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Abstract

Interval-valued data, one type of symbolic data, are observed in the form of intervals rather than single
values. Each interval-valued observation has an internal variation. Principal component analysis reduces
the dimension of data by maximizing the variance of data. Therefore, the principal component analysis
of the interval-valued data should account for the variance between observations as well as the variation
within the observed intervals. In this paper, three principal component analysis methods for interval-valued
data are summarized. In addition, a new method using a truncated normal distribution has been proposed
instead of a uniform distribution in the conventional quantile method, because we believe think there is
more information near the center point of the interval. Each method is compared using simulations and the
relevant data set from the OECD. In the case of the quantile method, we draw a scatter plot of the principal
component, and then identify the position and distribution of the quantiles by the arrow line representation
method.
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2.2. 3318 4y
ZA7 P (VPCA)2 CPCASt @7 Cazes 5 (1997)3} Chouakria (1998)°] <]3} A9k wHg o]t}
THY AR FAE AR FoIM 2 A5 2ANAYE FA e, olul 24 B
£ HAHE FE8t RS Adse otk
2 (2.1)9] A7 FHoA AR AEFE X = ([, ba], . .., [aip, bip)), i = 1,...,nolth. o, a;; #
bi; 1 A2l 8 miBhal skAb &, mi s A ASFollA F3Ee] AR shgte] 22 2 73y W
o] Mg At B iiA #5gees Y 349 2ol & o) His ng = 270
o HARE 7HAA Feh g Eol mi =09 B9 2° = 1749) RARS /HEE g FhIA Be
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49< guigtt. &, His WA &5gk0] pAhe A5a bl A x| s doolzta & o
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XS 334 3 X'2 wge|eoint. S L3 vy R 534 dEL 9 ge s 74450
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3. QoA
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Stepd: Step3e] £z HAZL o] &kl m x p T A7 PP X' 2 AT

CPCASH QM Wie) 7hs) 4ol 34 $U8 o) B e 54 EE
AR AT VPCAS) A4S Wse] £71 Z7184E 2ANARS PASE BAde) 7 5
o B8 ALl Wel 47} LA, WA Wel A4l T =
57 9)5te] Wae] A4 poll we} ke Zo] AW AT

A1 n=1000, m =10, p=3, pu=(0,0,0)",
1.61 —0.40 0.70
Y= -0.40 0.950.27
0.70 0.27 1.45
A¥2: n=1000, m =10, p=>5, u=(0,0,0,0,0)",
0.37 —0.04 0.22 0.25 —0.50
—0.04 0.61 —0.06 0.10 —0.03
Y= 0.22 —0.06 1.00 0.28 —0.61
0.25 0.10 0.28 0.49 —0.23
—0.50 —0.03 —0.61 —0.23 1.01
A#3: n=1000, m =10, p=7, p=(0,0,0,0,0,0,0),
1.83 098 074 0.74 0.85 —0.13 —0.25
0.98 274 0.80 —0.43 —0.69 —0.31 0.08
0.74 0.80 1.54 —0.12 0.50 0.33 0.79
Y= 0.74 —0.43 —0.12 2.12 —0.11 —1.13 0.27
0.85 —0.69 0.50 —0.11 2.59 0.96 —0.10
—0.13 —0.31 0.33 —1.15 0.96 1.83 —0.03
-0.25 0.08 0.79 0.27 —0.10 —0.03 1.64
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Table 3.1. Proportions of variance explained by the first three principal components of each method in experiment 1

PC1 PC2 PC3
CPCA 48.43 32.09 19.48
VPCA 33.65 33.30 33.05
QM-Uniform(ps) 97.24 1.72 1.04
QM-Uniform(sp) 97.50 1.48 1.02
QM-TNormal(ps) 97.00 1.87 1.12
QM-TNormal(sp) 96.94 1.77 1.28
Classical 48.22 40.90 10.88

ps = Pearson, sp = Spearman.
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(a) PC1 (b) PC2

Figure 3.1. Box plots of PC scores in experiment 1.
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Elg=s

HWE 943 S5 2= 7 FA R BALAY H]-& (proportion of variance)¥ FAE A< (pc score) S
o]&3itl. PCAE AAS & FAES AR S22 o] A4t R A4+ Ado] F4%H M=
259 grol H7) wiEel 4% B4 228 AT 287 I

2
A1l thet 24 d A= Table 3.1 AAISHATE. CPCAE @Y 3t Ak5.2] -9 (classical) 2}
AFeE FAR BEagS 71X 1, VPCAE PCl, PC2, PC39 Eahgo] A9 IRt QMo
719keE 47HA] B9 BT PCLoA v =& 4| ES 7HA0 PC2oA 343 Zashs A A
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o] Awyshs SdoA QMe] 7P £2 45 Btk & 4 ok 28y SPCAY 4 7 9y
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Table 3.2. Proportions of variance explained by the first five principal components of each method in experiment 2

PC1 PC2 PC3 PC4 PC5 Cum.Var
(PC2)
CPCA 40.74 30.83 16.16 7.46 4.80 71.57
VPCA 20.25 20.11 19.97 19.87 19.80 40.86
QM-Uniform(ps) 96.91 1.28 1.04 0.44 0.33 98.19
QM-Uniform(sp) 96.60 1.48 1.11 0.54 0.28 98.08
QM-TNormal(ps) 96.70 1.37 1.11 0.48 0.34 98.07
QM-TNormal(sp) 96.45 1.53 1.11 0.61 0.30 97.98
Classical 51.38 21.68 14.13 12.18 0.63 73.06
ps = Pearson, sp = Spearman.
g+ T+
e 1| A=
° 1 —  — e
5 T - 7] s
8 ¥ o
T T T T T T T T T T T T
Classical CPCA VPCA  QM_Ulps) QM Ufsp) QM_THN(ps) QM_TN(sp) Classical CPCA VPCA  QM_Ufps) QM_Usp) QM_TN(ps) QM_TMisp)
(a) PC1 (b) PC2

