
Bull. Korean Math. Soc. 57 (2020), No. 2, pp. 521–533

https://doi.org/10.4134/BKMS.b190382

pISSN: 1015-8634 / eISSN: 2234-3016

ON THE BERGMAN KERNEL FOR

SOME HARTOGS DOMAINS

Jong-Do Park

Abstract. In this paper, we compute the Bergman kernel for

Ωp,q,r = {(z, z′, w) ∈ C2 ×∆ : |z|2p < (1− |z′|2q)(1− |w|2)r},
where p, q, r > 0 in terms of multivariable hypergeometric series. As a

consequence, we obtain the behavior of

KΩp,q,r (z, 0, 0; z, 0, 0)

when (z, 0, 0) approaches to the boundary of Ωp,q,r.

1. Introduction

For any bounded domain D ⊂ CN , let L2
a(D) be the space of all holomorphic

square-integrable functions on D. For any z ∈ D, Φz : L2
a(D)→ C defined by

Φz(f) = f(z) is a bounded linear functional on L2
a(D). By Riesz representation

theorem, there exists the unique element Kz(·) ∈ L2
a(D) such that Φz(f) =

〈f(·),Kz(·)〉, namely

f(z) =

∫
D

f(w)Kz(w)dV (w)

for all f ∈ L2
a(D).

Definition. The Bergman kernel function KD(z;w) for D is given by KD(z;w)

= Kz(w), where z, w ∈ D.

The Bergman kernel is defined for arbitrary bounded domains, but it is hard
to compute the explicit form of the Bergman kernel except for special cases.
For the unit ball, bounded symmetric domain [9, 15], bounded homogeneous
domains [7], the explicit form of the Bergman kernel has been computed. See
more [2–4,8, 12,13,17,18] for other special domains.

Received April 10, 2019; Revised July 12, 2019; Accepted August 5, 2019.

2010 Mathematics Subject Classification. Primary 32A25, 32A07, 33C05.

Key words and phrases. Bergman kernel, Hartogs domain, hypergeometric series.
This work was supported by NRF-2018R1D1A1B07050044 from National Research Foun-

dation of Korea.

c©2020 Korean Mathematical Society

521



522 J.-D. PARK

Recently, many mathematicians have investigated the properties of the Har-
togs domain (over Ω)

Ω̃ := {(z, ζ) ∈ Ω× C : |ζ|2 < p(z)},(1)

where p(z) is a positive-valued function on Ω. See [1, 11,14,16].
In [1], Ahn and the author computed the Bergman kernel for Hartogs do-

main, where Ω is a product domain Ω1 ×Ω2 × · · · ×Ωq of irreducible bounded
symmetric domains and p(z) = p(z1)p(z2) · · · p(zq) with generic norm p(zi) for
each Ωi. This result is generalized to the case [11] when each Ωi is a bounded
homogeneous domain.

So far, the Hartogs domains have been considered only when p(z) is a generic
norm in (1). For example [1, 11,14], if Ω is a polydisk, then

p(z) = (1− |z1|2)µ1 · · · (1− |zn|2)µn .

In this paper, we study the Bergman kernel for some Hartogs domain whose
p(z) is not a generic norm. More precisely, we express the Bergman kernel for

Ωp,q,r={(z, z′, w) ∈ C3 : |z|2p < (1− |z′|2q)(1− |w|2)r}

in terms of sums of Appell hypergeometric functions F2(a; b1, b2, c1, c2;x, y)
which are two-dimensional Gauss hypergeometric series. As a consequence, we
obtain the boundary behavior of the Bergman kernel for Ωp,q,r.

Remark 1.1. If q = 1, then the domain Ωp,1,r is a Hartogs domain whose
defining function is a generic norm with respect to the polydisk. The Bergman
kernel for Ωp,1,r has been computed in [1]. This paper is the first research on
the Bergman kernel for Hartogs domain when p(z) is not a generic norm.

