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SOME RESULTS ON CONVERGENCES IN FUZZY METRIC
SPACES AND FUZZY NORMED SPACES

KYUGEUN CHO AND CHONGSUNG LEE

ABSTRACT. In this paper, we introduce the definitions of s,-convergent
sequence in fuzzy metric spaces and fuzzy normed spaces. We investi-
gate relations of convergence, sp-convergence, soo-convergence and st-
convergence in fuzzy metric spaces and fuzzy normed spaces. We also
study sp-convergence, sco-convergence and st-convergence using the sub-
sequence of convergent sequence in fuzzy metric spaces and fuzzy normed
spaces. Stationary fuzzy normed spaces are defined and investigated. We
finally define sjp-closed sets, soo-closed sets and st-closed sets in fuzzy
metric spaces and fuzzy normed spaces and investigate relations of them.

1. Introduction

Various definitions of fuzzy metric space have been investigated by several
authors (see [4], [6], [7] and [11]). In this paper, we take the definition of fuzzy
metric space introduced by A. George and P. Veeramani [6].

Definition 1. A fuzzy metric space is an ordered triple (X, M, *) such that

X is a (nonempty) set, * is a continuous t-norm and M is a fuzzy set on

X x X x (0, 00) satisfying the following conditions, for all z,y,z € X, s,t > 0,
(M1) M(z,3.1) >0,

(M2) M(z,y,t) =1 if and only if x = y,

(M3) M(x,y,t) = M(y,z,1),

(M4) M(z,y,t)* M(y,z,8) < M(z,z,t+s),

(M5) M(z,y,-): (0,00) = (0,1] is continuous.

Now we want to give a definition of fuzzy norm in order to investigate some
properties of various type convergences studied in fuzzy metric space. Indeed,
several authors introduced definitions of fuzzy normed space from different
point of view (for example, [1], [5], [12]).

We now consider the definition of fuzzy norm introduced by C. Felbin [5].
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A fuzzy number is a mapping x : R — [0, 1] over the set R of all real numbers.
A fuzzy number x is convex if z(t) > min {z(s),z(r)} where s <t < r. A
fuzzy number x is normal if there exists a tg € R such that z(¢y) = 1. For
a € (0,1], a-level set of a fuzzy number z is [z], = {t e R: z(t) > o} and
a-level set of an upper semi-continuous, convex and normal fuzzy number is a
closed interval [aq,bs], where a, = —oo and b, = oo are admissible. When
(o = —00, [@q, by] means the interval (—oo, b,]. When b, = 00, [aq, ba] means
the interval [aq,00). A fuzzy number z is said to be non-negative if x(t) = 0,
for all t < 0. C. Felbin [5] denoted the set of all convex, normal and upper
semi-continuous fuzzy number by R(I) and the set of all non-negative, convex,
normal and upper semi-continuous fuzzy number by R*(I). Since each r € R
can be considered a fuzzy real number 7 defined by

- 1 ift=r,
w(t) = { 0 ift£r,
R can be embedded in R(I). A partial ordering < in R(I) is defined by z <y
if and only if al, < a2 and b}, < b2 for all a € (0, 1], where [z], = [al,b]] and
Y] = [ai, bi] The strict inequality in R([) is defined by x < y if and only if
al < a? and b}, < b2 for all a € (0, 1]
Arithmetic operations @, ©, ® and @ on R(I) x R(I) are defined as in [11]:

(z®y)(t) = Sglelﬁ min {z(s),y(t —s)}, tER,

(z ©y)(t) = supmin{x(s),y(s =)}, tER,

seR
(z©y)(t) = sup min{z(s),y(t/s)}, tE€R,
sER,s#0
(roy)(t) = ilelﬂg min {z(st),y(s)}, t€R.

The following definition is found in [5].

Definition 2. Let X be a linear space over a field R. Let || - || : X — R and
let the mappings L, R : [0,1] x [0,1] — [0,1] be symmetric, non-decreasing
in both arguments and satisfy L(0,0) = 0 and R(1,1) = 1. Write [||z[]], =
[lz[|L: |lz]|2] for 2 € X, a € (0,1] and suppose for all z € X, x # 0, there
exists ag € (0, 1] independent of x such that for all o < «p,
(A) lz][3 < oo,
(B) inf ||z||}, > 0.
The quadruple (X, | - ||, L, R) is called a fuzzy normed liner space and || - ||
a fuzzy norm, if
(i) ||lz|| = 0 if and only if 2 = 0,
(i) ||rz|| = |r|||z]|, for all z € X and r € R
(iii) for all z,y € X,
(a) whenever s < ||z[|}, t < [lz]ly and s+t < [z +yl5, [lo+yll(s+1) >

