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A g-ANALOGUE OF QI FORMULA FOR
r-DOWLING NUMBERS

Joy ANTONETTE D. CILLAR AND ROBERTO B. CORCINO

ABSTRACT. In this paper, we establish an explicit formula for r-Dowling
numbers in terms of r-Whitney Lah and r-Whitney numbers of the second
kind. This is a generalization of the Qi formula for Bell numbers in terms
of Lah and Stirling numbers of the second kind. Moreover, we define
the g, r-Dowling numbers, g, r-Whitney Lah numbers and ¢,r-Whitney
numbers of the first kind and obtain several fundamental properties of
these numbers such as orthogonality and inverse relations, recurrence
relations, and generating functions. Hence, we derive an analogous Qi
formula for ¢, r-Dowling numbers expressed in terms of g, r~-Whitney Lah
numbers and ¢, r-Whitney numbers of the second kind.

1. Introduction

Cheon and Jung [3] defined the r-Dowling numbers, denoted by D, (n, z),
as a sum of the r-Whitney numbers of the second kind

(1) Dm,r(n) = Z Wm,r (n7 k)a
k=0

which is a generalization of the Dowling numbers introduced by Benoumhani
[1]. Fundamental properties of the r-Dowling numbers were derived such as
the exponential generating function

" em* —1
(2) ;Dm,r(n)ﬁ = eXp (TZ + m)v

and the recurrence relation

(3) Dppr(n+1) = 1Dy r(n) + Z (?) m" I Dy (j), n>0.
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In the same paper, Cheon and Jung also defined the r-Whitney Lah numbers,
denoted by Ly, (n,k), in terms of the r-Whitney numbers of the first kind
W, (1, k) and the second kind W, ,(n, k)

(4) Lppr(n, k) = Zwmrn] W (5, k),

which generalizes the identity for the Lah numbers in terms of the Stirling
numbers of the first kind s(n, k) and the second kind S(n, k)

(5) (~1)"L(n, k) Z SG. k).

Other properties for Ly, ,(n, k) were established which include its horizontal
generating function

(6) (@ +2r[m)n =Y Lo (n, k) (x|m)s,
k=0

where

(x4+2r)---(z+2r+(n—-1m), n>1,

(x + 2rim), = {
0, n =020,

and the triangular recurrence relation
(1) Lmyr(nk)=Lp,(n—1k—-1)+2r+ (n+k—1)m)Lpy,(n—1,k),

with L, ,(n,n) =1 for n > 0 and Ly, (n,n) =0 for n < k, or n,k < 0. We
can use (7) to generate the first values of Ly, .(n, k).

Qi [10] established a new way of computing Bell numbers by applying the
nth derivative of the exponential function e®!/*

d* i 1/t k 1
dT"e =(-1)"e kZ:o(il) L(n»k)m,

to the famous Fad di Bruno formula [4]

St o) ka) VB (0), K (2), ..., =D (1)),

where B,, 1,(z1, 22, ..., Tpn—k+1) is the Bell polynomial of the second kind with
n — k + 1 variables defined by

nl n—k+1 T l;
i
B, k(x1,22,. .. Tn—kt1) = Z Wll' H (z')

1<i<n,l;EN i=1
ili=n

Sio
S li=k
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such that Bi(1,1,...,1) = S(n, k). The said explicit formula which we refer
as the Qi Formula for the Bell numbers is given by

n

k
(8) B =Y (1" 3Lk ) p (k).

k=0

However, particularly interesting is the second proof provided in the same paper
which utilized already existing fundamental properties of the Lah numbers and
the Stirling numbers such as the well-known identity for the Lah numbers [4]

(—=1)"L(n, k) Z )S(4, k),

and the inverse relation of the Stirling numbers

n

9) Fo = s(n,§)g; <= gn = ZSTLJ

k=0

By letting f,, = (—1)"L(n, k) and g; = (—1)7S(j, k), (9) yields an expression
for the Stirling numbers of the second kind, which is given by

S(n, ZSn (=1 L4, k).

Summing up both sides over k gives (8). Moreover, the r-Dowling numbers
D,,, r(n), which are defined in [3] as the sum of the r~-Whitney numbers of the

second kind
n) = Z Winr(n, k),
k=0

generalize the Bell-type numbers. A comprehensive study of r-Dowling num-
bers has been done by Gyimesi and Nyul in [7].

In the case when m = 1 and r = 0, the r-Whitney numbers, the r-Dowling
numbers, and the r-Whitney Lah numbers reduce to the Stirling numbers, the
Bell numbers, and the Lah numbers, respectively.

