Bull. Korean Math. Soc. 57 (2020), No. 2, pp. 521-533
https://doi.org/10.4134/BKMS.b190382
pISSN: 1015-8634 / eISSN: 2234-3016

ON THE BERGMAN KERNEL FOR
SOME HARTOGS DOMAINS

JONG-DO PARK

ABSTRACT. In this paper, we compute the Bergman kernel for
Qpgr ={(2,2/,w) €C? X A+ 2P < (1 [|'P9)(1 — wf?)"},

where p,q,r > 0 in terms of multivariable hypergeometric series. As a
consequence, we obtain the behavior of

Kq, ,..(2,0,0;2,0,0)

p,q,T

when (z,0,0) approaches to the boundary of Qp ¢.r.

1. Introduction

For any bounded domain D C CV, let L2(D) be the space of all holomorphic
square-integrable functions on D. For any z € D, ®, : L2(D) — C defined by
®.(f) = f(2) is a bounded linear functional on L2 (D). By Riesz representation
theorem, there exists the unique element K,(-) € L2(D) such that ®.(f) =

<f()7 Kz()>7 namely
f(z) = /D F () K (@)dV (w)

for all f € L2(D).

Definition. The Bergman kernel function Kp(z;w) for D is given by Kp(z; w)

= K,(w), where z,w € D.

The Bergman kernel is defined for arbitrary bounded domains, but it is hard
to compute the explicit form of the Bergman kernel except for special cases.
For the unit ball, bounded symmetric domain [9,15], bounded homogeneous
domains [7], the explicit form of the Bergman kernel has been computed. See
more [2—4,8,12,13,17,18] for other special domains.
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Recently, many mathematicians have investigated the properties of the Har-
togs domain (over §2)

(1) 2:={(,0) € 2xC: ¢ <p(2)},

where p(z) is a positive-valued function on Q. See [1,11,14,16].

In [1], Ahn and the author computed the Bergman kernel for Hartogs do-
main, where € is a product domain §2; x Qs X - -+ x , of irreducible bounded
symmetric domains and p(z) = p(z1)p(#2) - - - p(z4) with generic norm p(z;) for
each €;. This result is generalized to the case [11] when each §; is a bounded
homogeneous domain.

So far, the Hartogs domains have been considered only when p(z) is a generic
norm in (1). For example [1,11,14], if € is a polydisk, then

p(z) = (1 — 212" - (1 — |zn|2)H".

In this paper, we study the Bergman kernel for some Hartogs domain whose
p(2) is not a generic norm. More precisely, we express the Bergman kernel for

Qpqr={(z,2",w) € C¥+ |2 < (1= []P))(1 — [w]*)"}

in terms of sums of Appell hypergeometric functions Fy(a;bs,ba,c1,co;2,y)
which are two-dimensional Gauss hypergeometric series. As a consequence, we
obtain the boundary behavior of the Bergman kernel for €2, ; .

Remark 1.1. If ¢ = 1, then the domain €, ,, is a Hartogs domain whose
defining function is a generic norm with respect to the polydisk. The Bergman
kernel for €, 1, has been computed in [1]. This paper is the first research on
the Bergman kernel for Hartogs domain when p(z) is not a generic norm.

Acknowledgement. The author thanks the referee for helpful comments.

2. Hypergeometric functions

In this section we review the hypergeometric function and the Bergman
kernel for complex ellipsoid. For a,b,c¢ € R and |z| < 1, we define the Gauss
hypergeometric series

oF1(a,b;c2) = Z Mz”

ne0 n(Ln
a-b ala+1)-b(b+1) ,
=14 —
et cle+1)-1-2 A

where a rising factorial (a),, is given by

(a) _W_{“(a+1)"'(a+n—1)7 n>1,

I'(a) 1, n=0.
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The Bergman kernel for complex ellipsoid is expressed in terms of Appell’s
multivariable hypergeometric functions which are infinite series. Recall that an
Appell’s hypergeometric function is defined by