L (ll=[l(s)s [[yll2),
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(b) whenever s > [z}, ¢ > ||z[l{ and s+t > [z +ylli, [+yl(s+t) <
R([[=][(s), lyll(£))-

C. Felbin [5] showed that if we take L as Min and R as Max, then (iii) of
Definition 2 is equivalent to ||z 4+ y|| =< [|z]| @ ||y and || - [|%, i = 1,2, are norms
on X in the usual sense. In the sequel, we take L =Min and R =Max.

Let (X, M, x) be a fuzzy metric space. A sequence {x,} in (X, M, %) is said
to be convergent to z € X if lim,, oo M (x,,x,t) =1 for all ¢ > 0. A sequence
{z,} in (X, M, %) is said to be s-convergent to x € X if lim,, oo M (wm x, %) =
1 [8]. In [8], the authors showed that s-convergence implies convergence and
the converse does not hold. A sequence {z,} in (X, M, x) is said to be strong
convergent (briefly st-convergent) to x € X if for all € € (0,1), there exists
ne € N, depending only on e, such that if n > n., M(x,,z,t) > 1 — € for all
t >0 [9]. In [9], the authors showed that st-convergence implies s-convergence
and the converse is false, in general.

Let {z,} be a sequence in a fuzzy normed space (X, | - ||) introduced by
C. Felbin and = € X. {z,} is said to be convergent to z if, for all € > 0 and
a € (0,1], there exists n o € N, depending on € and «, such that ||z, —z||2 <,
for n > neqo [5]. {zn} is said to be s-convergent to x if, for all € > 0, there
exists n. € N such that ||z, — z||2 < € for n > n, [3]. {x,} is said to be

st-convergent to x if, for all € > 0, there exists n. € N such that |z, —z||2 < €
for n > n. and for all @ € (0,1] [3]. In [3], the authors proved the following
strict implications in fuzzy normed spaces:

St-COHVGfgeIlCQ = S§-convergence = convergence.

In Section 2, we introduce the definitions of s,-convergent sequence in fuzzy
metric spaces and fuzzy normed spaces. We investigate relations of conver-
gence, S,-CONVergence, soo-convergence and st-convergence in fuzzy metric spa-
ces and fuzzy normed spaces. In Section 3, we study s,-convergence, Soo-
convergence and st-convergence using the subsequence of convergent sequence
in fuzzy metric spaces and fuzzy normed spaces. Stationary fuzzy normed
spaces are defined and investigated in Section 4. We finally define s,-closed
sets, Soo-closed sets and st-closed sets in fuzzy metric spaces and fuzzy normed
spaces and investigate relations of them.

2. st-convergent sequence and s,-convergent sequence
The following proposition is found in [9].

Proposition 2.1. Let (X, M, %) be a fuzzy metric space. Then a sequence (x,,)

in (X, M, %) is st-convergent to xo if and only if im,, 0o M (2y, xo, %) =1.
We can get the similar result on fuzzy normed spaces.

Proposition 2.2. Let (X,| - ||) be a fuzzy normed space introduced by C.

Felbin. Then a sequence (xy,) in (X, || -||) s st-convergent to xo if and only if

m
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Proof. Suppose that (z,,) is an st-convergent sequence to zo in (X, || - ||). Let
€ > 0. Then there exists n. € N such that if n > n,,
l2n — 202 < € for all o € (0, 1].

In particular, ||z, —z¢||% < € forn > n. and for all m € N, i.e., limy, m— o0 [|2n—
zol|% = 0. .

égnversely, suppose that limy, m—oo [|[Tn — 0|2 = 0. Let € > 0. Then
there exists n. € N such that if n,m > ne, ||z, —mx0||i < e. Let a € (0,1].
Then there exists m, € N such that m, > n. and % < a. For n > n,
llzn — 20l|2 < ||#n — 20]|*>.. < €. This means that (x,) is st-convergent to

a

Zo- Il
We now introduce the following definitions.