Corcino et al. [5] obtained an explicit formula parallel to (8) expressing -
Dowling numbers in terms of r-Whitney Lah numbers and r-Whitney numbers
of the second kind, which is discussed in Section 6. From this result, it is
interesting to establish a corresponding g-analogue of the Qi formula for r-
Dowling numbers.

2. The r-Whitney numbers

Mezo [9] introduced the r-Whitney numbers as a consequence for deriving
a new formula for the Bernoulli polynomials. As a further study, Cheon and
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Jung [3] defined the (signless) r-Whitney numbers of the first kind ws, ,(n, k)
and the second kind W, ,.(n, k) as coefficients of following relations

n

(10) m"(x), = z:(—l)"*kw,ﬁ,w«(n7 k) (max + ),
k=0

(11) (mz +7)" = kaWm7T(n,k)(x)k,
k=0

where (z),, is the well-known Pochammer symbol for the falling factorial defined
by

1, n = 0.

These numbers generalize the Whitney numbers of the first kind and the second
kind which were developed by Benoumhani [1].
The Stirling numbers satisfy the following orthogonality relations

(m)n:{x(a:—l)--~(x—n+1), n>1,

(12) > S(n,k)s(k,m) =Y s(n,k)S(k,m) = Spm.
k=m k=m

By applying (11) into (10), Cheon and Jung [3] showed that the r~-Whitney
numbers satisfy the orthogonality relation
(13) Z(_l)nikwm,r(na k)Wm,r(kvp) = 5%;07

k=0

where d,,;, denotes the Kronecker delta function.

By making use of the orthogonality relation in (13), one may easily establish
the following inverse relations between r-Whitney numbers of the first kind and
the second kind.

Theorem 2.1. The r-Whitney numbers satisfy the following inverse relations:

n

(14) L fn = Z(_l)n_kwm,r(na k)gk < gn = Z Wm,r(na k)fka
k=0

k=0 =
(15) i fe= > (D" Fwne(nk)gn == gk =Y Winr(n,k) fr.
n=~k n=~k

Other properties of the r-Whitney numbers established in [3] include the
triangular recurrence relations

(16) Wi (N, k) = Wi r(n— 1k —1) 4+ (r + (n — 1)m)wy, (0 — 1, k),
(17) Winr(n, k) =Wy o (n =1,k = 1)+ (r + km)W,, »(n — 1, k),

with wp, »(n,n) = W, »(n,n) =1 for n > 0 and wy, »(n, k) = Wy, »(n, k) =0
for n < k, or n,k < 0. Equations (16) and (17) can be used to generate the
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first values of wy, (n, k) and W, .(n, k). The r-Whitney numbers also satisfy
the following exponential generating functions

& 2" o InfF(1 +mz2)
(18) 2(_1)71 wm,r(’%k)ﬁ =(1+mz) TR
k
P er? [emz _ 1
(19) > Wi, (0, B) — = — ( - > .

n>k

Using the inverse relation (15), the generating functions (18) and (19) can be
transformed, respectively, into the following identities

fo: _ In"(1+mz) k!

. 2 Wnrln W4 me) == o= = 1
e ek erz emz _ 1 n k' _

(21) T;:k(_l) wm,r(na k)m( m > ka =1

Recently, Gyimesi and Nyul [8] gave new combinatorial interpretation for r-
Whitney numbers as well as for r-Whitney-Lah numbers

3. A g-analogue of r-Whitney numbers
A given polynomial ag(q) is said to be a g-analogue of an integer ay, if

;l_}n} ax(q) = ak.

An example is the g-analogue [z], of an integer x

_l=q" 2 z—1
[z]q = g T ltetetetd
which is a polynomial in ¢ with degree x — 1.

