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Abstract

Contrasted with the standard symmetric GARCH models, we consider a broad class of threshold-asymmetric models
to analyse financial time series exhibiting asymmetric volatility. By further introducing power transformations, we
add more flexibilities to the asymmetric class, thereby leading to power transformed and asymmetric volatility
models. In particular, the paper is concerned with the nonstationary volatilities in which conditions for integrated
volatility and explosive volatility are separately discussed. Dow Jones Industrial Average is analysed for illustration.
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LME

F-§ Ak (fnancial asset)©] 7FA 3 TAT FEAAL ARE WEH (volatility)o] A7k] mrel W &
o] gl Msdolet =8| 5 AT Aol 2 2K EAH conditional variance)Z o] n|gheh. &-§-A] A G o) A
A58 AEE A8t S5t tolnr Fde, TEED 2o A, F-§AH4e] 7HA H 7t ol
Fo T o WEAS] YN el B ofl U FI7lolt A MR WEHo] B1L E g 7]
o= HiE o] o A9 BEA A2 F A (volatility cluster) T} HEA] o] ZHAL 714 o] AF&1} sletof| T}
2 A 933t v A & P (asymmetric effect) S & 4= AT} (Tsay, 2010). E3F FFA| A S WA Q1 A
Al gol vlsfA Fzo] mefo] Ayt zof vls] 7t F7 3 =3 (high kurtosis or leptokurtic) # A4S 1
ol Bo] 9tk Z, FTAQ gro] UL 7b5Ao] AR Hs) - Aol Ak (Terasvirta, 2009).
HEAHS S 2 AR 7]¥H(data based) ¥ 2 23 7]k (model based) ¥ o= U 4 Stk
7 7% e 24 dHoe2E GARE H5 A (historical volatility), X]4>7]50]5 3 o (exponentially

weighted moving average; EWNA) 0] 9Ic}. wE|o| 8] %j2] 5-ee] G40 2 Be A7 eh9le] wuls A
A 4 (high frequency time series) H-44 0] 753 At AWlE AR 2 HE A5 =9 E(intra-daily return)<

T A7F HE5 A (daily volatility) & 54 3l= A& M5 A (realized volatility; RV) B o] A|otE] 1o
AANEHE 4R7|0 PHOR 2R 7bssich (Kim} Hvang, 2018). 23 719 ¥EAL Aok 44
535t HE A AAT S 2 Bollerslev (1986)2] AHEs}E 21 7]38] 7 A K o] B-AF & (generalized ARCH;
GARCH)o| o 54191 5H4 5 aolc}. chobeh GARCH 2. o] Qlvkalo] o a4 Choi 5 (2012)€ 1
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a7] wjei,

HEA QAo A HAH/HAA BES TR B AAYG 2 {gt}oﬂ/ﬂ L-A| 2} 3 H5A (I-step ahead
volatility)& he () = Var(ee | Fe )22 @RI 97| M [ = ol Fp 2 “A1H ¢ A o] FE 7
= YEbATh AIRFL =190 B9 heyr = he (DE QIR %%*é—xé*o‘?l Rl > ool uf b (D) ©]

FHo| & uhAksHe mES ofu|she). tiIE A o] WA H] A4} 13 0 &= Nelson (1991)0] Ao+t IGARCH
AR/ AA) A ol Ul ol Al A H o) A o] AAF/H|H A} A o] o= oF

1Y 287} ok AAE 239 A/ 44& o

F2E, 9 S0, Hwang 5 (2014)9] 9177} Qlh.

Bollerslev (1986)= A1 A/ {17} TF2 AalAlof 3] AAE uf GARCH(1,1) =& olet % o] 3tgic}.
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& = \/h_tet! he = ag + arge1® + ey, (1.1)

A71 X hy = Var(e | Fooq )= 205 B4 AIAYG, & A5 AAGolth £E3F @4 {e )= HFo] 00]
I BAro] 191 iid Ao, A R4EL HE H|S, = B1 =02

GARCH 22 13 4= 991} Hansen¥} Lunde (2005)7} 43t vf, A A 28§ /3 A A
o4 QA BF GARCH(LLYHS T3 2012 2 Rl A E af Raihe .
GARCH(11) 2ol A] [-A|7 5 WA hy (1) & chah 28 8] L2S 7HA1h (Tsay, 2010, 4] (3.16))