Definition 3. Let (X, M, x) be a fuzzy metric space and (X, | - ||) a fuzzy
normed space introduced by C. Felbin.
(1) A sequence (z,) in a fuzzy metric space (X, M,*) is said to be s,-
convergent to xg, for p € N if lim,_ .o M (mn, T, nip) = 1. A sequence
(z,,) in a fuzzy metric space (X, M, ) is said to be so.-convergent to
xg if (x,,) is sp-convergent to xg, for all p € N.
(2) A sequence (z,) in a fuzzy normed space (X, || - ||) is said to be s,-
convergent to xg, for p € N if lim,_,o0 ||zn — x0||2% = 0. A sequence
(25,) in (X, ||-||) is said to be sso-convergent to zg if (xn) is s,-convergent
to xg, for all p € N.

We note that sj-convergence coincides to s-convergence in fuzzy metric
spaces(or fuzzy normed spaces).

Proposition 2.3. Let (X, M, ) be a fuzzy metric space and (X, || - ||) a fuzzy
normed space introduced by C. Felbin. Then

(1) Sgy1-convergence implies sk-convergence in fuzzy metric spaces
(or fuzzy normed spaces), for k € N,

(2) st-convergence implies s -convergence in fuzzy metric spaces (or fuzzy
normed spaces).

Proof. (1) Let (x,) be a sequence which is sj1-convergent to xg € X in fuzzy
metric space (X, M, x) . Then lim,,_,o M (xn,xo, ﬁ) = 1. Since

1 1 1 1
M <$mxo» nk) >M <$n71'07 nk+1> * M <$07I0, ko nk+1>
1 1
=M Ty 05 T x1>M Ty 0, 7 |

. 1 : 1
HIL)H;OM <xn;$0ank) 2 ’nh~>II§oM (-TnaJ:OvW) =1.
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This implies that (x,,) is an sg-convergent sequence in (X, M, ).
Let (z,,) be a sequence which is s,11-convergent to g € X in fuzzy normed
space (X, || - ||). Then we can get the result by the following inequality:

| 2n — 20> 1 > [|#n — 20| .
k
n +1 TIVI‘A’

(2) Let (z,) be a sequence which is st-convergent to xg € X in fuzzy metric
space (X, M, ). Then
1
lim M(z,,z0,—) =1,
n,m—00 m
where n,m € N by Proposition 2.1. Let p € N. Then for m = n?,
1
lim M —)=1.
A, M@, 20, 25)
This implies that (z,) is an ss.-convergent sequence in (X, M, ).
Let (z,) be a sequence which is st-convergent to ¢y € X in fuzzy normed

space (X, | -]|). Using Proposition 2.2, (x,) is an se-convergent sequence in
(X - 1D- O

The converses of Proposition 2.3 are false, in general.

Example 2.4. Let M be a function on R x R x (0, 00) defined by

Mz, yt) = ——
(@y:t) = Py
Then (R, M,-) is a fuzzy metric space [9]. Let ,, = — for k € N. Then
1 oF 1
M(zy,0, —) = - =
(om0 ) = 2 T g
and )
1 T 1
M (z,, 0, = L = -
( nk+1) It L 2

This means that (z,) is sg-convergent to 0 but not an s 1-convergent sequence
to 0 in (R, M, -).
Let y, = n% and k € N. Then
M < 0 ! > = % —1
)k
as n — 0o. This means that (y,) is an s..-convergent sequence in (R, M, -).

We now show that (y,,) is not an st-convergent sequence. Suppose that (yp,) is
an st-convergent sequence. Then

lim M(y,,0,—)=1
n,m— oo m
and in particular, for m = n",

1
lim M(y,,0,—) =1.
nn

n—o0
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1
But M(y,,0,-%) = === = 4. We get the contradiction. This completes
the proof.

The following example is found in [2].
Example 2.5. Let X = R and we define a fuzzy norm || - || on X by

@ if |z] <t, x #£0,
llz|| = 1 ift=|z| =0,
0 otherwise.

Then (X, | - ||) is a fuzzy normed space introduced by C. Felbin [2] and a-level
set of (X,] - ||) is given by

Let Ty = nki1+1 Then

1
1
zn|? =2 ==
n nT
and
kl
2 nktl
T = =1.
H ”||nk1+1 nk1+1

These imply that (x,) is an sg-convergent and non-sx41 convergent sequence
in (X, [| - [])-
Let y, = ni and k € N. Then

1
" nk
as n — o0o. This means that (y,) is an s-convergent sequence in (X, || - ||).

We now show that (y,,) is not an st-convergent sequence. Suppose that (y,,) is
an st-convergent sequence. Then

lim |yn]% =0
7n,M—00 m
and in particular, for m = n",
lim Hynni =0
n— 00 nm
But [|y,||%. = 1. We get the contradiction. This completes the proof.

