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THE FLAT EXTENSION OF NONSINGULAR EMBRY
MOMENT MATRICES E(3)

CHUNJI L1 AND HONGKAI LIANG

ABSTRACT. Let v(") = {~;;} (0 < i+j < 2n, |i—j| < n) be a sequence in
the complex number set C and let E (n) be the Embry truncated moment
matrices corresponding from (™). For an odd number n, it is known that
4(™) has a rank E (n)-atomic representing measure if and only if E(n) > 0
and E(n) admits a flat extension E(n + 1). In this paper we suggest a
related problem: if E(n) is positive and nonsingular, does F(n) have a
flat extension E(n + 1)? and give a negative answer in the case of E(3).
And we obtain some necessary conditions for positive and nonsingular
matrix F (3), and also its sufficient conditions.

1. Introduction and preliminaries

The notion of the moment problem was introduced by Stieltjes in 1894 and
it is known as a very common problem in physics and engineering nowadays.
At present many scientists and mathematicians have studied it in several top-
ics such as Stieltjes, Hamburger, Hausdorff and Toeplitz truncated moment
problems, etc. ([1]). In particular, in the 1990s, R. Curto and L. Fialkow
introduced and have developed the truncated complex moment problem re-
lated to flat extensions ([2-5]). In 2003, one introduced the Embry truncated
complex moment problem (as defined below) which is closely related to Embry
characterization for subnormal operators as a modification from Curto-Fialkow
moment matrices. The authors in [6] showed that the Embry truncated com-
plex moment problem is solvable with matrix flat extensions. And the flatness
for some special cases were studied ([7-10]).

For n € N, let m = m(n) := ([%] + 1)([25] + 1). For A € M,,,(C) (the
algebra of m x m complex matrices), we denote the successive rows and columns
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according to the following ordering:
(1.1) 1, Z ,7% 22,723, 272% 2%, 273, 72?722, . ...
~N~ N ———, ——
®n @ (2) (2) (3)
For a collection of complex numbers
(1.2) 4™ = {7} (0<i+j<2n, |i—j| <n) with v > 0and vj; = 7ij,
we define the moment matrix E(n) = E(n)(y™) in M,,,(C) as follows:

E(N) (k1) (i.5) *= Viijtk-

For example, if n = 3, i.e.,

7(3) — { 700, 7015 Y10, Y025 V11, 7205 Y035 V12, V215 730, } ’
Y13, V22, Y31, V14, V23, V325 V41, V24, V33, V42
then we obtain the moment matrix
1 zZ z* Zz 73 Z7?
Yoo 7Yor o2 Y11 703 V12
Y10 Y11 Y12 Y21 Y13 722
E@B)= | 720 721 722 731 723 732

Y11 Y12 Y13 Y22 Y14 723

Y30 V31 Y32 Y41 V33 V42

Y21 722 Y23 Y32 724 733
Embry truncated complex moment problem entails finding a positive Borel mea-
sure u supported in the complex plane C such that

Vij = /Eizjdu(@ (0<i+j<2n,li—jl<n)

p is called a representing measure for ™) as in (1.2).

Recall that Embry quadratic moment problem for n = 1 was solved in [§],
Embry quartic moment problem for n = 2 was solved in the singular case in [7],
and the nonsingular case was solved in [10]. In this paper, we consider Embry
moment problem for n = 3.

For a positive matrix A, an extension of A is a block matrix of the form

(1.3) fl:z[g* g]

where B* is the conjugate transpose of B. That A is a flat extension of A
means rank A = rank A.

We now recall a theorem concerning Embry moment matrices E(n) which
gives a motivation for our discussion.

Theorem 1.1 ([6, Theorem 3.10]). Let (™) = {v;;} (0 <i+j < 2n, [i—j| < n)
be given.