]
o
\Y%
o
N
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v
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he(l) = ap + (a; + B)R(1-1), 1 =22, hy (1) = hgyq - (1.2)

el o+ 6 < 1D W by (DL 10 BFIHE Z o) A ay /(1—a; — [ TR HEA-A
4 mHolo] o] OIRT @ + fi <18 B4 20T HEth 4 (12922 a+f =10/
he () = (1= Dag + he (10|22 (0] FRIHZ 2 uff hy (1)0] Fet &2 WikstE 2 MEA-ng4de] |
t}. Nelson (1990, 1991)-2 GARCH(1,1)o| A ay + B; = 1 Al¥Z A 0] = HFA-H| A A 2 S Integrated
GARCH (1,1), &, IGARCH(L,1)o]2t Hslglon, Wad EdolAe IGARCH(L1)E 27] ¥E4
he (1) = hepq o1 WIS HEA he (Dol A& Hobd FFS Fvhe vz A&-H5 4 (persistent
volatility) = & o] 2} FL 2t}

Al (11)9) ¥54-84 GARCH(1,1) 232t ¥-5/4-8]1 84 IGARCH(1,1)& W5 .ol sl A B3 27 o]
o} 2 Aol A= GARCH(L,1) 23 of] E43-1] o A (threshold-asymmetry) 2} ¥ 2}(power transformation)
2 & gsto] hopa Wh AL EASHE Ao RHY| A ChFYL AWk nA G 5] WEA
BB e TR dot A Sh, vl th-E 2 AP Bt A (Th- Al ol Theret HEAd-n 84

2. 2AE-H|HE 2t 9i etz Sof Chot GARCH(1,1) 22 41

B Ao A 4] (1.1)9] &2 9l GARCH(1,1) Z&o] Bty A 2 9 ¥shs 2 43to] thofst WEA A
S AUt AF sty 2 983 B2 Choi 5 (2012), Park 5 (2009), Hwang 5 (2010),
Rabemananjara®} Zakoian (1993), Terasvirta (2009), Glosten 5 (2003), Hwang®} Kim (2004), Z12] 12 Hwan,
¥} Basawa (2004)0]™ o] £5 Wi Fu S Hd vt Hue Hyo] it S HAEE dS
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[e]

= .

482 EU5H] o) T3 T 2L A (threshold) 242 ],
et =max(0, €), & =max(0, —¢)

A o et 209k e 2 09 F& AAL Y (zero) oItk F, et e” = 0.

* Threshold GARCH (TGARCH)
H ) A &35 W 3}= Threshold GARCH (TGARCH) 2§ 42 t}2-3} 7t}
\/_et he = ag + a1 (&) + a2 (e)* + Brhey | (2.1)

A7 A ayq, @i EAR-BIHA IS TGSt BEEA, a7 a Bk & F9-, T2
O BE HA u7L oFo] 0l B2 1A ] Bk $13o] B ALk leverage effect SIS, ayy = a0
Aol &8 R IS x| &= A GARCH g o] Hr}

* Power-transformed GARCH (Power GARCH)
Power-transformed GARCH 2388 t}23} 7t}
& = \/h_tet: hta =ap+ ay(ef-1)° + Pihi_y, (2.2)

o714 EWg 5> 00|tk 6=19 Wi GARCH(L1)o|m § = 1/29 wi Athg-GARCH(absolute
GARCH) (Hwang¥} Basawa, 2004) 2.3 o] Hc}.
* Power transformed threshold GARCH (Power TGARCH)
WA W S B3 BT bR SN )Y GARCH 238 o3 2

& = \/h_tet, he = ag+ ar1(ef1)% + aya(e21)* + Bihd 4 (2.3)

ol By thoFdt MEA T4 meet Wit g ons MEA-YY R 2 ud e m
J124d ol o 3l Al = Hwang@} Basawa (2004)2 3 115}7] vlehc}.

3. HSH HIEL 23 4TH : Integrated 2 2 Explosive 2
4 el A 7?3”2)“3% L-A2F & A5 he(Do] AlRF o] Fatt 2 J & of A2 $Hole 23
o

}ﬂ H
= Qvlste HBA BEE he()) o] FIHR Witsh= R ol & o
2% 7} Power TGARCH R o] 4] W54 A AF/H] A A} 2718 Park 5 (
o

2l

o
Sis

=
rr
of,
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o
o2 A
o
=
M
= ©
o
—
o,

|

oro}i 1172} ek, WA, TGARCH 28-S 1133t} fe,
E2H 9 FHOE hHYS Bt

& =heer | he=ag+ a1 (L) + arp(e)® + Brhes.