By Proposition 2.3, Example 2.4 and Example 2.5, we get the following strict
implications in fuzzy metric spaces and fuzzy normed spaces:

St-CONV. = Spo-CONV. => - -+ => §j41-CONV. => Si-CONV. - - - = S-CONV.
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3. A subsequence of a convergent sequence in fuzzy metric spaces
and fuzzy normed spaces

The following proposition is found in [8].

Proposition 3.1. Let (X, M, x) be a fuzzy metric space.

(1) Each subsequence of an s-convergent sequence in X is s-convergent,
(2) Each convergent sequence in X admits an s-convergent subsequence.

We can get the similar results for s,-convergence and s..-convergence in
fuzzy metric spaces and fuzzy normed spaces.

Theorem 3.2. Let (X, M, x) be a fuzzy metric space.

(1) Each subsequence of an s,-convergent sequence in X is sp-convergent
for all p € N and each subsequence of an s -convergent sequence in X
18 Soo-convergent,

(2) Each convergent sequence in X admits an sp-convergent subsequence
for all p € N. Moreover, each convergent sequence in X admits an
Soo-convergent subsequence.

Proof. (1) Let (x,) be an s,-convergent sequence to xo in X and (yx) a
subsequence of (z,), where y, = z,, and ng > k. Since (z,) is an s,-
convergent sequence to zo in X, for all € € (0,1), there exists n. € N such
that M(J;n,xo,n—l,,) > 1—¢ for n > n.. We can find kg € N such that
Nk 2> Ne. If k> ko,

1 1 1
M (ykvxmkp) =M (x”k’xo’kp) > M <xnk>$0;(nk)p> > 1_67

since ny > nk, > n. and ng > k. This implies that each subsequence of an
sp-convergent sequence in X is sp-convergent for all p € N. It is same with
this proof to show each subsequence of an s.,-convergent sequence in X is
Soo-convergent.

(2) Since seo-convergence implies s,-convergence, it suffices to show that
each convergent sequence in X admits an so.-convergent subsequence. Suppose
that (z,) is a convergent sequence to zo in X. Then for all » € (0,1) and
t > 0, there exists n,; € N such that M(z,,zo,t) > 1 —r for n > n, ;. Let
Zp, = 1. Since x,, — o, there exists ny(> 2) € N such that M (xnz,xo, 2%) >
1 — 2. Since z, — g, there exists ns (> max{3,n> +1}) € N such that
M ($n3,$0, 3%) >1-— 3%

Continuing this process, we get a subsequence (x,, ) of (x,) such that
1 1
M(xnk,xo,kk> >1fﬁ for all £ € N.
We now show that (z,, ) is see-convergent to xzg. Let € € (0,1) and p € N. Then
there exists ko € N such that 55 < e. If k > max{ko,p}, M (zn,, 20, 57) >
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M (T, 20, 75) > 1 — 72 > 1 — ko% > 1 —e. This means that (x,,) is sp-

convergent. Since p € N is arbitrary, (z,, ) iS Seo-convergent. O

Theorem 3.3. Let (X, |- ||) be a fuzzy normed space introduced by C. Felbin.

(1) Each subsequence of an s,-convergent sequence in X is sp,-convergent
for all p € N and each subsequence of an s -convergent sequence in X
18 Seo-cONVETgEN,

(2) Each convergent sequence in X admits an sp-convergent subsequence
for all p € N. Moreover, each convergent sequence in X admits an
Soo-convergent subsequence.

Proof. (1) Let (x,) be an s,-convergent sequence to o in (X, | - ||) and (yx)
a subsequence of (x,), where yp = z,, and ny > k. Since (z,) is an s,-
convergent sequence to xo in X, for all € € (0,1), there exists n. such that
||a:n—a:o||2% < ¢, for n > n.. We can find kg € N such that ng, > n.. If & > ko,

lyx — 5U0||2k¢p = ||lzn, — $0||2k¢p < zn, — 350||% <e,

since ny > nk, > n. and ng > k. This implies that each subsequence of an
sp-convergent sequence in X is sp-convergent for all p € N. It is same with
this proof to show each subsequence of an s.,-convergent sequence in X is
Soo-convergent.