FXL)(Q- bi,... bn; ClyesCniZly.eny2n)
SR Z ooy D) (B
z 9
m1=0 My =0 (Cl)m1 t (cn)mn

where 2™ = 2]t ... 2,

Remark 2.1. In this paper we will write Ff(ll) = 5 F, and Ff) — R,

Proposition 2.2 ([5,6]). The Bergman kernel for the complex ellipsoid
{(Zla .. -7Zn) S c" . ‘Zl|2p1 + o+ |zn|2pn < 1}

is given by

K(z;w):Ly:lpj ii F(lJrZJ ! p’l)(

n k;j+1
& k1=0 k=0 H;-lzl r (’T)
where (20)* = (zyw1)* -+ (2,W,)*. In particular, if p1,...,pn € N, then

the Bergman kernel is expressed in terms of Appell’s hypergeometric functions
as follows:

2w)",

k . k1,

n pi—1  pa—1 nooritl
K@wrhf%z;“§er+zﬂlg)@wr

n ri+1
r1=0 70 =0 Hj:1F< D;

3

n - j 1 1 _
«FP (143 T Gy
j p

j=1 i
where 1 = (1,1,...,1) and ™1 = (L ratl)
) P1 Pn

Using Proposition 2.2, the Bergman kernels for some complex ellipsoids have
been computed. See [12,13].

3. The Bergman kernel for Q4.

In this section we review the method [10] of computing the Bergman kernel
for some Hartogs domains. Throughout this paper, let A = {z € C: |z| < 1}
be the unit disk in C.

Let © be a bounded Reinhardt domain in C"*™. Let a; be a positive
constant for all 1 < j < n. Define

“i={(z,2,w) €C" x C" x C: (fu(z,w),2") € Q, |w| <1},
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— 1 Zn
petee) = (G o)

For fixed w € A, we define the slice domain
US:={(2,2)eC"xC™: (2,2 ,w) € U*}.

Then for any w € A, the domain US is biholomorphic to 2. Define

1 _ 2\ %1 1 _ 2\ %n
h(z,w,n) := (2'1 (77|) ey Zn (|7]> )
1—wn 1—wn

(1—n*)>t - 0
Dyo i = ———F—— | I il P —
v (1 — wp)?tel - ; a\tra 0z

and

In [10], Huo computed the Bergman kernel for U®.
Proposition 3.1 ([10]). For (z,2',w), ((,{’,n) € U*, we have
Kya(z,2',w; ¢, (', n) = Dya Kya (h(z,w,n), 25, ).
Now we explain how we can compute the Bergman kernel for
Qg = {(2,2/,w) € C°: [ < (1= [P (1 — [w]*)"}
following Huo’s notations. Let
Q:={(2,7)€C?: 2] + || < 1}
and o := 7 for r > 0. Then fo (2, w) = m It follows that
2p

=
(1~ TP F

U“{(z,z’,w)€szA:‘ +|z'|2q<1},

or equivalently,
U ={(z,2/,w) € C* x A |2[* < (1 - |Z/P)(1 = |w*)"},
which will be written as €, 4, in this paper.
It is clear that for any fixed w € A,

2
P P

(1= fw?)®
is biholomorphic to Q = {(z,2’) € C*: |2|?" + |2/|* < 1} with respect to the

linear map.
The following is the special case of Proposition 2.2.

(2) Uo = {(z,z’) €C?: ‘ + 2% < 1}
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Proposition 3.2. The Bergman kernel for
Dy g4 = {(z,z’) eC?: |2/ + 7% < 1}
18
Kp,,(2,25¢,¢) quZcm (20 (=T,
B=0~=0

NC k)

where cg y = —ET—L 5.
S

Note that for each n € A, a linear mapping

o) = (i)

is a biholomorphic mapping from Uy onto Dy, 4, where U is given as (2).