Acknowledgement. The author thanks the referee for helpful comments.

2. Hypergeometric functions

In this section we review the hypergeometric function and the Bergman
kernel for complex ellipsoid. For a, b, c ∈ R and |z| < 1, we define the Gauss
hypergeometric series

2F1(a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n(1)n

zn

= 1 +
a · b
c · 1

z +
a(a+ 1) · b(b+ 1)

c(c+ 1) · 1 · 2
z2 + · · · ,

where a rising factorial (a)n is given by

(a)n =
Γ(a+ n)

Γ(a)
=

{
a(a+ 1) · · · (a+ n− 1), n ≥ 1,

1, n = 0.
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The Bergman kernel for complex ellipsoid is expressed in terms of Appell’s
multivariable hypergeometric functions which are infinite series. Recall that an
Appell’s hypergeometric function is defined by

F
(n)
A (a; b1, . . . , bn; c1, . . . , cn; z1, . . . , zn)

=

∞∑
m1=0

· · ·
∞∑

mn=0

(a)m1+···+mn(b1)m1
· · · (bn)mn

m1! · · ·mn!(c1)m1 · · · (cn)mn
zm,

where zm := zm1
1 · · · zmnn .

Remark 2.1. In this paper we will write F
(1)
A = 2F1 and F

(2)
A = F2.

Proposition 2.2 ([5, 6]). The Bergman kernel for the complex ellipsoid

{(z1, . . . , zn) ∈ Cn : |z1|2p1 + · · ·+ |zn|2pn < 1}

is given by

K(z;w) =

∏n
j=1 pj

πn

∞∑
k1=0

· · ·
∞∑

kn=0

Γ
(

1 +
∑n
j=1

kj+1
pj

)
∏n
j=1 Γ

(
kj+1
pj

) (zw)k,

where (zw)k := (z1w1)k1 · · · (znwn)kn . In particular, if p1, . . . , pn ∈ N, then
the Bergman kernel is expressed in terms of Appell’s hypergeometric functions
as follows:

K(z;w) =

∏n
j=1 pj

πn

p1−1∑
r1=0

· · ·
pn−1∑
rn=0

Γ
(

1 +
∑n
j=1

rj+1
pj

)
∏n
j=1 Γ

(
rj+1
pj

) (zw)r

× F (n)
A

1 +

n∑
j=1

rj + 1

pj
; 1;

r + 1

p
; (zw)p

 ,

where 1 = (1, 1, . . . , 1) and r+1
p = ( r1+1

p1
, . . . , rn+1

pn
).

Using Proposition 2.2, the Bergman kernels for some complex ellipsoids have
been computed. See [12,13].

3. The Bergman kernel for Ωp,q,r

In this section we review the method [10] of computing the Bergman kernel
for some Hartogs domains. Throughout this paper, let ∆ = {z ∈ C : |z| < 1}
be the unit disk in C.

Let Ω be a bounded Reinhardt domain in Cn+m. Let αj be a positive
constant for all 1 ≤ j ≤ n. Define

Uα := {(z, z′, w) ∈ Cn × Cm × C : (fα(z, w), z′) ∈ Ω, |w| < 1},



524 J.-D. PARK

where

fα(z, w) :=

(
z1

(1− |w|2)
α1
2

, . . . ,
zn

(1− |w|2)
αn
2

)
.

For fixed w ∈ ∆, we define the slice domain

Uαw := {(z, z′) ∈ Cn × Cm : (z, z′, w) ∈ Uα}.

Then for any w ∈ ∆, the domain Uαw is biholomorphic to Ω. Define

h(z, w, η) :=

(
z1

(
1− |η|2

1− wη

)α1

, . . . , zn

(
1− |η|2

1− wη

)αn)
and

DUα :=
(1− |η|2)α·1

π(1− wη)2+α·1

I +

n∑
j=1

αj

(
1 + zj

∂

∂zj

) .

In [10], Huo computed the Bergman kernel for Uα.