(2) Suppose that (z,) is a convergent sequence to g in (X, || - ||). Then for
all € > 0 and a € (0,1], there exists neo € N such that ||z, — zo||2 < € for
n > neq. Let x,, = 1. Since x, — xo, there exists no(> 2) € N such that

|en, — x0||2% < 5. Since z, — o, there exists ng (> max{3,no +1}) € N
2

such that ||z, — z0||i3 < 35.
3

Continuing this process, we get a subsequence (., ) of (z,) such that

1
|€n, — on% < E for all k € N.
We now show that (x,, ) is se-convergent to zg. Let € > 0 and p € N. Then

there exists ky € N such that koip < e If k > max{ko,p}, ||[zn, — xOHQﬁ <

len, — onik < 5 < /90% < €. This means that (z,, ) is sp,-convergent. Since
k

p € Nis arbitrary, (Zn, ) 18 Sco-convergent. O

We note that s,-convergence does not imply s, 1-convergence in fuzzy met-
ric spaces and fuzzy normed spaces [Example 2.4 and 2.5]. However, we can
get the following corollary by (2) of Theorem 3.2 and (2) of Theorem 3.3, since
sp-convergence and soo-convergence in fuzzy metric spaces and fuzzy normed
spaces implies convergence for all p € N.
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Corollary 3.4. Any sp-convergent sequence in fuzzy metric spaces or fuzzy
normed spaces admits s,41-convergent subsequence, for all p € N and so-
convergent subsequence.

By Proposition 2.3 and Corollary 3.4, it is natural to consider the following
question.

Question. Does an sj,-convergent sequence or an so.-convergent sequence ad-
mit st-subsequence in fuzzy metric spaces or fuzzy normed spaces?

The answer is negative. It suffices to show that an s..-convergent sequence
does not admit st-subsequence in fuzzy metric spaces or fuzzy normed spaces
in general, since an s..-convergent sequence is an s,-convergent sequence.

Example 3.5. Let M be a function on R x R x (0, 00) defined by
M(z,y,t) = ———.
(@y,t) = =y
Then (R, M, ) is a fuzzy metric space [9]. Let y, = . Then {y,} is soo-
convergent to 0 by Example 2.4. We now show that (y,) does not have an
st-convergent subsequence. Suppose that there exists a subsequence (y,) of
(yn) which is st-convergent. Then
1
lim M (ynk70,> =1
m

k,m—o0
and in particular, for m = n}*,

. 1
lim M (ynk,(),nnk) =1.

k—o0 k

But M (yn,,0, %) = % We get the contradiction. This completes the proof.

The following example is found in [2].

Example 3.6. Let X =R and we define a fuzzy norm | - || on X by

@ if |z] <t, x #£0,

|z =¢ 1 ift=|z|=0,

0  otherwise.
Then (X, | - ||) is a fuzzy normed space introduced by C. Felbin [2] and a-level
set of (X, | - |) is given by

_ ||
el = {11, 2]
1

Let yp, = -%. Then {y,} is seo-convergent to 0 (Example 2.5). We now

o
show that (y,) has not st-convergent subsequence. Suppose that there exists a
subsequence (y,, ) of (y,) which is st-convergent. Then
. 2
lim Ay, 2 =0

o0 o

,m
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and in particular, for m = n}*,

I 2, =0
Jm IIynkllnik 0

But ||y, ]|>+ = 1. We get the contradiction. This completes our proof.
npk

The following theorem is found in [9].

Theorem 3.7. Every convergent sequence in a fuzzy metric space (X, M, *) is
st-convergent if and only if every convergent sequence in X is s-convergent.

We can get the same result on fuzzy normed spaces.

Theorem 3.8. Ewvery convergent sequence in a fuzzy normed space (X, || - ||)
introduced by C. Felbin is st-convergent if and only if every convergent sequence
in (X, -]) is s-convergent.

Proof. If every convergent sequence in (X, || - ||) is st-convergent, then every
convergent sequence in (X, || -||) is s-convergent, since st-convergence implies
s-convergence.

Conversely, suppose that every convergent sequence in (X, | - ||) is s-conver-
gent. Assume the assertion were false; there exists a convergent sequence (z,)
to xo in (X, ||-||) which is not st-convergent. Then there exists § > 0 such that
for all k € N, ||,k — m0||i(k) > ¢, for some n(k)(> k) € N and «(k) € (0,1].