Lemma 3.3. Let ¢ : Q1 — Qo be a biholomorphic mapping from Q1 onto Qs.
Then we have

Ko, (2 () = det Jo(2) Ko, (6(2); (C))det Jo(C),
where z,( € Q.

By Proposition 3.2 and Lemma 3.3, for any n € A, it follows that

/. no_ 1 < /. ¢ ’
Ry e 256.€) = Gy Ko (e 5 e )

= B

C _

(3) = 1 _| ‘ E : E : By < | |2) (Z/C/)Fy'
T 5=05=0 K

We need the following lemma in order to express (3) in terms of Appell

hypergeometric functions. We write Fy := F‘f).

Lemma 3.4. Let cg~ be as in Proposition 3.2. Then

oo oo
DD o’y

B=0~=0

p—1qg—1
1 1 1
ZZCstgy“F( st ud TSI Pt s ;x”,yq)~
s=0 u=0 q p q

Proof. If we write 8 = pr+sand v = gt+u with0 < s <p—land0 < u < g—1,
then

B=0~v=0 P q
p—1lg—1 oo s+1 u+t1l
_ S D(r+t+ 2t 4 wtl +1)$pr+syqt+u
s+1 u+1 )
} D(r+ =200+ )
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which completes the proof.

For simplicity, we write

— 29 _ 7T
A= A= wn)’ B =2

Bz w,m) = 2 (1‘”'2)

Note that

1 —wn
Then by (2) and Lemma 3.4, we have
KU° (h(z7 w, 77)7 Z/; Cv </)

= B
p—1g—1

:(izzcmmu

2
|77| s=0 u=0
1 1 1 1
x Fy (S+ gL g uE ;AP,BQ>.
b q p q
Recall that by Proposition 3.1,
(4) KUO‘ (27 Z/,’LU; Cv </7 77) = DU"‘KUﬁf (h(sz777)7 ZI; Cv <1)7

where

_ =[P A
Due = = umera \E T Tozg )

Thus we need the following formula for a partial derivative of Appell’s hy-

pergeometric functions.

Lemma 3.5. For any (x,y) € C? satisfying |z| + |y| < 1, we have

0 ab
%FZ(G’; bl,bQ;C1,C2;$7y) = 71F2(a + 17b1 + 1,b2;01 + 1,C2;{177y)~
1

By (4), we have
KU“(sz/aw;Caclvn)

1_ °)° 8 ! !
B 7T((1—1|17)7n))2+ {“”)”O‘zaz}KU:;(h(szm),z )

p—1lg—1

0
1—wn2+aZZC$u {1+Q)I—|—azaz}

s=0 u=0
1 1 1 1
X{ASFQ(” PR PO Pk ;AP,B‘IH.
p q p q
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For the simplicity, we write

1 1 1 1
F2:=F2<3+ PR PO Pt s AP,B‘I).
p q p q
By Lemma 3.5, we have
s+l 4 utl s+1 | utl
Op ot Pl (0t 04
0z s+l 2\ oz s+l 9z’
p p
where
1 1 1 1
FJ::F2(8+ L TP P s ;AP,B‘I).
p q p q
24

Since 257 = A, we have

{(1 +a)l+ azaaz} (A% Fy)

=14+ a)A°Fy, + OéZSASil%FQ + CYZASQFQ
0z 0z
s+1 + utl +

=(1+a+as)A’Fr+ % - apA*TPFY.