Corcino and Montero [6] noted that the r-Whitney numbers of the second
kind are exactly the same numbers with the Rucinski-Voigt numbers, intro-
duced by Rucinski and Voigt in [12], and defined a g-analogue of these numbers,
denoted by o|n, k]g ", in a form of triangular recurrence relation as follows

(22) oln, k3" = oln — 1,k = 13" + ([kBq + [r]q) oln — 1, K],

with J[n,O]qB’T = [r]y for n >0, a[mn]g’r =1 for n > 0, and U[n,k]qﬂ’T = 0 for
n < k or n,k < 0. We shall consider o[n, k}g” as a g-analogue of r-Whitney
numbers of the second kind W, ,(n, k) with 8 = m. Equation (22) can be used
to compute the first values of o[n, k]2

When g — 1,

kBl + [rlq = kB +7
and (22) gives back the recurrence relation (17) for Wy, (n, k) with 8 = m. For
brevity, we use the term g, r-Whitney numbers of the second kind to refer to
oln, k]g '™ as a g-analogue of the »~-Whitney numbers of the second kind. Other
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properties of o[n, kz]g " included in the same paper are its horizontal generating

function
n

(23) (¢ +[rl)" = D oln, K57 (¢ [8la)r,

k=0
where

-Gl n=1

) nZO’

(24) (#[Blg)x =

and exponential generating function

) 2o [ o (([kmquﬁ]q)k .
where
k k
((kB1181a) , = @ 681410k = 1)B], -+ (8], = ") [kl [805
Moreover, the ¢, r-Whitney numbers of the second kind were proven to satisfy
the identity
n
(26) O'[’I’L, k]g,r — Z (;L) q(n—j)TQ [Tl}g_jo'[j, k]g,m’
j=k
which we can use to obtain an equivalent recurrence relation for the ¢, -Dowling
numbers to be introduced in the next section.

Following the same approach used by Corcino and Montero to define a ¢-
analogue of r~-Whitney numbers of the second kind which was originally intro-
duced by Carlitz [2] to define the ¢-Stirling numbers of the second kind, we
also define a g-analogue of 7~-Whitney numbers of the first kind in a form of a
triangular recurrence relation as follows.

Definition 3.1. For non-negative integers n and k and real numbers 5 and r,

a g-analogue ¢g r[n, k], of wg.(n, k) is defined by
(27) Qs/ﬁ,r[na k}q = d)ﬁ,r[n -1, k — 1](1 + ([T]q + [(TL - ]-)B]q) ¢ﬁ,r[n -1, k]qa
where ¢3.,[0,0]; = 1 and ¢g..[n, k], = 0 for n < k and n,k < 0. For brevity,
the term g, r- Whitney numbers of the first kind is used to refer to ¢g ,.[n, k],
Note that when ¢ — 1,
[rlg +[(n—1)Blqg = 7+ (n—1)8.

Hence, the numbers ¢ ,[n, k], maybe considered as a g-analogue of wg ,(n, k).
Moreover, the recurrence relation in (27) will give back the recurrence relation
in (16) with 8 = m.

Thus, by Definition 3.1,

(28) éa.r[n,n)y =1, n > 0;
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n—1

(29) dp.rln, 0lg = [T (Irlg + [i8lg), n > 1.

i=0
The first few values of ¢g -[n, k], can be generated using (27), (28), and (29).
Now, note that by replacing ¢ with ¢ — [r],, (24) can be rewritten as

n—1
(30) (t — gl iBlo)e = { L~ e =) m =1
1, n = 0.

Using (30), we can now introduce the theorem below, which is analogous to
(10). This is necessary to obtain the orthogonality and the inverse relations
of ¢, r-Whitney numbers and to establish a g-analogue of the r-Whitney Lah
numbers.

Theorem 3.2. For non-negative integers n and k and real numbers B and r,
the q,r-Whitney numbers of the first kind ¢g r[n, k], satisfy the relation
(31) > (1) pn, klgt* = (t = [1]g][Blg)n,

k=0

where
n—1

(t = a8l = { L7 Pl =Bl =

1, n = 0.

Proof. (By induction on n) Note that (31) is true for n = 0. Assume that (31)
is true for n > 0. We want to show that it also holds for n 4+ 1. By (27),

Ppr(n+1,klg = ¢prln, k —1]g + ([rlg + [nBlg) ¢, [0, Klg-
Note that ¢g [n, k], = 0 for n < k, then

n+1
DD g [+ 1 kgt
fLJ:r(i n+1
- Z(*l)wrlikd)ﬁm[n’ k— l]qtk + Z(*l)rwlik ([rlq + [nBlq) ds.r[n, k]qtk
k=0 k=0
= Z(_l)nik@i,r[n: k]qt]Hl - Z(_l)nik (Irlq + [nBlq) b0 [N, k]qtk
k=0 k=0
= (t = [rlg = [08]g) D (=1)"*op,r[n, Kyt
k=0
= (t = [rlq = [Blo) (¢ = []alBla)n = (¢ = [r]al[Bla)n+1- O

Now, we are ready to establish the orthogonality and the inverse relations
of the ¢, r~-Whitney numbers of the first kind ¢ ,[n, k], and the second kind
J[n,k]g”" parallel to (13), (14), and (15).
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Theorem 3.3. For non-negative integers n and k and real numbers B and
r, the q,r-Whitney numbers of the first kind ¢p.[n, k|, and the second kind
aln, k]g”’ satisfy the following orthogonality relations

Y (0" g ln Klgolk,plym =Y aln, kg (= 1) P ég, [k, plg

k=p k=p

(32) Gy = {0, n#p,
1, n=p,

where dpy s the Kronecker delta.