We may take nq € N such that nq; > max {ﬁ,n(l) + 1} and let
Yr =Y2 = =Yn; = Tn(1)-
We may take no € N such that no > max {ﬁ, n(ny) + 1} and let

Yni4+1 = Yni+2 = " = Yny = Tn(ng)-

Continuing this process, we get a sequence (y;) such that

ni(€ N) > max{l,n(nk_l) + 1} ,keN, nyp=1
a(ng_1)
and
Ynp+1 = Ynp+2 = = Ynpyr = Tn(ng)-
We now show that (y;) converges to zg in (X, | -]|). Since (x,) converges to o,

for all € > 0 and « € (0, 1], there exists n., € N such that ||a, — zo|| < €, for
n > N, qo. Since n(ny) is increasing, there exists kg € N such that n(ng,) > neq.
If j > ngy + 1, yj = Ty(n,,) for some k > ko. Then if j > ny, +1,

ly; = zoll2 = |Zn(ny) — Zoll2 < €,
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since n(ng) > n(nk,) > Nea, Yj = Tnin,) and k > ko. We finally show that
(yj) is not s-convergent to zo. For k € N,

Hynk+1 - xOHL = ||‘rn(77«k) - xOHL
N1 N1
> ”xn(nk) - mOHi(nk) > d.
This completes the proof. O

It is clear that if a convergent sequence in fuzzy metric spaces (or fuzzy
normed spaces) is not s-converges, then it is not st-converges, since st-conver-
gence implies s-convergence in fuzzy metric spaces (or fuzzy normed spaces).
The converse is not true, in general. There exist convergent non-st-convergence
sequences examples which are s-convergent in fuzzy metric spaces (or fuzzy
normed spaces) [9] and [3]. However, we can get the following corollary, by the
proofs of Theorem 3.7 and Theorem 3.8.

Corollary 3.9. Let (X, M,x*) be a fuzzy metric space and (X, || - ||) a fuzzy
normed space introduced by C. Felbin.

(1) If (zy) is convergent to xo and non-st-convergent sequence in a fuzzy
metric space (X, M, x), we can construct a sequence (y,) which is con-
vergent to xo and non-s-convergent sequence in (X, M, ).

(2) If (z,,) is convergent to xo and non-st-convergent sequence in a fuzzy
normed space (X, | - ||), we can construct a sequence (yn) which is
convergent to xg and non-s-convergent sequence in (X, | -1|).

4. Stationary fuzzy normed spaces and s,-closed sets

A fuzzy metric M on X is said to be stationary [9] if M does not depend
on t, i.e. if for each z,y € X, the function M, ,(t) = M(z,y,t) is constant. In
this case we write M (z,y) instead of M(x,y,t). In similar way, we can define
the stationary fuzzy normed spaces.

Definition 4. A fuzzy normed space (X, || - ||) introduced by C. Felbin is said
to be stationary if for each x € X, ||z||(¢) is constant for all ¢ € R.

Non-trivial examples of stationary fuzzy metric spaces are found in [10], [13].
Stationary fuzzy normed spaces, however, are trivial.

Proposition 4.1. If (X,| - ||) is a stationary fuzzy normed space introduced
by C. Felbin, ||z||(t) =1 for allz € X and t € R.

Proof. Let x € X. Then for all ¢t € R, ||z||(¢) is constant. Since ||| is normal,
lz||(t) =1 for all t € R. O

We now introduce the following definitions.

Definition 5. Let (X, M, ) be a fuzzy metric space and (X, || - ||) a fuzzy
normed space introduced by C. Felbin.
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(1) A subset C of X is said to be closed in (X, M, «) if for any sequence
(zy,) in C converges to x, i.e., lim, oo M(zy,,z,t) =1fort >0,z € C.
A subset C' of X is said to be s,-closed if for any sequence (z,) in C
sp-converges to x, i.e., lim, oo M (xn,x, n—lp) =1,z € C. A subset C
of X is said to be st-closed if for any sequence (z,) in C st-converges
to x, i.e., limy, y—yoo M (xn,x, m) 1, zeC.

(2) A subset C of X is said to be closed in (X, ||-||) if for any sequence (z,,)
in C' converges to x, i.e., lim, o ||z, — 2|2 =0 for a € (0,1], z € C.
A subset C of X is said to be s,-closed if for any sequence (z,,) in C
sp-converges to x, i.e., lim, o0 ||z, — x||21 =0,z € C. A subset C of

X is said to be st-closed if for any sequence (zn,) in C st-converges to
z, i.e., limy, oo Nz, — 2|2 =0, 2z € C.

A subset C of X is said to be s-closed if it is s1-closed in X and a subset C of
X is said to be so-closed if it is sp-closed in X for all p € N.

Since st-conv. = S,o-CONV.=> -+ = §,-CONV. => S-CONV.--: = CONV., We
get the following implication for a subset C' in fuzzy metric spaces and fuzzy
normed space:

closed = s-closed = - - - = s,-closed = s-closed = st-closed.