P

Since a = %, we obtain the following.
Theorem 3.6. The Bergman kernel Ko, , (2,2 ,w;(, (', n) is given by

KQp,q,r(Z, 2/7 w; G, Cla 77)

p—1lg-1
— ER s )X * s+ U 1k
= e 2+T ZZ[(I—F + p)cs,uAB Fy +rcg ,A*PB FQ},
s=0 u=0
where A = % and B = 2'{’. The hypergeometric functions Fy and Fy
—wmn) P
are given by
1 1 1 1
F,=F, <S+ ks +1;171;5+ 7u+ §AP7BQ),
p p q
1 1 1 1
F;:F2<s+ I PRk ST ;Ap,Bq>.
p
The constants ¢s ., and cg ,, are given by
r(etlputl gy T(sH4udl gy
Csu = , Cou = .
U T s-;l)l—\(u—(;J) S,u F(s—;l +1)F(uq1)
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4. Behavior of the Bergman kernel Kq (z,0,0;2,0,0)

P,q,T

As a consequence of Theorem 3.6, we obtain the behavior of
Kq 2,0,0;2,0,0)

when (z,0,0) approaches to the boundary of €, 4 ,.
At first we need the following Euler’s transformation formula.

Z"(Iﬂ‘(

Lemma 4.1.
oFi(a,b;e;x) = (1 —2) B (c — a, ¢ — b;c; x).
The following explicit value of F'(a,b;c;x) at x = 1 is well-known.
Lemma 4.2. If R(c) > R(a +b), then
L(e)T(c—a—0)
I'(c—a)l(c—1b)

The above lemma comes from the Euler representation

lim oFi(a,b;c;z) =
r—1—

1
B(b,c — b)aFi(a,b;c;x) = / 711 = )77 (1 — wt) ",
0

where B(,-) is a beta function.
By Theorem 3.6, we have

Kq 2,0,0;2,0,0)

P,q,‘f’(

Lk roors s+1 1 s+1
.y [(1++) csyo|z|282F1( ++1,1;;|22p>
p p p q p

3
s=0

" s s+1 1 s+1
(ap)et |27, ( o R TNt |)} ,

q
where
re+i41) 0 T+l
Cs,0 = " sxiv 1y 0 G0 T Rkl | e Iy
L(=2)T(;) L=+ 1)
Now we will find the constant R > 0 such that
Jim, (1 - |2]*")F K, , . (2,0,0;2,0,0)

converges to a nonzero number. By Lemma 4.1,

1 1 1
o <S+ +*+1,1;S+ §|2’2p>
p q p

1 1 1
_ (1_|Z|2p)7%722F1 (__1784' _1;S+ ;|22p>
q p

and

1 1 1
2 I (SJr —&—*—|—2,2;5jL —|—1;z|2p)
p q p
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1 1 1 1
= (1= |a) iR <‘ RV b T |zl2”) :
q p p

By Lemma 4.2, we have

) 1 s+1 s+1 2 F(Szl)r(2+%)
lim oF (—— —1, -1 el ) = = T
21— q p p L= +5+1)
and
1 s+1 s+1 L+ DTB+ )
lim oF; (——1, - 1; +1;Z|2p> = ps 1 1 s
2| —>1- q p P +7+2)

Combining the above identities, we obtain

im (1 J#) K, (2,0,0:2,0,0)
Dq iy 1 s+1 s+1

= —= rci, lim oF) (— -1, —1; +1; |z 2p>
m ZO MIEESE q p p i

pPqr'B3+7)
o)
Theorem 4.3. Let (2°,0,0) be a boundary point of Qy, .. For (2,0,0) € Qp 4.1,
we have
: 2qr T(3+ 1)
I 1— |22)i 3K, 0,0;2,0,0) = ZI0 2" a”,
(z,O,O)i)H(le,O,O)< |Z| ) Qp,q,r(z’ »Us 2, U, ) 3 F(l)

5. Higher dimensional cases

Finally, we consider the Bergman kernel for higher-dimensional Hartogs do-
main defined by

