Φ (s1)−Ψ (s1)

Φ (s1) + Ψ (s1)

<s1

|s1|2

]
.

Thus, we obtain the inequality (2.5).
In order to show that the inequality is sharp, choose arbitrary real numbers

a, x and y such that 0 < x < |a|m, 0 < y < |a|p

(1−|a|2)
m .

Let

K =

y
ap

(
1− |a|2

)m
+ (−1)m−1 x

am

a
(

1 + (−1)m−1 y
ap

(
1− |a|2

)m
x
am

)
and

(2.8) f(z) = zp
(
z − a
1− az

)m (−1)m x
am + z

K+ z−a
1−az

1+K z−a
1−az

1 + (−1)m x
am z

K+ z−a
1−az

1+K z−a
1−az

.

From (2.8), with the simple calculations, we obtain
∣∣∣ f(p)(0)

p!

∣∣∣ = x and
∣∣∣ f(m)(a)

m!

∣∣∣ =

y and

f ′(−1) = −
[

(−1)
p+m

(
p+m

1− |a|2

(1 + a)
2

)
+
am − (−1)

m
x

am + (−1)
m
x
×

(
1 +

1 + K

1− K

1− |a|2

(1 + a)
2

)]
and

(2.9) |f ′(−1)| = p+m
1− |a|2

(1 + a)
2 +

am − (−1)
m
x

am + (−1)
m
x
×

(
1 +

1 + K

1− K

1− |a|2

(1 + a)
2

)
.

Choosing suitable signs of the numbers a = s1−1
s1+1 , x and y, we conclude from

(2.9) that the inequality (2.5) is sharp. �
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[1] T. Aliyev Azeroǧlu and B. N. Örnek, A refined Schwarz inequality on the boundary, Com-

plex Var. Elliptic Equ. 58 (2013), no. 4, 571–577. https://doi.org/10.1080/17476933.

2012.718338

[2] H. P. Boas, Julius and Julia: mastering the art of the Schwarz lemma, Amer. Math.

Monthly 117 (2010), no. 9, 770–785. https://doi.org/10.4169/000298910X521643

[3] D. M. Burns and S. G. Krantz, Rigidity of holomorphic mappings and a new Schwarz
lemma at the boundary, J. Amer. Math. Soc. 7 (1994), no. 3, 661–676. https://doi.

org/10.2307/2152787

[4] D. Chelst, A generalized Schwarz lemma at the boundary, Proc. Amer. Math. Soc. 129
(2001), no. 11, 3275–3278. https://doi.org/10.1090/S0002-9939-01-06144-5

[5] V. N. Dubinin, The Schwarz inequality on the boundary for functions regular in the

disc, J. Math. Sci. (N.Y.) 122 (2004), no. 6, 3623–3629. https://doi.org/10.1023/B:
JOTH.0000035237.43977.39

[6] G. M. Goluzin, Geometric Theory of Functions of Complex Variable, (Russian), Second
edition. Edited by V. I. Smirnov. With a supplement by N. A. Lebedev, G. V. Kuzmina

and Ju. E. Alenicyn, Izdat. “Nauka”, Moscow, 1966.

[7] G. Kresin and V. Maz’ya, Sharp real-part theorems, translated from the Russian and
edited by T. Shaposhnikova, Lecture Notes in Mathematics, 1903, Springer, Berlin,

2007.

[8] M. Mateljevi’c, Rigidity of holomorphic mappings & Schwarz and Jack lemma,
DOI:10.13140/RG.2.2.34140.90249, In press.

[9] P. R. Mercer, Sharpened versions of the Schwarz lemma, J. Math. Anal. Appl. 205

(1997), no. 2, 508–511. https://doi.org/10.1006/jmaa.1997.5217
[10] , Boundary Schwarz inequalities arising from Rogosinski’s lemma, J. Class. Anal.

12 (2018), no. 2, 93–97. https://doi.org/10.7153/jca-2018-12-08
[11] , An improved Schwarz lemma at the boundary, Open Math. 16 (2018), no. 1,

1140–1144. https://doi.org/10.1515/math-2018-0096

[12] R. Osserman, A sharp Schwarz inequality on the boundary, Proc. Amer. Math. Soc. 128
(2000), no. 12, 3513–3517. https://doi.org/10.1090/S0002-9939-00-05463-0
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