(i) If n is even number, then v™ has a rank E(n)-atomic representing mea-
sure if and only if E(n) > 0 and E(n) admits a flat extension E(n + 2).
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(ii) If n is odd number, then Y™ has a rank E(n)-atomic representing mea-
sure if and only if E(n) > 0 and E(n) admits a flat extension E(n+ 1).

In terms of Theorem 1.1, it is worthwhile to find a flat extension of E(n),
and the following question arises.

Nonsingular Embry truncated complex moment problem. If E(n) is
positive and nonsingular, does E(n) have a flat extension E(n +1)?

But we show that the answer of this problem is negative, see Theorem 2.1 in
Section 2 below. Thus we detect conditions for the positivity and nonsingularity
of Embry moment matrix E(3) via flatness property in Section 2. For this
purpose, we recall some terminology related this study below.

If A>0and AW = B, i.e., Ran B C Ran A, there is a unique flat extension
of the form (1.3), which is denoted by [4;B]. For E(n) > 0, we want to
construct a positive flat extension of the form E(n + 1) = [E(n); B(n)]. Let
C = (cij)lgi,jg[%}ﬂ in [E(n); B(n)]. For n =3,

€11 C12 (13
C=B (3)* E(3)_1B (3) = C21 C22 Co3 5
€31 €32 €33
where
Yo4 Y14 Y24 Y15 V34 V25
B(3)= | 713 723 733 724 Va3 V34
Y22 Y32 Y42 V33 V52 V43
If E(3) > 0 (i.e., E(3) is positive and invertible), then [E(3); B(3)] is a flat
extension of E(3) if and only if ¢11 = c99 = ¢33 and co; = ¢392, in which
contains variables o4, V15, 734, and 725, has a solution.
Some of the calculations in this article were obtained throughout computer
experiments using the software tool Scientific WorkPlace ([11]).

Notations. The superscript “T” stands for matrix transposition; RT denotes
the set of positive real numbers. In symmetric block matrices, we use an asterisk
(%) to present a term that is induced by symmetry.

2. Flat extension of nonsingular Embry moment matrices E(3)

2.1. The basic case

‘We consider

(2.1) E(3) = with a,b,c € RT.

SO OO
T O oo 8 O
S OO T OO
SO T O oK
OO0 OO oo
o OO o TO
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Theorem 2.1. E(3) as in (2.1) is positive and invertible if and only if b > a?
and ac > b2, but it has no flat extension E (4). Therefore, v3) does not admit
a 6-atomic representing measure.

Proof. In fact, if E (3) has a flat extension E (4), then we obtain

(1) Y5743 = V3as

(2) [ysal® = T=azyp T s .
From (1), we know that 34 = 43 = 0 or |734|2 = |fyg5\2. But this is contradict
to (2). Thus we have our conclusion. O

2.2. Case of vp1

We consider

1 7% 0 a 0 O
Y0 a 0 0 0 b
0 0 b 0 0 O . _
(2.2) EB3) = e 0 0 b 0 0 with a,b,c € R, and 791 = 9109 # 0.
0 0 0 0 ¢ O
0 b 0 0 0 ¢

Proposition 2.2. F(3) as in (2.2) is positive and invertible if and only if
ac>b* and w:=belyor]? — (b—a?) (ac—b%) < 0.
We know that E (3) as in (2.2) has a flat extension E (4) if the following
conditions hold (here we take y25 = J52 = 0):
(1) —134(a® = b)b + cy107a3(am1s — bryos) = cyorysalac — b?).

a’c—ab? _ 2 a3—ab+b|701|2
(2) —= (04715 + Ya0751) = G + |34l w -
2 b2 —actc|vo1|?

2 p3—ab
|Y04] # -

|715] -
c(ac—b2)3 ac—b?
(3) |yaal® = — ( bwb C 4 be =P~ (10734 + Yo1743)-
Let 34 = u+ 4v and 91 = s + ¢i. Then by (3) we have
_ b2 3 _ b2
u? 0% = fMJrchac (su+ tv).
bw w
Let v = —u. Then we have
—p? — p2)3
2u? — 2bc 2 (s —t)u+ % =0.