Qp,q,r = (Z,Z/7w) cC"xC"™x A: Z ‘Z|2p.z‘ < (1 _ |w‘2)r 1— Z |Z"2qj ,
Jj=1 Jj=1
where p = (p1,...,pn) and q = (q1, - - -, Gm ). Define
ND=<(2,2)eC"xC™: Z|zj|2pj +Z \Z;|2‘1J' <1
Jj=1 j=1
for pj,q; € Nand a = (;—;,...,ﬁ). Let
U*={(z,2/,w) e C"x C™ x C: (fa(z,w),2") € Q,|w| < 1},

where

o Z1 Zn
ozl ((1 wl?) (- |w|2>25n>'
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Note that (fq(z,w),2") € Q is equivalent to

Z(: |J| +Z‘Z|2qj<1

so that

n
Dzl < (1= |w]?)" Z|Z |45
i=1

Thus U* becomes {)p . At first we need to compute the Bergman kernel for

m
+Y P <1
j=1

n 2p;

Ut =4 (z2)eC xCm: Y |[— T
! =1 | (L= [n[*)=

for fixed 7 € A. Define € and 25 by

g

n Py 2p; m
QI:{(z,z’)eC”me:Z R—jj +Z‘Z;'|2qj<l}’
j,l =1
Qo ={(z,7)eC"xC™: Z|Z |2Pi —|—Z |25 |2 < 1}.
Jj=1
Consider ¢(z,2") = (£,..., 7=,%'). Then ¢ is b1holomorph1c from Q; onto

Q9. By Lemma 3.3,
Kﬂl (Zv Z/; Cv Cl) = det J(;S(Z, Z/>KQ2 (¢(za Z/)a ¢(Ca C/))det J¢(C, Cl)

1
= WKﬂz ((/5(2,2')705((,('))
Let R; = (1 —|n|? ) . Note that
Bi+1 2+l
IIp; 4 TS+ 5+
Kq,(2,2;¢,() = praripen , :
? ot Zm [T (%) TIr ()

_ _ — —
X (210)7 - (20Ca) P (1) - (2 Ca) ™
It follows that

Bji+1 i+l
IpIle 1 PO S+ 5+
K a(Z 2'5¢, () = praripen . :
U T+ (Rl"'Rn)2 Bl;ﬁn Hr(ﬁ_;:-l)nr(’xg'l)

Y1 Ym

< G G (T
Note that

h(zawa 7]) = (Zlaala SRR Znaan)v
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1— 2
where @ = 22170 Then

1—wn
[1p;11g;
KU,,“(h(Zaw7n)aZ/;<7</) = ¥ . 232 ; Zcﬂ,’)’A?l AQWB?I "'B;Ynmv
1 n m(1_|77| ) i e
where
ijj 1=
T R
It follows that
KU”‘(h(vavn)vzl;C,Cl)
Hp Hq p1—1 pn—1q1—1 qm—1
J J S u
= c A 7 B 7
(L T ;0 E_:OZ_O Z_O o [TA7 11
Fén)(agl, SLier, . en, dyy e AR AR B B
where
n m
i+ 1 41
a=Y Y
=1 P = Y
41
¢ =""0 1<j<n),
pj
i+ 1
d=T (1<j<m)
a;
Since a; = ﬁ, Proposition 3.1 implies
J
Ko, .. (2,2 ,w; ¢, )
[Ip; 114 =
_ J J s U
el VLSS S e [
grtmAl (] — Pis1=0  $p=0u1=0  um=0j=1  j=1
n n s;+1 u;+1
1 (n) Jj=1 p; +X:J'Zl o 1 pj pp(n)x
j=1 J j=1 P;
where
Flgn) :Flgn) (a;1,...,15¢1, .oy CnyChyen ey s AV oL AP BTV B
FA?;*:F[E‘H) (a—l—l;l—l—e}”mgc—i—ey;c;All,...,AIT’L“',B‘IH,...7B$nm),
where 1 = (1,1,...,1) € R"™™ ¢ = (¢1,¢2,...,¢,) € R, ' = (¢}, ch, ..., ch)

€ R™. Here eg‘”” € R"™™ and e’ € R" has its jth component equal to 1 and
all other components equal to 0.
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