Proof. Note that (23) and (31) can be rewritten as
k

(33) = olk, 2l (Bl
p=0

(34)

D (1) G [0, k(8 + [])",

Il
o

k
respectively. Substituting (33) into (34) gives

n

k
:Z(f ”kd)ﬁrnquJlﬁpﬁTﬂ a)p
p=0

k=0
=3 {Z(l)”%a,r[n, k‘]qa[k,p}if”} (tl[6]q)p-
p=0 | k=p

Hence,

n

Z( )n k¢5 r[n k]qﬂ[k,p]ﬁ T — {0’ n # p,

= 1, n=p.

Similarly, by replacing ¢ with ¢ + [r],, (31) can be rewritten as

k

(Bla)e = D (1) P o0k, plg(t + [r]g)”.

p=0

Substitute this to

n

(t+[rlg)" = D oln, K57 (¢ [Bla)w,

it follows that
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fZ Z [, K27 (~1)F P 0 [k ply p (84 [F]q)P-
k=p

Therefore,

. . 0, n#p,
ZO’n kﬁ kpd)ﬁr[kp] 5np—{1 f
k:p ’ n_p l:l

Consequently using the orthogonality relation (3.3), we can easily derive the
following inverse relations of ¢, r-Whitney numbers.

Theorem 3.4. For non-negative integers n and k and real numbers § and
r, the q,r-Whitney numbers of the first kind ¢p.[n, k|, and the second kind
oln, k]fj’r satisfy the following inverse relations

n n

(35) L fa= Y ()" R srn Klagk <= gn =Y oln, KI5 i,
k=0 k=0

(36) i =D (1) Fdpeln Klagn =g = > oln, KE f
n=~k n=~k

By applying the inverse relation (36), the generating function (25) can be
transformed into the following identity

o0 (Bl + )t il
—1)nk T?’hkq Ang —_— — = 1.
SIS { i (([nmqmq)n)L_Otk !

Equation (37) can be considered as an identity for the ¢, ~-Whitney numbers
of the first kind.

4. A g-analogue of r-Whitney Lah numbers

Cheon and Jung [3] defined the r~-Whitney Lah numbers L, ,(n, k) in terms
of the r-Whitney numbers of the first kind w,, »(n, k) and the second kind
Wnr(n, k)

(38) m,r n k Zwmr n ] mr(ja k)a

which generalizes the identity for the Lah numbers in terms of the Stirling
numbers of the first kind s(n, k) and the second kind S(n, k)

(1" L(n. ) = Y (~1)s(n, ). ).
j=Fk
Ramirez and Shattuck established a p, g-analogue of r-Whitney Lah numbers
n [11], which is a p, g-generalization of the r~-Whitney Lah numbers defined by
Cheon and Jung. Parallel to (38), a g-analogue of the r~-Whitney Lah numbers
is defined as follows.
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Definition 4.1. For non-negative integers n and k and real numbers 8 and r,
a g-analogue Lg .[n, k], of Lg (n,k) is defined by

(39) Los[n kg =Y dprln, flgoli, kg™
j=k
For brevity, the term g, ~-Whitney Lah numbers is used to refer to Lg . [n, k],.

Note that when ¢ — 1,
a0, klg = war(n, k) and a[n,k]qﬁ”“ — War(n, k).

Furthermore, (39) reduces to
Lm,r(na k) = Z wm,r(nvj)Wm,r(jv k)
j=k

as ¢ — 1. Hence, Lg ,[n, k], reduces to Ly, ,(n, k) with § =m.
Recall that the ¢, r-Whitney numbers of the first kind ¢g,.[n, k], and the
second kind o[n, k]g” are connection constants in the relations

(_1)n_k¢ﬁm [n, k}qtk’

-

(40) (t = [rlgl[Blg)n

E
I
<

oln, k3" (tl[Bla)-

-

(41) (t+[r]g)"

ES
Il
o

The following theorem contains an equivalent horizontal generating function
which is needed to obtain the recurrence relation of Lg . [n, k],.