We can obtain

u= M(s —t)+ (ac_bQ)\/(—QcaC;b2> w+ b2 (s — t)°.

2w 2w

Next, we let vo4 = p + iq and 15 = m + in. Then by (1) we have
(4) —a(s+t)m+a(s—t)n+b(s+t)p+db(t—s)¢=X,
(5) ac(t—s)m—ac(s+t)n+bc(s—t)p+bc(s+t)g=Y, where

X =—(s+1) (ac—0b%),
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Y =2b(a®—b)u+c(s—t)(ac—1b%).
By (4) and (5), we have
(Y =Xe)-s(Y+Xc) b b
e 2ac (52 + t2) TP TP
s(Y=Xco)+t(Y +Xc¢) b b
_ —qg= A+ —q.
2ac (8% 4+ t2) Jraq +aq
Substituting yo4 and 715 with m and n to (2), we obtain
a? (2b (b52+bt2—ab+a3) u?+a? ()\2+u2) (—csz—ct2—|—ac—b2))
= bw (bp*+bg*+2app+2ag)\) —a*c*w

n =

(2.3)

The equation (2.3) is solvable if
2b (bs® + bt* — ab + a®) u® + a® (ac — b*) (u* + A?) + Fw < 0.
Finally, we obtain the following result.

Theorem 2.3. Assume that ac > b* and w := bc |'y01|2 — (b — a2) (ac — b2) <
0. If

(2.4) 20 (b Iyor|” —a (b — a2)) u® +a® (ac — b?) (p® + N?) + Pw <0,

then E(3) as in (2.2) is positive and invertible, furthermore it has a flat exten-
sion E(4).
We give an illustrating example for Theorem 2.3 below.

Example 2.4. Let a=1,b=2,c=8 and 1 = %. That is

1

1 0100
L1 000 2
0 0 2000
(25) E@=1"1 0 0200
0 0 00 80
0 2 000 38

Then the condition (2.4) of Theorem 2.3 is satisfied. Thus E(3) as in (2.5) is
positive and invertible, furthermore it has a flat extension E(4). Indeed, we
can find an extension E(4) of E(3) as following:

1 0100 —-2-4 0 2
% 1 0 0 0 2 0 0 0
0 0 2 0 0 O 0 8 0
1 0O 0 2 0O 0 0 8
E4) = 0 0O 0 0 8 0 8 — &i 8+ 8¢ 0
0 2 0 0 0 8 0 8 — 8i 8+ 8
* *  x Kk Kk *x 96 —16+48; —16 — 48
* *  x Kk x K« —16—48i 96 —16 4+ 48¢
| * * Kk Kk * * —164+48 —16— 48 96
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2.3. Case of g2

‘We consider

1 0 %2 a 0 O
0 a O 0 O O
0 b 000 . n e
2 0 0 b 0O with a,b,c € R and g2 = 729 # 0.
0 0 0 0 ¢ O
0 b 0 0 0 ¢

Proposition 2.5. E(3) as in (2.6) is positive and invertible if and only if
ac > b2 and |yp2|* < b — a2

2.3.1. Sufficient condition for E(3) has no flat extension E(4). Let w = a? —
b—|—|702|2. Then by Proposition 2.5 we know that w < 0. By direct computation,

we have

—b? |704|2 + ab (Yoay51 + Y10715) + (|702|2 - b) \715|2

C11 = bw
1 2 |“Y25|2

+ p |V34] +aac—b2’

1, arys1 — byao V34752
Cl2 = 0743 CY02 wb +aac— 2’

bya0 (ac—bQ) + 51 (ab2 —bc+c|702\2) 2ac — b2
C13 = bw + 743752 c(ac—1%)’
- |734|2 2ac — b? _Cgb—a2

c(ac — b?) bw

1 2 ac — b?
Ca3 = —7V34Y52 T @ s 5 — Y20 )

c ac—b bw

—bc? — b* + 2abc + 2 |02 S| a
C33 = oo + = yas|® + ——5 [aal®.

bw c ac—b

Thus, E (3) as in (2.6) has a flat extension E (4) if and only if the following
conditions hold:

b—"YO2|2 |’Y25\2 2b—a?