Proposition 4.2. Closedness, sp-closedness and soo-closedness are coincide
in fuzzy metric spaces and fuzzy normed spaces.

Proof. Tt suffices to show that ss.-closedness implies closedness. Let X be
a fuzzy metric space. Let C' be an so-closed subset of X. Let (z,) be a
convergent sequence to z in X. Then there exists a subsequence (y,) of (z,)
such that (y,,) is seo-convergent to x, by Theorem 3.2 and Theorem 3.3. Since
C is seo-closed, x € C. This completes the proof. O

We now consider relation of st-closedness and closedness.

Lemma 4.3. Let X =R and we define a function M on X x X x (0,00) by

_t

t+|z—yl

Then (X, M,-) is a fuzzy metric space (Example 2.4). A sequence () in X
is st-convergent to xo if and only if there exists N € N such that x,, = xg for
alln > N (i.e., (x,,) is eventually constant).

M(x,y,t) =

Proof. Tt is clear that if (x,) is eventually constant, then (x,) in X is st-
convergent.

Conversely, suppose that (z,) in X is st-convergent to xzo. Then for all
€ > 0, there exists N, € N such that

1 1
M(zp, 20, —) = 77— >1—¢ for n,m > N..
m =+ |z — 20
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Fore:%,
1 1
M(zp, 29, —) = —2— > — for n,m > N1.
( ny 7m) %+|xn_x0| 27 ) — 3

This implies that

1
|xy, — xo| < — for n,m > N1.
m 2
Let n > N%. Then
|z — 20| = lm |z, — 20| < lim — =0.
m— 00 m—oo M
This implies that x,, = xg for n > N 1 This completes the proof. (I

Example 4.4. Let C = {1, 5, 3%,, ..., ==,...} be aset of R in Example 2.4.
Then C' is not s,-closed and not s..-closed, for all p € N, since (n%) i8S Seo-

convergent to 0 by Example 2.4 and 0 ¢ C. C is st-closed, since any st-
convergent sequence in X is eventually constant by Lemma 4.3.

We can also get the same result in fuzzy normed spaces introduced by C.
Felbin.

Lemma 4.5. Let X =R and we define a fuzzy norm || - || on X by

Bipjal <t o #0,
ift=|z| =0,

]l =4 1
0 otherwise.

Then (X, || -]|) is a fuzzy normed space introduced by C. Felbin [2]. A sequence
(xn) in X is st-convergent to xg if and only if there exists N € N such that
Tp = xg for alln > N (i.e., (x,) is eventually constant).

Proof. Tt is clear that if (z,) is eventually constant, then (z,) in X is st-
convergent.

Conversely, suppose that (z,) in X is st-convergent to xzo. Then for all
€ > 0, there exists N. € N such that

@0 — 2ol = m|zn — 20| < € for n,m > N..
m
For e = %,
2 1
||xn—x0||izm|xn—x0|<§ for n,m > N;.

This implies that

1
|z, — zo| < =— for n,m > N1
2m 2
Let nZN%. Then
|z, — x| = lim |z, —xo| < lim — =0.
m— oo m—oo 2m,
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This implies that x, = xg for n > N%. This completes the proof. (I

Example 4.6. Let C = {1, 2 57, 33""7n"" .} be a set of X in Example 2.5.
Then C' is not sp-closed and not s.o-closed, for all p € N, since (nl) iS Seo-
convergent to 0 in (X, ||-]|) by Example 2.5 and 0 ¢ C. C is st-closed set, since

any st-convergent sequence in (X, | - ||) is eventually constant by Lemma 4.5.

By Proposition 4.2, Example 4.4 and Example 4.6, we get the following
diagram in fuzzy metric spaces and normed spaces:

closedness < sp-closedness < s..-closedness = st-closedness.

We finally introduce another definition of fuzzy normed space suggested by
R. Saadati and S. M. Vaezpour [12].

Definition 6. The triple (X, N, *) is said to be a fuzzy normed space if X is a
vector space and # is a continuous ¢t-norm and N is a fuzzy set on X x (0, 00)
satisfying the following conditions, for all z,y € X, s,t > 0,

(N1) N(z,t) >0,
) N(z,t) =1if and only if x = 0,
) N(az,t) = N(m B I) for any a # 0,
4) N(z,s)*N(y,t) < N(z+y,s+1),
) N(z,-):(0,00) = [0 1] is continuous.
) hmt_mc (x,t) =

The following is found in [12].