Figure 3.2. Box plots of PC scores in experiment 2.
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Aok g £71 5= S71E e
Figure 3.2 YERf ST}
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ERgTh.
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Table 3.3. Proportions of variance explained by the first seven principal components of each method in experiment 3

Cum.V.
PC1  PC2  PC3 PC4  PC5  PC6  PCT e
(PC2)
CPCA 38.44 24.25 12.86 10.27 8.00 3.85 2.33 62.69
VPCA 14.58 14.41 14.28 14.25 14.23 14.15 14.11 28.99
QM-Uniform(ps) 97.15 1.03 0.65 0.51 0.37 0.19 0.10 98.18
QM-Uniform(sp) 96.33 1.19 0.80 0.66 0.57 0.26 0.18 97.52
QM-TNormal(ps) 96.96 1.12 0.67 0.54 0.39 0.20 0.11 98.08
QM-TNormal(sp) 96.32 1.28 0.79 0.68 0.46 0.28 0.19 97.60
Classical 29.36 25.08 18.96 18.16 4.19 3.32 0.93 54.44
ps = Pearson, sp = Spearman.
© . I A o
1+ T | i T
B I O = ===
\—;— l_'_l . { i | ‘;—I T - E -
v L T4 F
T T T T T T T T T T
Classical CPCA VPCA  QM_Ufps) QM_U(sp) QM_TN(ps) QM_TN(sp) Classical CPCA VPCA  QM_U(ps) QM_U(sp) QM_TN(ps) QM_TN(sp)

(a) PC1 (b) PC2

Figure 3.3. Box plots of PC scores in experiment 3.
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4. A 2 HE

f 2

o] FoA= OECD =719 AA A8E o]&3te] F =4 A%E vusiEt. s+ F
% (http://kostat.go.kr)e] A 7| LA NA AT & glon ZF d=EE OECD w719 85
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Table 4.1. Proportions of variance explained by the first eight principal components of each method for OECD
data

pc1 PC2  PC3  PC4  PC5  PC6  PCT  pog  Cwmvar

(PC2)
CPCA 1265 4039 1163 533 000 000 0.00 000 94.67
VPCA 24.77 1852 1228 1117  9.68 891  7.67  7.00 55.57
QM-Uniform(ps) ~ 57.96 2326 1452 259 126 037 004  0.00 95.74
QM-Uniform(sp) ~ 65.24 1507 1372 380 115 066 035  0.02 94.03
QM-TNormal(ps)  56.89  23.92 1477 272 130 036  0.04  0.00 95.58
QM-TNormal(sp)  64.16 1556  14.15  3.99 118 063 030  0.03 93.87
Classical 4465 1695 1612 828 720 447 227 005 7772

ps = Pearson, sp = Spearman.

o o T - o
T T T T T T T T T T T T

Classical CPCA VPCA QM_Uips) QM_U(sp) QM_TN(ps) QM_TNisp) Classical CPCA VPCA  QM_U{ps) QM_U(sp) QM_TN(ps) QM_TN(sp)
(a) PC1 (b) PC2
Figure 4.1. Box plots of PC scores for OECD data.
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Figure 4.2. Arrow line representation for OECD data by using QM-Uniform method.
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Figure 4.3. Arrow line representation for OECD data by using QM-TNormal method.

tion)& F3 EAFES BEFE 4 Atk PCl x PC2 F7bollA] L 72holA 29 £9+ES
(min, Q1, Q2, Q3, max) TR SFLREZ ©]85te] olojg o 9SS T 70l wet 72
HES g Zlolnh. E3L, whof prhe] Ashete] ARk o 85t FAE A4S At PCL x



72 Soojin Choi, Kee-Hoon Kang

Table 4.2. Eigenvectors of PC1 for OECD data

QM_Uniform (ps) QM-_Uniform (sp) QM_TNormal (ps) QM_TNormal (sp)

X1 (FHZFA —0.342 —0.399 —0.345 —0.406
X5 (191%GDP) —0.358 —0.323 —0.356 —0.320
X3 (BAARZE) —0.345 —0.323 —0.341 —0.318
X4 (57%) —0.440 —0.417 —0.444 —0.418
X5 (39 —0.392 —0.399 —0.396 —0.404
X6 (A E) —0.318 —0.288 —0.314 —0.288
X7 (2B AE7RA ) —0.221 —0.225 —0.211 —0.206
Xg (2732 —0.372 —0.408 —0.374 —0.410
ps = Pearson, sp = Spearman.

Table 4.3. Eigenvectors of PC2 for OECD data
QM_Uniform (ps) QM_Uniform (sp) QM_TNormal (ps) QM_TNormal (sp)

X1 (FHEA) 0.450 0.347 0.441 0.241
Xo (1AFCDP —0.392 —0.430 —0.400 —0.582
X3 (AAREE) —0.461 —0.531 —0.462 —0.551
X4 (%) 0.093 0.198 0.091 0.113
X5 (59) 0.312 0.319 0.304 0.166
X¢ (A9E) —0.479 —0.457 —0.478 —0.141
X7 (&¥AE7FAS) 0.139 —0.031 0.154 0.417
Xg (274 0.278 0.247 0.280 0.255
ps = Pearson, sp = Spearman
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