(1) 704 (@51 — bya0) — Y15 (751T - a%o) Faw T = ¢ +

aw

(2)

|’Ys4\2
ac—b?"

sl - 5t = e (ab — PR ) b (02— ac) + % sl

w2 k _ b2—ac w
(3) £v3s + cr20704 + awyas ;5 — acy20 Gt = YT + Pyesvas +
2
Y34
aw—154; .

From (2), we have

c 2
Iyaal® = |yas)? = b <c2 102]? — (ac —b?) ) )
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By (1), we have

b

ac? |702\2
_C<(—C+ab)+b(ach) = Z

b — |02l
Yo4 (ays1 — byao) — 15 | V51— — ava0

Let 04 = p +iq, Y15 = m +in, y34 = u + v, Y25 = T + iy and o2 = 5 + it.
Then from (3) we have

ac’s (—ac + b2) m+ ac’t (—ac + b2) n + bt (ac — b2) qg=A,
ac’t (ac — b2) m+ ac’s (—ac + b2) n+bc?s (ac — b2) q = B,
where
A =bc’s (ac—b%)p— (02 (ac — 62)2 s+ b*w (uz +vy —u® + v2)) ,
B = bc*t (ac — b*) p— <c2 (ac — b2)2 t+ b3w (—2uv + uy — vx)) :
Thus

N As — Bt )
ac? (s2 +t2) (ac — b?) ’
b At + Bs b
n=git e (s2 4+ t2) (—ac + b?) =it

Here, 2 + X2 # 0. If 2 + A2 = 0, we know that s? +¢2 = 0, i.e., 02 = 0.
Thus, we can assume that A # 0.

From (1), we have a?bZ = P (p,q), where

P (p,q) = b*wq® + 2abuwq
+ (—aQbZ) p? + 2a3b\p + a? ()\2 + uz) (—b + 5%+ t2)
A 2
= —a’b? (p — ab) + wb? (q + %) +a® (Nw—a’p?) <0.
Thus if Z > 0, then E (3) as in (2.6) has no flat extension F (4). The condition
Z > 0 is equivalent to
b(c— ab) (ac — b?)
ac?
Finally we obtain the following result.

< \’Yoz|2~

Theorem 2.6. If ac > b* and

b(c— ab) (ac — b?)
ac?

then E (3) as in (2.6) is positive and invertible but has no flat extension E (4).

(NC) < Jyool* < b—a?,

We give an illustrating example for Theorem 2.6 below.
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Example 2.7. We consider

1 0 $+4i 100
0 1 0 00 2
1 1;
27) E@) = 1 0 0 200
0O 0 0 050
0 2 0 005

Then E(3) as in (2.7) is positive and invertible. Since the condition (NC) of
Theorem 2.6 is satisfied, we know that E (3) as in (2.7) has no flat extension
E(4).

The following example shows that there is a moment matrix F(3) that the
condition (NC) of Theorem 2.6 is not satisfied but it has a flat extension E(4).

Example 2.8. We consider

1 0 344 1 0 0
o 1 0 0 0 2
1 1
(28) E@) 1 0 0 2 0 0
0 0 0 0 12 0
0 2 0 0 0 12

Then F (3) as in (2.8) is positive and invertible. Let o4 = p+iq, v15 = m+in,
v34 = u+iv and yo5 = x + 4y. Then E(3) as in (2.8) has a flat extension F(4)
if and only if
(1) 3m%+2n? —dmp—4ng+4p* +4¢° — fu? — fv? + 222+ 3y? — 144 = 0,
(2) Hu?+ Hv? - Ha? - Ly?+8=0,
(3) 6m +6n —12p — 12¢ — iuQ—F ixu—l— in—l— iyv—48=07
(4) 6n —6m+ 12p — 12¢q — %uv—i—iuy— ivx—48:0.
We can obtain one of the solutions
p=—4, q:3\/§f47 m = —8, n:6xf2, u=uv=0, x:y:4\/§.