Proposition 3.1 ([10]). For (z, z′, w), (ζ, ζ ′, η) ∈ Uα, we have

KUα(z, z′, w; ζ, ζ ′, η) = DUαKUαη
(h(z, w, η), z′; ζ, ζ ′).

Now we explain how we can compute the Bergman kernel for

Ωp,q,r := {(z, z′, w) ∈ C3 : |z|2p < (1− |z′|2q)(1− |w|2)r}

following Huo’s notations. Let

Ω := {(z, z′) ∈ C2 : |z|2p + |z′|2q < 1}

and α := r
p for r > 0. Then fα(z, w) = z

(1−|w|2)
α
2

. It follows that

Uα =

{
(z, z′, w) ∈ C2 ×∆ :

∣∣∣∣ z

(1− |w|2)
α
2

∣∣∣∣2p + |z′|2q < 1

}
,

or equivalently,

Uα =
{

(z, z′, w) ∈ C2 ×∆ : |z|2p < (1− |z′|2q)(1− |w|2)r
}
,

which will be written as Ωp,q,r in this paper.
It is clear that for any fixed w ∈ ∆,

Uαw :=

{
(z, z′) ∈ C2 :

∣∣∣∣ z

(1− |w|2)
α
2

∣∣∣∣2p + |z′|2q < 1

}
(2)

is biholomorphic to Ω = {(z, z′) ∈ C2 : |z|2p + |z′|2q < 1} with respect to the
linear map.

The following is the special case of Proposition 2.2.
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Proposition 3.2. The Bergman kernel for

Dp,q :=
{

(z, z′) ∈ C2 : |z|2p + |z′|2q < 1
}

is

KDp,q (z, z
′; ζ, ζ ′) =

pq

π2

∞∑
β=0

∞∑
γ=0

cβ,γ(zζ)β(z′ζ ′)γ ,

where cβ,γ =
Γ( β+1

p + γ+1
q +1)

Γ( β+1
p )Γ( γ+1

q )
.

Note that for each η ∈ ∆, a linear mapping

φη(z, z′) :=

(
z

(1− |η|2)
α
2
, z′
)

is a biholomorphic mapping from Uαη onto Dp,q, where Uαη is given as (2).

Lemma 3.3. Let φ : Ω1 → Ω2 be a biholomorphic mapping from Ω1 onto Ω2.
Then we have

KΩ1
(z; ζ) = detJφ(z)KΩ2

(φ(z);φ(ζ))det Jφ(ζ),

where z, ζ ∈ Ω1.

By Proposition 3.2 and Lemma 3.3, for any η ∈ ∆, it follows that

KUαη
(z, z′; ζ, ζ ′) =

1

(1− |η|2)α
KDp,q

(
z

(1− |η|2)
α
2
, z′;

ζ

(1− |η|2)
α
2
, ζ ′
)

=
pq

π2(1− |η|2)α

∞∑
β=0

∞∑
γ=0

cβ,γ

(
zζ

(1− |η|2)α

)β
(z′ζ ′)γ .(3)

We need the following lemma in order to express (3) in terms of Appell

hypergeometric functions. We write F2 := F
(2)
A .

Lemma 3.4. Let cβ,γ be as in Proposition 3.2. Then
∞∑
β=0

∞∑
γ=0

cβ,γx
βyγ

=

p−1∑
s=0

q−1∑
u=0

cs,ux
syuF2

(
s+ 1

p
+
u+ 1

q
+ 1; 1, 1;

s+ 1

p
,
u+ 1

q
;xp, yq

)
.

Proof. If we write β = pr+s and γ = qt+u with 0 ≤ s ≤ p−1 and 0 ≤ u ≤ q−1,
then

∞∑
β=0

∞∑
γ=0

Γ(β+1
p + γ+1

q + 1)

Γ(β+1
p )Γ(γ+1

q )
xβyγ

=

p−1∑
s=0

q−1∑
u=0

∞∑
r,t=0

Γ(r + t+ s+1
p + u+1

q + 1)

Γ(r + s+1
p )Γ(t+ u+1

q )
xpr+syqt+u,
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which completes the proof. �

For simplicity, we write

A :=
zζ

(1− wη)α
, B = z′ζ ′.