Lemma 4.7. Let (X, N,*) be a fuzzy normed space. If we define a fuzzy set
M on X x X x (0,00) by

M(z,y,t) = N(x — y,t),

then M is a fuzzy metric on X, which is called the fuzzy metric induced by the
fuzzy norm N.

By Lemma 4.7, if topological property is satisfied in fuzzy metric spaces,
it is also satisfied in fuzzy normed spaces introduced by R. Saadati and S.
M. Vaezpour. All convergence properties in fuzzy metric spaces in this paper
are also satisfied in fuzzy normed spaces introduced by R. Saadati and S. M.
Vaezpour. Lemma 4.7 shows that the fuzzy norm in fuzzy normed spaces intro-
duced by R. Saadati and S. M. Vaezpour could induce fuzzy metric. However,
it is not easy to see whether or not the fuzzy norm in fuzzy normed spaces
introduce by C. Felbin could induce a fuzzy metric. This will be the subject of
further study.

Acknowledgment. The authors are grateful to the referees for their valuable
suggestions.



CONVERGENCES IN FUZZY METRIC SPACES AND FUZZY NORMED SPACES 199

References

[1] T. Bag and S. K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy
Math. 11 (2003), no. 3, 687-705.

, Fuzzy bounded linear operators in Felbin’s type fuzzy normed linear spaces,
Fuzzy Sets and Systems 159 (2008), no. 6, 685-707. https://doi.org/10.1016/j.fss.
2007.09.006

[3] K. Cho and C. Lee, On convergneces in fuzzy normed spaces (preprint).

[4] Z. Deng, Fuzzy pseudometric spaces, J. Math. Anal. Appl. 86 (1982), no. 1, 74-95.
https://doi.org/10.1016/0022-247X(82)90255-4

[5] C. Felbin, Finite-dimensional fuzzy mormed linear space, Fuzzy Sets and Systems 48
(1992), no. 2, 239-248. https://doi.org/10.1016/0165-0114(92)90338-5

6] A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and
Systems 64 (1994), no. 3, 395-399. https://doi.org/10.1016/0165-0114(94)90162-7

[7] M. Grabiec, Fized points in fuzzy metric spaces, Fuzzy Sets and Systems 27 (1988),
no. 3, 385-389. https://doi.org/10.1016/0165-0114(88)90064-4

[8] V. Gregori, J. J. Mifiana, and S. Morillas, A note on convergence in fuzzy metric spaces,
Iran. J. Fuzzy Syst. 11 (2014), no. 4, 75-85, 102.

[9] V. Gregori and J.-J. Minana, Strong convergence in fuzzy metric spaces, Filomat 31
(2017), no. 6, 1619-1625. https://doi.org/10.2298/FIL1706619G

[10] V. Gregori and S. Romaguera, Characterizing completable fuzzy metric spaces, Fuzzy

Sets and Systems 144 (2004), no. 3, 411-420. https://doi.org/10.1016/50165-
0114(03)00161-1

[11] O. Kaleva and S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems 12 (1984),

no. 3, 215-229. https://doi.org/10.1016/0165-0114(84)90069-1

[12] R. Saadati and S. M. Vaezpour, Some results on fuzzy Banach spaces, J. Appl. Math.

Comput. 17 (2005), no. 1-2, 475-484. https://doi.org/10.1007/BF02936069
[13] A. Sapena, A contribution to the study of fuzzy metric spaces, Appl. Gen. Topol. 2
(2001), no. 1, 63—76. https://doi.org/10.4995/agt.2001.3016

2]

KyuceuN CHO

BANGMOK COLLEGE OF GENERAL EDUCATION
Myona J1 UNIVERSITY

YONGIN 17058, KOREA

Email address: kgjo@mju.ac.kr

CHONGSUNG LEE

DEPARTMENT OF MATHEMATICS EDUCATION
INHA UNIVERSITY

INCHON 22212, KOREA

Email address: cslee@inha.ac.kr


https://doi.org/10.1016/j.fss.2007.09.006
https://doi.org/10.1016/j.fss.2007.09.006
https://doi.org/10.1016/0022-247X(82)90255-4
https://doi.org/10.1016/0165-0114(92)90338-5
https://doi.org/10.1016/0165-0114(94)90162-7
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.2298/FIL1706619G
https://doi.org/10.1016/S0165-0114(03)00161-1
https://doi.org/10.1016/S0165-0114(03)00161-1
https://doi.org/10.1016/0165-0114(84)90069-1
https://doi.org/10.1007/BF02936069
https://doi.org/10.4995/agt.2001.3016