That is, o4 = —4 + (32— 4) 4,715 = —8 + 6v/2i,734 = 0 and 725 = 4V3 +
44/3i. Thus E(3) as in (2.8) that has a flat extension F(4).

2.3.2. Sufficient condition for E(3) has a flat extension E(4). Let yo2 = s+it,
Yo4a =P+ iq, Y15 = m +in, y34 = 0 and 25 = = + ¢y. Then

2 2 2 2 2442
v ry” G prta +2amp+nq+(mz+nz)8 +

Ci1 = a

ac — b2 w w bw ’
2,

022:%(61 —b),
1,, 9 b+ % —2abc 2 s+ ¢2

cos = = (o2 y?) - L T 20be ©

c w b w
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— bp— i (an — by)

C12 = —C(S+it) wb y
m (52 + t2) —bq (b2 — ac) + ab®>m — bem
a3 = bw
bg (b2 — ac) —ab’n + ben — cn (32 + t2)
+1 b ,

b — ac
bw
Thus E(3) as in (2.6) has a flat extension E(4) if

(1) b2 (b* — ac) (p* + ¢*) + 2ab (ac — b?) (pm + qn)
(W02| - b) ac — b*) (m?+n?)+abw(z?+y*)+c? (b — a?) (ac — b?)
=0

Coz = (s — it)

(2) bw(z? + y?) + & |y2|* —c (ac — b2) =0,
(3) b%s — acs + ams + ant — bps — bgt = 0,
(4) b*t — act — amt + ans + bpt — bgs = 0.
From (3), (4), we obtain
1
s ((ac = b?) (s* = %) + bp (s* +17)) ,
1
n = m (bq(82+t2) +2(GC—b2) St) .
From (2), we have
¢ ((ac —b?)° — 2 102/
P )

bw
So we need the condition

(C1) (ac — b2)2 — |702|2 <0.
By (1), we obtain

ac — b? (ac — b2) ? (ac — b2) ?
—w—sy (bp+ (s—t)(s+1) (52+t2)> + <bq+28t(52+t?)>
= (ac — bz) (b2 (ac - b2) +c? (b - a2)) — (acg) |’y02|2 )

Thus if

b% (ac — b%) + ¢ (b — a?
() oal? < (ac —12) e =) 202 )
then we can solve the equations. Finally, we obtain the following result.

Theorem 2.9. If ac > b? and

—p2)? 2 (ac — b2)+c2 (b— a2
(2.9) % < |y02/? < min {b—a2, (ac —b) (ac )+ (b—a) } )

)

ac3
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then E(3) as in (2.6) is positive and invertible, furthermore it has a flat exten-
sion E(4).

We give an illustrating example for Theorem 2.9 below.

Example 2.10. Let a =1,b=2,¢ =12 and g2 = \/gz That is,

10 /210 o

0 1 0O 0 0 2

(2.10) E@=| /20 2 00 o0
1 0 O 2 0 O

0 0O 0 0 12 O

0 2 0 0 0 12

Then the condition (2.9) of Theorem 2.9 is satisfied. Thus E(3) as in (2.10)
is positive and invertible, furthermore it has a flat extension E(4). Indeed, we
can find an extension E(4) of E(3) as following:

10 /2 1 0 0 2v/2i 0 2
0 1 0 0 0 2 0 0 0
—\/gi 0 2 0 0 0 0 12 0
(1) = 1 0 0 2 0 0 —8+4V2i 0 12
(4) = 0 0 0 0 12 0 0 0 12¢/2 (1 —4)
0 2 0 0 0 12 12v2(1+19) 0 0
* x & x 216 —48v/6i —144 — 24/2i
* X x % ok x 48/61 216 —48/6i
L x *  x  x x o« —144+ 242 48V/6i 216

Remark. The moment matrix E (3) as in (2.8) does not satisfy the condition
(2.9) of Theorem 2.9.