Note that

h(z, w, η) = z

(
1− |η|2

1− wη

)α
.

Then by (2) and Lemma 3.4, we have

KUαη
(h(z, w, η), z′; ζ, ζ ′)

=
pq

π2(1− |η|2)α

∞∑
β=0

∞∑
γ=0

cβ,γ

(
zζ

(1− wη)α

)β
(z′ζ ′)γ

=
pq

π2(1− |η|2)α

p−1∑
s=0

q−1∑
u=0

cs,u(AsBu)

× F2

(
s+ 1

p
+
u+ 1

q
+ 1; 1, 1;

s+ 1

p
,
u+ 1

q
;Ap, Bq

)
.

Recall that by Proposition 3.1,

KUα(z, z′, w; ζ, ζ ′, η) = DUαKUαη
(h(z, w, η), z′; ζ, ζ ′),(4)

where

DUα =
(1− |η|2)α

π(1− wη)2+α

(
(1 + α)I + αz

∂

∂z

)
.

Thus we need the following formula for a partial derivative of Appell’s hy-
pergeometric functions.

Lemma 3.5. For any (x, y) ∈ C2 satisfying |x|+ |y| < 1, we have

∂

∂x
F2(a; b1, b2; c1, c2;x, y) =

ab1
c1
F2(a+ 1; b1 + 1, b2; c1 + 1, c2;x, y).

By (4), we have

KUα(z, z′, w; ζ, ζ ′, η)

=
(1− |η|2)α

π(1− wη)2+α

{
(1 + α)I + αz

∂

∂z

}
KUαη

(h(z, w, η), z′; ζ, ζ ′)

=
pq

π3(1− wη)2+α

p−1∑
s=0

q−1∑
u=0

cs,uB
u

{
(1 + α)I + αz

∂

∂z

}
×
[
AsF2

(
s+ 1

p
+
u+ 1

q
+ 1; 1, 1;

s+ 1

p
,
u+ 1

q
;Ap, Bq

)]
.
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For the simplicity, we write

F2 := F2

(
s+ 1

p
+
u+ 1

q
+ 1; 1, 1;

s+ 1

p
,
u+ 1

q
;Ap, Bq

)
.

By Lemma 3.5, we have

∂

∂z
F2 =

s+1
p + u+1

q + 1
s+1
p

F ∗2 ·
(
∂

∂z
Ap
)

=

s+1
p + u+1

q + 1
s+1
p

F ∗2 · pAp−1 ∂A

∂z
,

where

F ∗2 := F2

(
s+ 1

p
+
u+ 1

q
+ 2; 2, 1;

s+ 1

p
+ 1,

u+ 1

q
;Ap, Bq

)
.

Since z ∂A∂z = A, we have{
(1 + α)I + αz

∂

∂z

}
(AsF2)

= (1 + α)AsF2 + αzsAs−1 ∂A

∂z
F2 + αzAs

∂

∂z
F2

= (1 + α+ αs)AsF2 +

s+1
p + u+1

q + 1
s+1
p

· αpAs+pF ∗2 .

Since α = r
p , we obtain the following.

Theorem 3.6. The Bergman kernel KΩp,q,r (z, z
′, w; ζ, ζ ′, η) is given by

KΩp,q,r (z, z
′, w; ζ, ζ ′, η)

=
pq

π3(1− wη)2+ r
p

p−1∑
s=0

q−1∑
u=0

[(
1 +

r

p
+
rs

p

)
cs,uA

sBuF2 + rc∗s,uA
s+pBuF ∗2

]
,

where A = zζ

(1−wη)
r
p

and B = z′ζ ′. The hypergeometric functions F2 and F ∗2

are given by

F2 = F2

(
s+ 1

p
+
u+ 1

q
+ 1; 1, 1;

s+ 1

p
,
u+ 1

q
;Ap, Bq

)
,

F ∗2 = F2

(
s+ 1

p
+
u+ 1

q
+ 2; 2, 1;

s+ 1

p
+ 1,

u+ 1

q
;Ap, Bq

)
.