wo] WEA P HIAAS TS WY Bt gt 2

Qi + g
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Park 5 (2009)°] w2 h, (1) = ay + ph(I—1), | = 20] HHFEZ ¢ <1 1w h() & A<
ap /(1 - )2 s E HEA-Fdolth ¢ = 1Q] B $+= IGARCH =39 -2 2ol he() = (-
Day + h (1) H-5/-H] Aol whebA ¢ = 121 Integrated $154 23S I TGARCH g o g B2
7|2 3tk ¢ > 191 B oll=

he() = (@ -7 (@ = Day + ¢ h (1)
olBg2 ME-uAd R o= A M5 h (1)o] vl AR WEA o HAQ] S 7IAER
Explosive 154 g oz H=u [TGARCH 233} Eejsii Lttt F42Q fsA A=+, 9
2 Sol, Hwang 5 (2007)9] & 7} .

2902, Power-TGARCH & a3 EA}

he = ag+ ay1(ef1)%° + a1p(621)%° + B1h 4, 6 > 0.
Hwang 5 (2010)-> oh-3 9] A4S Ao & AF5A-A4, He-0184E F&231%

() = (@ +ap)E(ef)* + B (3.2)
¢(6) <12 H$ Power TGARCH 2§ -2 HEAl- Z**PO]U% ¢(6) = 1Y ufj Integrated HFA H| A 27
O 2 A 5I- TGARCHOE Ha7|Z gt} ¢(6) > 12 A-$+= Explosive HE5A H[ZAF Bgo|tk § =1
BFe () = ¢ = (a1 + arz) + B0l *é%?lﬁ}. 2 Aol A= Fato] golal E4te] 1
Apo] BERA REYTFREL T20] pdiE 712 AGEA)7} vel BES BT (24
2 3t} (Tsay, 2010, p.121).

v+1

r(v+1/2) e’ >_2 (3.3)
f(et)—r(/z)m(u Cvsa,
AEA-H S AAsHe AR ¢(6) &= EEDF 22F e, 0] HE E (ef )0l Q&g of
M E () = E(ef )*® = Elel*®/20] AUt g F23f t-B 2ol ot oh29] 254
(Chung¥} Hwang, 2017).

(V_Z)5F(28+1)r(v—26)

2 2
Elel* = = , 8>0 (3.4)
Var (7)
BEEAHFREY H 9o thgo] A3t
1 2641
E |e,|?® ——zﬁr( ) 3.5
le;] = 5 (35)

AT FEAAG 2okoll A 23 AF {e,} o] 7t Bl Q] 5ol thgt At7F s A otk o
=01 skewed-EF 4 7L E 0} skewed-EF} 232 50| QUth EESF L A7FH|HA QL 9ol = 4 (3.1)

32)e] 8414t o] W R skt oS So TGARCH 2§ ] S41ms 4] (3.1)9] ¢ v f 32 2
s ¢asym =Toa; + (1—1.)ay, + 1 052 X HLE A7[A 7, = Eet )ZO]E]' TGARCH 2g2
¢asym <1, ¢asym =1, ¢asym > 1 upaba] H5A3-34, $15/d-H] 7 A (integrated), H-5/3-117 " (explosive)
A4S 71t} (Hwang 5, 2010).

ﬂ_\:imlmﬁ
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Figure 4.1. Daily closing price and return rate.

Table 4.1. Dow Jones Indices return rate and descriptive statistics

DOW
Mean 0.03968078
Median 0.05401923
Min -3.640243
Max 3.87548
Standard Deviation 0.7458574
Skewness —0.3457165
Kurtosis 5.720799
Jarque-Bera (p-value) 333.33 (< 0.0001)

4. A2 224 ORI+

4.1. AFE 24

E oAM= HEAA- NP B S v o -EA Ao X 4=(Dow Jones Industrial Average; Dow) 2] &
H F7F AR Ag-star Frpstat g = 20144 19 2904 20179 12 294714 &

A2E Q7] 918 2O AR ST B ARk o
A4 (P2 AR Eol A 9] Q8 Frbeka B o), i WG] 240l () B thet ol A4k Bk o
4

7, = (InP; — InP;_;) X 100.