2.4. Case of ~34

‘We consider

1 00a 0 0
00a 00 0 b
(211) E@) = |2 0 20 0 0| withabceR" and yo = a2 £0.
0 0 0 O C Y42
0 b 0 0 74 c

Proposition 2.11. E(3) as in (2.11) is positive and invertible if and only if
b>a? and w:= c(b2 — ac) —|—a|724\2 < 0.

Let y24 = s +it,y25 = T + iy, Y04 = p + iq and y15 = m + in. Similarly, we
know that E (3) as in (2.11) has a flat extension E (4) if the following conditions
hold (here we take 34 = J43 = 0):
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(1) abe (b—a?) (z? +y?) + wa® (s> + 2 — ) — wb? (p* + ¢*)
+ bw (02 —m? —n? 4+ 2amp + Qanq) =0,
(2) b(a® —b) (b* — ac) (2% + y?) +wa? (s* + 2 — ) +wb* (2ac — b?) = 0
(3) cs —ms —nt — abs + aps + agt =0,
(4) ¢t +mt —ns — abt — apt + ags = 0.
If s # 0, then by (3), (4), we have
1

9

m= o ((c—ab+ap)s® — (c—ab—ap)t*),
n = e (aqs2 + agt® + 2cst — Qabst) .
s
By (2), we have
1 w

2, ,2_ 1 2 2_ 22 4 2
x°+y° = b (ac—1%) (h—a?) (a |v24]” — a“c® — b* + 2ab c).

It has a solution if 0 < a2 |y24|* — a%c? — b* + 2ab3c, that is

2
ac — b2
% < Jyaal?.
a
Substituting Yo4,v15 with m,n and 2% + 32 to (1), we obtain
w — ab® + a’be
(a2 —b) (ac —b?)’
It has a solution if w — ab® 4 a?bc < 0, that is,

p*+q* = ab

1
24 < p (ac —b?) (c —ab).
Since |ya4)” < < (ac—b?), and

%(ac—bz) (c—ab) — g (ac —b*) = =b (ac — b*) < 0,
we obtain a sufficient condition

ac — b?)* 1
(a72) < |yaal? < o (ac —b%) (c — ab).

If s = 0, then similarly we can obtain a sufficient condition as above. Thus
we obtain the following result.

Theorem 2.12. Assume that b > a®. If

(ac — b2)2

2 1 2
(2.12) pe < yaa]” < o (ac —b*) (c — ab),

then E(3) as in (2.11) is positive and invertible, furthermore it has a flat ex-
tension E(4).

We give an illustrating example for Theorem 2.12 below.
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Example 2.13. Let a =1,b=2,c =5 and 724 = 1 +¢. That is

1 0 0 1 0 0
01 00 0 2
0 0 2 0 0 0
(2.13) E@3) = L 002 o0 0
0 0 0O 5 1—1
0 2 0 0 1+: 5

Then the condition (2.12) of Theorem 2.12 is satisfied. Thus E(3) as in (2.13)
is positive and invertible, furthermore it has a flat extension E(4). Indeed, we
can find an extension E(4) of F(3) as following

1001 0 0 2 0 5 -
01 0 0 0 2 0 0 0
0 0 2 0 0 0 1+ 5 1—4
1 0 0 2 0 0 (3_1_\@)2- 1+ 5
0 0 0 O 5 1—14 0 0 @
02 00 1+i 5 & 0 0
* x K* * * * % 11(2—1-) _1+(21-2+4\/§)7:
* x * % * * 11(§+i) % w
L * * * % _1+(212+4‘/5)i 11(;+i) 2 ]
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