Theorem 4.2. The q,r-Whitney Lah numbers Lg ;[n, k], are connection con-
stants in the identity

(42) (t+2[r14l(Blg),, = > Lp.rln, kg (tl[8lq) 1
k=0

where

(43) (e 20l1B), = § A H 2 1), >0
17

n=20.

Proof. Replacing t with —(t + [r],), (40) gives
(= (t+1rlg) = [11al181a),, = D (1"l dla(—t = [r]a)’,
=0
(44) (=t =2[0gl[Bla), = D _(=1)"dg.rln, lg(t + [r]g).

J=0
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Note that the left-hand side of (44) can be expanded as

(~ 20, ﬁ —t—2[r), — [i8],)
(45) — (1t + 2081,
Combining (44) and (45) gives
(46) <t+2[T]q|[5]q>n = Z(bﬂ,r[nvj]q(t"" [T]q)j-
§=0

Now (41) can be rewritten as

J
= olj kT (tl[Bly),-
k=0

Applying this to (46) results to

J
<t—|—2 Z(ﬁgrnjqz:a], 57’t| )
7=0 k=0

ST bl dlaoli K27 (11181,),
k=0 | j=k

n

Lg v [n, Klq (t1[8]q) - .

k

To generate the first values of Lg.[n, k|,, the following recurrence relation
is established using the horizontal generating function in the previous theorem.

Theorem 4.3. The g, r- Whitney Lah numbers Lg »[n, k|, satisfy the recurrence
relation

Lg . [n,klg = Lg,[n—1k—1],
(47) + @lrlg + [kB]g + [(n = 1)Bq) Lp r[n = 1, K],
with Lz ,[0,0]q =1 and Lg[n,klg =0 forn <k orn,k <0.

Proof. By Theorem 4.2, we have

ZLBrnk (t118lq), = (t + 2[r]ql[Blq),,-

Evaluate the right-hand side of the equation,

Z Lg,r[n, klq (t| [B]Q)k
k=0
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= (t+2r)g+[(n—-1)8 ZLBr — Lkl (t][Blq),,

n—1

= (t = [kBlq + [kBq + 2[r]q + [(n — 1)f] ZLBr”_l klq(t1[8]q)
= Z (t - [kﬁ]q)Lﬁ,r[n -1, k]q(ﬂ[B]Q)k

+ (2[7"}(1 + [kmq + [(n - l)ﬂ]q)Lﬂ,r[n -1, k]q(t‘[mq)k

+ Z ( [rlq + [kB]q + [(n — 1)6]q)L6,T[n -1 k]q(t|[/8]q)k

k=0
= Z {Lﬂm[n_lvk_l]q+(Q[T]q+[kﬂ]q"‘[(n_l)mq)LB,r[n_lvk]q} (ﬂ[mq)k'
k=0

By comparing the coefficients of (t|[5}q) we prove the theorem. O

k?
As g — 1, (47) reduces to
Lgr(nk)=Lg,(n—1,k—1)+ 2r+(k+n—-1)8)Lg,(n—1,k),
which is equivalent to

Lyy(nk)=Lp,(n—1,k—1)+2r+ (k+n—1)m) Ly (n—1,k),

with g = m.
By Theorem 4.3, we can deduce the following
(48) Lgr[n,n)y =1, n >0,
n—1
(49) Lg,r[n,0]q = H(2[r]q + [iBlq), n =1
i=0

The following are the first few values of Lg,[n, k], with 8 = r = 2 generated
using (47), (48), and (49):

Lﬂ,r[ovo]q =1,

Lgr[1,0]g =2[2]g =2 + 2,

Lg.[1,1], =1,

Lg,r[2,0]q = (2[2]4 + [219)(2[2]4) = (3a + 3)(2¢ + 2) = 6¢° + 129 + 6,
Lg..[2,1]

a = Lpr[1,0lg + (2[2]g + [2]g + [2]¢) L. [1, Uy,
=2q+2+ (4g+4)(1) = 6¢ + 6,
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Lﬁ,r[272]q =1

Hence, Lg .[n, k], is a polynomial in g.

5. A g-analogue of r-Dowling numbers

The r-Dowling polynomials introduced by Cheon and Jung [3] give the r-
Dowling numbers when x = 1. Specifically, the r-Dowling numbers D, .(n)
are given as the sum of the r-Whitney numbers of the second kind

(50) Dm,r(n) = Z Wm,r (n, k)
k=0

Parallel to (50), a g-analogue of r-Dowling numbers is defined as follows.