Figure 4.1 4 F71et A &9 Al=olth U F7F A= S Hd 201549 843} 20161 24|
w43 stetehe S W S 4 vk A4 kY] FEh 2R AA 48 E =8 9, T BAl Al
hva
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23k 4 9l 9 (skewness) @ G40l BR EE7} 9Eo 2 tha 1] melE AN ek AL
Aps FAE 7N ek Wkt 4 9lou] GARCH 240] £
A|AFgHEE. Figure 4.2% 20 42018 0] Normal Q-Q plote] e}, B 474 % ofujet 1e] 7} 4
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Normal Q-Q Plot
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4.2. IsEHE M S H It

¢ Am7F REAd-H18/ g ol Al ek Bl H A A (asymmetry) o] 1A E Thebsalal gty =9
T4 AL R rugarch 3 7] X €} SASQ] AUTOREG2} MODEL i 2 A A& 0|83}t HEAd-H]
A o1 Z wotsly] 9 TGARCH(L1) 28 23 235 Abwj 22k TGARCH(L,1) 2.8 9] 23 2
oh 3k 2t

m:tm

y
fr o

% ox

BLoox

TGARCH(1,1) :
7, =0.042572 + &, ; & = +[hee;

he = 0.040268 + 0.029152(g;1)? + 0.31746(;_,)? + 0.752316h,_,

TGARCH(1,1) oA B ¢ = (a114@12)/2 + fy 72 092562122 10 7PFHhal & 5= Qleh 282
2 oS ARE WEA- A BF 3 5 Ao Integrated WEA-1 44 B R Aj0] §-83telet BetE.
HEA 9] v A A S Q5] 3l TGARCH(1,1) =g o] A3t A& A B 11 New Impact Cure (NIC
£ 2Hols) 234 Sk, NICE Englext Ng (1993)0] )5} A|2Hel W54 vlch 342 417] shera 4 9l
aE e A 0B x-F 0% S WEA h S y-F o 28 agolth. ) FeAA L] thop
g B3/ NICe] i3l A= Lee 5 (2013)& Fraraty] whadeh. AgkEl TGARCH(1,1) 2ol A (e21)% 9
A)2=(0.31746) 7} (},)2 9] #14(0.029152)0f] 2F 118} o] t}. Figure 4.3 TGARCH(1,1) &S o] &alo] T
3} NIC 1 olth NIC 18- B g9 7|77} ef1 9] 7] &7 E}t &ds| 2 71L7| 5 7[R 2L o

WHEEA Th AR SOlE MEH S FL AAl0] Gl u]s) LHE Aaje] Gl o wzatA| uhg
£ ARAS o 4 gl

=
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Figure 4.3. NIC of Dow Jones return rate: asymmetry.

Table 4.2. Selected 6 values of distributions

Normal
df=5 af =38 df =10 df =15
5 1.2 0.9 1.0 1.1 1.1

4.3. 8I-TGARCH(1,1) 28 =&

oh Akg o] WEAel vt 4T} v g Aol EAFcHs AL shletgich melA o] 5 FAle] gL 9
L 4 (2.3)9] SI-TGARCH(L,1) 23S A3slazt sty my o A5S wuslr] 93| H]_TVL HYogt
IGARCH(1,1)} TGARCH(1,1) X2 &S AF&3} A} gt} 2F myujr) 23} 03} {e,)9 BXLE BEH
seEel 8L e HES JPYelith B0 R REE BAbo] 19] RERA AHE()7} vel B}t
o FEYE g Y HES 4 (3.3)F (34)F 3FaLsty| vigttt

SI-TGARCH(L,1) 232 23hst7] 1A= Aok 4] (3.2)2 ¢p(8)oll that Alito] asict. ¢(86)7k

AAFE oA = HA (e} 0] BE7} A O] Eojof TR fe,}0] HEV} HFED} - EELE f2l Hoo=
A5 5, 8,10, 18] 3 155 eshglch B3 63E2] A9, 0152 € 15714 0.1 (HH 02 § ghe F7HA7)
M P(8) Fh& AN 5 BYE AU {e ) o] E A e ER 7P Aeket SFTGARCH(L1) &2
TS Ad9str] A8 22 715 5= (log likelihood)& ©]-8-8FAth. L322} 8o Mg R7Fs k= PR H F
i 227bs =8 2= 6 gh& A EshRich A= E 6 gk Table 4.201 A 2|5ttt

8 Fh2 A oA 1.27F *d‘éﬂﬂ%iﬂﬂﬂl AFL& 5, 8, 10, 159 28} -2 oAM= A= 0.9, 1.0,
1.1, 1.10] AelE] ey E28} ¢- Bz Ao 6§ Zho] 1 Hto]A HE_H <& 5}ol 8 % 991t} SLTGARCH