The constants cs,u and c∗s,u are given by

cs,u =
Γ( s+1

p + u+1
q + 1)

Γ( s+1
p )Γ(u+1

q )
, c∗s,u =

Γ( s+1
p + u+1

q + 2)

Γ( s+1
p + 1)Γ(u+1

q )
.
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4. Behavior of the Bergman kernel KΩp,q,r(z, 0, 0; z, 0, 0)

As a consequence of Theorem 3.6, we obtain the behavior of

KΩp,q,r (z, 0, 0; z, 0, 0)

when (z, 0, 0) approaches to the boundary of Ωp,q,r.
At first we need the following Euler’s transformation formula.

Lemma 4.1.

2F1(a, b; c;x) = (1− x)c−a−b2F1(c− a, c− b; c;x).

The following explicit value of F (a, b; c;x) at x = 1 is well-known.

Lemma 4.2. If <(c) > <(a+ b), then

lim
x→1− 2F1(a, b; c;x) =

Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

.

The above lemma comes from the Euler representation

B(b, c− b)2F1(a, b; c;x) =

∫ 1

0

tb−1(1− t)c−b−1(1− xt)−adx,

where B(·, ·) is a beta function.
By Theorem 3.6, we have

KΩp,q,r (z, 0, 0; z, 0, 0)

=
pq

π3

p−1∑
s=0

[(
1 +

r

p
+
rs

p

)
cs,0|z|2s2F1

(
s+ 1

p
+

1

q
+ 1, 1;

s+ 1

p
; |z|2p

)
+(αp)c∗s,0|z|2s+2p

2F1

(
s+ 1

p
+

1

q
+ 2, 2;

s+ 1

p
+ 1; |z|2p

)]
,

where

cs,0 =
Γ( s+1

p + 1
q + 1)

Γ( s+1
p )Γ( 1

q )
, c∗s,0 =

Γ( s+1
p + 1

q + 2)

Γ( s+1
p + 1)Γ( 1

q )
.

Now we will find the constant R > 0 such that

lim
z→z0

(1− |z|2p)RKΩp,q,r (z, 0, 0; z, 0, 0)

converges to a nonzero number. By Lemma 4.1,

2F1

(
s+ 1

p
+

1

q
+ 1, 1;

s+ 1

p
; |z|2p

)
= (1− |z|2p)−

1
q−2

2F1

(
−1

q
− 1,

s+ 1

p
− 1;

s+ 1

p
; |z|2p

)
and

2F1

(
s+ 1

p
+

1

q
+ 2, 2;

s+ 1

p
+ 1; |z|2p

)
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= (1− |z|2p)−
1
q−3

2F1

(
−1

q
− 1,

s+ 1

p
− 1;

s+ 1

p
+ 1; |z|2p

)
.

By Lemma 4.2, we have

lim
|z|→1−

2F1

(
−1

q
− 1,

s+ 1

p
− 1;

s+ 1

p
; |z|2p

)
=

Γ( s+1
p )Γ(2 + 1

q )

Γ( s+1
p + 1

q + 1)

and

lim
|z|→1−

2F1

(
−1

q
− 1,

s+ 1

p
− 1;

s+ 1

p
+ 1; |z|2p

)
=

Γ( s+1
p + 1)Γ(3 + 1

q )

Γ( s+1
p + 1

q + 2)
.