Definition 5.1. For non-negative integers n and k and real numbers 5 and r,
a g-analogue of r-Dowling numbers, denoted by Dg ,.[n], is defined by
(51) Dg,[nlg =Y oln, k.
k=0
For brevity, we use the term g, r-Dowling numbers to refer to Dg ,[n],.
Note that when ¢ — 1, o[n, k]g”“ — Wa,(n, k). Consequently,
Dgrn]q = Dgr(n).
Hence the numbers Dg ,[n], may be considered as a g-analogue of D,, .(n)

with 8 = m.

By (51), the values of Dg,[n]; can be taken from the sum of o[n, k]2

Using (22), the following are the first few values of o[n, k]g”’ with f=r =2:

[0, 0]
ol1,017% = 2], =q +1,
o[1,12% =1,
o[2,002% = 202 = (¢ +1)* = ¢" +2¢ + 1,
o[2,1]7% = o[1,07% + ([2], + [2lg)o[1,1]5?
=q+1+(2¢+2)(1) =3¢+3,
0[2,22% = 1.

Therefore,
Dy 5[0], =1,
DQ,Q[l]q =dq + 2,
D2’2[2]q = q2 + 5(] + 5

Moreover, o[n, k]gr and Dg ,[n], are shown to be polynomials in g.



34 J. A. D. CILLAR AND R. B. CORCINO

The following theorem contains the exponential generating function of ¢, r-
Dowling numbers Dg ,.[n], which is analogous to (2).

Theorem 5.2. For non-negative integers n and k and real numbers 8 and r,
the q,r-Dowling numbers Dg »[n|, satisfy the exponential generating function

oo m 0 6([zﬁ]q+[r]q)t
ani: Akﬁ T2l 112l ’
(52) 2 Dirlolagy Z{ q (([kmqnmq)k)}m_o

Proof. Multiplying both sides of (51) with % and summing over n gives

;;Dﬁ,r[n]qj:! = i{i oln, k]?’r}j;

=S {Somni )

Applying the exponential generating function (25) of ¢, ~-Whitney numbers of
the second kind oln, k‘]g” yields

oo o
tn e([xﬁ]q‘i‘[r]q)t
Dg,n)g— = N .
S owties -2 {5 (). e
The following theorem contains certain recurrence relation for Dg .[n], with
respect to r.

Theorem 5.3. The q,r-Dowling numbers Dg .[n], satisfy the following rela-
tion:

" /n Y (r— .
(53) Dg,rln]q = Z (j-)q(n 2 1)D5,r—1[3]q-
3=0

Proof. By making use of (26)

on, kT = i() (n=a)r2 [y 0= 5[, k)22,

=k

with ry =1 and ro = r — 1, then

n

n —J)(r— n—j [ r—
ol k37 = 3 (M) ol

=k

Summing up both sides of the equation over k such that 0 < k < n,

oln, k)" = ZZ( )q(n NV gj, k)Pr=1

k=0 k=0 j=k
n J
:Z( ) (n—j)(r— 1){2 [’k]ﬁr 1}
J=0 k=0
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Hence,

= n n—j)(r— .
D,y =3 (M)a "Dl

=0 \J O
The next corollary is a direct consequence of Theorem 5.3.
Corollary 5.4. The q,r-Dowling numbers satisfy the following relation:
1) Dl = 3o (-1" (7)o, [,
§=0
Proof. Equation (53) can be rewritten as
n
—n(r— n — i) (r— .
(55) 0Dl =3 (7)d Dl
j=0
Applying the binomial inversion formula
" /n - _(n
=32 (o = o =20 ()5
=0\ i=0 J
with
fo = qfn(ril)Dﬁ,r[n]q
and _
gi = q(_])(r_l)DB7’r'—l[j]q7
Equation (55) yields
—n)(r— & n—j [T —j(r— .
q( X 1)Dﬁ7r—1[n]q = Z(_l) ]( )q i mD,B,T[j]CI'
=0 J
Hence,
- —i(n n—j)(r— .
(56) Dgr-1[n]q = Z(_l)n ]( .>q( N DD,@,T[J]q-
=0 J U

6. Explicit formula for g, r-Dowling numbers

Recently, Corcino et al. [5] obtained a new explicit formula for r-Dowling
numbers which is expressed in terms of m-Whitney numbers of the second kind
and the r-Whitney Lah numbers. This formula is stated in the following theo-
rem.