3 o] A3 2220 olal Table 4.31 71'31’

AEnE wol Zﬂ?ﬁ& A5 Bty 18] EEEHE A3 AAD (e, = &/ R} T (€2} T3] LjungBox
A7€ 819} Table 443 Ljung-Box A% E7ko|th. 25 gke) 43 = A% 72 pvalueo| t}. Table
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Table 4.3. Fitted results of SI-TGARCH

wg 47
1.2 L-TGARCH(1,1)-Normal r = 0031148 +&; & = hee,

hi? = 0.035169 + 0.060283 (s )>* + 0.47604(er1)>* + 0.68417h12,
0.9 LTGARCH(1,1)-t (df = 5) e = 0.046 + &; & = hee,

h99 = 0.015818 + 0.017785(e;,)™® + 0.29065(e;_,)® + 0.77913A%%,
1.0 LTGARCH(1,1)-t (df = 8) e = 0041966 + &; & = hee;

h; = 0.017561 + 0.22132(e;i;)? + 0.33903(¢;_,)? + 0.75923h,_,

1.1 ETGARCH(L1)t (df — 10) Tt = 0042317 +&; & = Jhee, }
A1 = 0.018003 + 0.022249(g; )2 + 0.34457(e;,)?? + 0.74299h1

11 LTGARCH(1,1)-¢ (df = 15) Tt = 0:038458 +&; & = Vhe .
hit = 0.020899 + 0.025247 ()22 + 0.38499 (1) + 0.73829A%,

Table 4.4. Ljung-Box results

Model af 0(12) 02(12)
1.2 LTGARCH(1,1)-Normal - 9.46 (0.6634) 7.60 (0.8159)
0.9 - TGARCH(1,1)-t 5 10.91 (0.5366) 7.62 (0.8142)
1.0 ETGARCH(1,1)-t 8 10.65 (0.5590) 7.72 (0.8070)
1.1 LTGARCH(1,1)-¢ 10 10.39 (0.5817) 753( 8211)
1.1 LTGARCH(1,1)-¢ 15 10.35 (0.5852) 55 (0.8192)
445 B B S 99| pvalue B 0.05 o]AFo] B2 A== 0.05 sof| A B AZ2 2§ (white noise)S o)

o e 71 7151A) Eate whebA 1220717 0] 2o} 2R Al gl AE4E 0.05 shol A
2 whEThn PR 4 9o nl 419g B E SLTGARCH(LY) 29 H5tel 4448 shusialt
4} SETGARCH(L1) 299 fah2 u]m H41517] $18) )4 2% Q) IGARCH(1,1)& th$- 2}
rh mlmm o) 43t Aute a2t

IGARCH(1,1)-Normal :
1. = 0.071549 + &; & = \/h—tet
h, = 0.033858 + 0.281380¢2_; + 0.718620h,_,
IGARCH(1,1)-t:
7, = 0.072281 + & ; & = Jhee,
h, = 0.027006 + 0.257658¢% , + 0.742342h,_,
61—TGARCH(1 1) 2y 252 A & 2y AICe) BIC 4H& ©]-8-31¢] v s}t AICS} BIC
0.90] a1

h=}
2 Table 4.59} 2t} Table 4.501 4 6 = 0.90] 31 A3 7} 591 33} t-EEZE 712 SETGARCH(1,1) 2
ol 7} 22 AICe} BICE Zr+=t}.

whebA] 2ol R Tk ARl {e}0] BE7F WM 6 = 0900 AHE 50 RFEF BT
0] 0.9 - TGARCH-t ® &-& A}23l= Zlo] vekz] &) B Qlth,

it

7H B A
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Table 4.5. AIC and BIC

Model df logL AIC BIC
1.2 ' TGARCH(1,1)-Normal - —996.9259 1.9899 2.0143
0.9 F-TGARCH(1,1)-t 5 —956.7195 1.9101 1.9345
1.0 FTGARCH(1,1)-t 8 -961.0443 1.9187 1.9431
1.1 ' TGARCH(1,1)-t 10 —964.2775 1.9251 1.9495
1.1 ' TGARCH(1,1)-t 15 —970.6908 1.9378 1.9622
IGARCH(1,1)-Normal - —-1017.056 2.0259 2.0406
IGARCH(1,1)-t 4.59 —-976.5167 1.9474 1.9669
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