Theorem 6.1 ([5]). The explicit formula for r-Dowling numbers is given by

(57) Dm,r(”) = Z(_l)nij {Z Lm,r(jv k)} Wm,r(n:j)-
=0 k=0

To verify this formula for a specific value of n, m, and r, we have the following
table of values:
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TABLE 1. A triangular array of values for W, .(n, k) with

m=r=2
DQ,Q(TL) n/k 0 1 2 3 4
11 0 1
3] 1 2 1
11| 2 4 6 1
491 3 8§ 28 12 1
257 | 4 16 120 100 20 1

TABLE 2. A triangular array of values for L,, ,(n, k) with m =

r=2
> Ly (nk) | n/k 0 1 2 3 4
k=0
110 1
51 1 4 1
37| 2 24 12 1
361 | 3 192 144 24 1
4361 | 4 | 1920 1920 480 40 1

Using the explicit formula in Theorem 6.1, we obtain

D2,2(n = 2) = Z(_1)2_j {ZLZ?U) k)} W2,2(2aj)

7=0 k=0
=—(1)(8) + (5)(28) — (37)(12) + (361)(1)
— 49,

4 J
Daya(n=4)=> (=1)*7 Y " Lys(j, k)} Wa2(4,7)

=0 k=0
— (1)(16) — (5)(120) + (37)(100) — (361)(20) + (4361)(1)
= 257.

Note that the values obtained for Dj 5(2), D2 2(3), and Dj 2(4) are the exact
values that appeared in Table 2.
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Remark 6.2. When m = 1, and r = 0, (57) reduces to

Dl,o(n) {ZLLO } Wl 0(77, .7)

k=0

which is equivalent to the Ql formula for Bell numbers

n k
= (-t {Z L(k,j) ¢ S(n, k),
k=0

j=0
with
Bn - DI,O(n)7L(j7 k) = Ll,O(j7k) and S(n7]) = WI,O(n7j>'

Remark 6.3. The r-Dowling numbers Dg ,[n], equal to the sum of the entries
of the ith row of the product of two matrices

(58) (=D W (59)] s L (5]
whose entries are respectively the r-Whitney numbers of the second kind and

the r-Whitney Lah numbers.

The following theorem contains the desired explicit formula for ¢, r-Dowling
numbers, which is a g-analogue of the explicit formula in Theorem 6.1.

Theorem 6.4. The explicit formula for q,r-Dowling numbers is given by

(59) Dﬁ r Z ‘ {ZLﬁ,T[ja k]q} O—[naj]g’r'
k=0

Jj=0

Proof. Equation (39) can be rewritten as
(60) (=1)"Lgr[n, Kq Z )" gg.0[n. dla(—1) o lj k]
j=

Applying the inverse relation in (36)

n n

(61) fn = Z(_l)n_j¢ﬁ,r[nvj]qgj <~ gn = Za[naj}qﬁjfjv

j=0 j=0
with
fo = (=1)"Lgr[n, K]y and g; = (=1)o[j, k],
implies that equation (60) is equivalent to

n

(=1)"o[n, k‘]g’r = Za[n, j}g’r(—l)jL@T[ i, kg,

=0

<
3

oln, Kl =) (=1)"on, j13" Ls.r1j. klg.
§=0
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Taking the sum on both sides over k such that 0 < k < n yields

n n n
Yool klgm =" (=1)"aln, i7" Ls.. [, Ky
k=0 k=0 =0
n n
= Z(_l)n7J Z Lg.r[j, klqoln, j]qﬁ’r~
j=0 k=0
Since
n
Dgrln]q = Z oln, k]§7r>
k=0
hence 4
n J
Dsinly = 321 {ZLB,TU, k]q} ol 1
=0 k=0
which is the desired result. O
TABLE 3. This table contains the first values of o[n, k]qﬁ”” and
Dg,n)g with =7 =2
D272 [n]q TL/]{J 0 1
11 0 1 0
q+2 1 q+1 1
¢ +5¢+5| 2 P +2+1 3¢+ 3
2¢3 +11¢> +22¢+ 14| 3 @ +3¢>+3¢+1 Tq7 + 14q + 7
@ +3¢° +10¢* +35¢° | 4 | q* +4¢° +6¢> +4q+ 1| 15¢> + 45¢% + 45¢ + 15
+77¢% + 90q + 41
TABLE 4. This table contains the first values of Lg ,(n, k) with
ﬁ =7r = 2
i Loo[n, kg | n/k ‘ 0
k=0
10 i
2¢+3| 1 2q+2
6g%> +18¢+ 13| 2 6> +12¢ +6
6¢° + 24¢* + 50¢° + 98¢% + 124¢ +59 | 3 6¢° + 18¢* + 36¢> + 60¢° + 54¢ + 18
640 4 30¢° + 80¢® + 178¢" + 316¢° + 438¢° + 560¢* | 4 | 6¢'° + 24¢° + 60¢® + 12047 + 18645 + 240¢° + 294¢*
+750¢° + 942¢2 + 784q + 277 +360¢° + 360¢% + 216q + 54
n/k | 1] 2| 3|4
0 0 0 010
1 1 0 0l0
2 6q+6 1 00
3 6q* + 12¢° + 3642 + 60g + 30 2¢° + 2¢% + 10g + 10 1l0
1| 6¢° + 18¢% + 54¢" + 114¢5 + 168¢° + 216" | 2¢° + 4¢7 + 16¢° + 28¢° + 48¢* + 68¢> | 2¢° +2¢* +4¢> +4¢> + 14¢+ 14 | 1

+318¢% + 4744 + 414q + 138 +104¢> + 140g + 70
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Using the explicit formula in Theorem 6.4, we get

Dagln=1]g =Y (-1)'7 {Z La>[j, k]q} oll,412°
k=0

§=0
= —(g+1D+2¢+3
q+2,

(_1)2_j {Z L2,2[j7 k]q} U[2a j]372
j=0 k=0

= (®+2¢+1)— (2¢+3)(3¢+3) + (64> + 18¢ + 13)
=¢*+5¢+5,

(_1)37j {Z LQ,Q[j’ k]q} 0[35 j]g’Q
=0 k=0

= —(®+3¢> +3¢+ 1)+ (2¢+3)(7¢° + 14 + 7)
— (6¢% +18¢ + 13)(¢® + ¢* 4+ 5¢ +5)
+ 6¢° + 24¢* + 50¢° + 98¢* + 124q + 59

= 2¢° + 11¢° + 22¢ + 14,

M

Daoln=2], =

I
NE

DQ,Q[’NJ = 3]q

4

D2,2[n = 4](1 :Z(_1)4_j {Z L2,2[ja k]q} 0[4’.7.]372
k=0

§=0
= (¢* +4¢3 + 6% + 4+ 1) — (2¢ + 3)(15¢° + 45¢° + 45¢ + 15)
+ (6% +18q 4 13)(¢° + 2¢° + 8¢* + 14¢® + 24¢® + 34q + 17)
— (6¢° + 24¢* + 50¢° + 98¢ + 124¢ + 59)(¢° + ¢* + 2¢° + 24>
+7¢ +7) + 6¢'° 4 30¢° + 80¢® + 178¢" 4 316¢° + 438¢°
+ 560q* + 750¢> + 942¢° + 784q + 277
= ¢% +3¢° +10¢" + 35¢° + 77¢% + 90q + 41.
The values obtained for D 5[1]q, D2 2[2]q, D2,2[3]q, and D5 2[4], are the exact
values that appeared in Table 3.
Remark 6.5. Note that as ¢ — 1, (59) reduces to

n

DB,T(n) = Z(_l)n_j {Z L/J’,T(j’ k)} Wﬁ,T(n7 k),
k=0

§=0
which is equivalent to the explicit formula for r-Dowling numbers

n

Dm,r(n) - Z(_l)nij {Z Lm,r(jv k)} Wm,r(n»j),
k=0

Jj=0
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with 8 = m.

Remark 6.6. The ¢, r-Dowling numbers Dg ,[n]4 equal to the sum of the entries
of the ith row of the product of two matrices

(62) [(=1)"0li, 5157, Ll il

whose entries are respectively the ¢, 7-Whitney numbers of the second kind and
the g, ~-Whitney Lah numbers.

Remark 6.6 is equivalent to the following matrix relation
(63) [0 0157 = (D00, 0157] L L [is gl e -

Now, the orthogonality relation in Theorem 3.3 implies the following matrix
relation

(64 Kil)iija[i’j]g’r}nxn (98,02, 5la) s = Ins

where I, is the identity matrix of order n. That is,
i—i - 8.1 1 ..
[(=0)70li, 15,1 = (080l el s
which implies
(65) 08,016, dlalnsn (0169157 s = L[t il
The matrix equation (65) is equivalent to equation (39).
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