Combining the above identities, we obtain

lim
|z|→1−

(1− |z|2p)
1
q+3KΩp,q,r (z, 0, 0; z, 0, 0)

=
pq

π3

p−1∑
s=0

rc∗s,0 lim
|z|→1−

2F1

(
−1

q
− 1,

s+ 1

p
− 1;

s+ 1

p
+ 1; |z|2p

)

=
p2qr

π3

Γ(3 + 1
q )

Γ( 1
q )

.

Theorem 4.3. Let (z0, 0, 0) be a boundary point of Ωp,q,r. For (z, 0, 0) ∈ Ωp,q,r,
we have

lim
(z,0,0)→(z0,0,0)

(1− |z|2p)
1
q+3KΩp,q,r (z, 0, 0; z, 0, 0) =

p2qr

π3

Γ(3 + 1
q )

Γ( 1
q )

.

5. Higher dimensional cases

Finally, we consider the Bergman kernel for higher-dimensional Hartogs do-
main defined by

Ωp,q,r :=

(z, z′, w) ∈ Cn × Cm ×∆ :
n∑
j=1

|z|2pj < (1− |w|2)r

1−
m∑
j=1

|z′|2qj
,

where p = (p1, . . . , pn) and q = (q1, . . . , qm). Define

Ω =

(z, z′) ∈ Cn × Cm :

n∑
j=1

|zj |2pj +

m∑
j=1

|z′j |2qj < 1


for pj , qj ∈ N and α = ( rp1 , . . . ,

r
pn

). Let

Uα = {(z, z′, w) ∈ Cn × Cm × C : (fα(z, w), z′) ∈ Ω, |w| < 1},

where

fα(z, w) =

(
z1

(1− |w|2)
r

2p1

, . . . ,
zn

(1− |w|2)
r

2pn

)
.



530 J.-D. PARK

Note that (fα(z, w), z′) ∈ Ω is equivalent to∑n
j=1 |zj |2pj

(1− |w|2)γ
+

m∑
j=1

|z′j |2qj < 1,

so that
n∑
j=1

|zj |2pj < (1− |w|2)r

1−
m∑
j=1

|z′j |2qj
 .

Thus Uα becomes Ωp,q,r. At first we need to compute the Bergman kernel for

Uαη =

(z, z′) ∈ Cn × Cm :

n∑
j=1

∣∣∣∣∣ zj

(1− |η|2)
αj
2

∣∣∣∣∣
2pj

+

m∑
j=1

|z′j |2qj < 1


for fixed η ∈ ∆. Define Ω1 and Ω2 by

Ω1 = {(z, z′) ∈ Cn × Cm :

n∑
j=1

∣∣∣∣ zjRj
∣∣∣∣2pj +

m∑
j=1

|z′j |2qj < 1},

Ω2 = {(z, z′) ∈ Cn × Cm :

n∑
j=1

|zj |2pj +

m∑
j=1

|z′j |2qj < 1}.

Consider φ(z, z′) = ( z1R1
, . . . , znRn , z

′). Then φ is biholomorphic from Ω1 onto
Ω2. By Lemma 3.3,

KΩ1(z, z′; ζ, ζ ′) = detJφ(z, z′)KΩ2(φ(z, z′), φ(ζ, ζ ′))det Jφ(ζ, ζ ′)

=
1

(R1 · · ·Rn)2
KΩ2(φ(z, z′), φ(ζ, ζ ′)).

Let Rj = (1− |η|2)
αj
2 . Note that

KΩ2
(z, z′; ζ, ζ ′) =

∏
pj
∏
qj

πn+m

∑
β1,...,βn
γ1,...,γm

Γ(
∑ βj+1

pj
+
∑ γj+1

qj
+ 1)∏

Γ(
βj+1
pj

)
∏

Γ(
γj+1
qj

)

× (z1ζ1)β1 · · · (znζn)βn(z′1ζ
′
1)γ1 · · · (z′nζ

′
n)γm .

It follows that

KUαη
(z, z′; ζ, ζ ′) =

∏
pj
∏
qj

πn+m

1

(R1 · · ·Rn)2

∑
β1,...,βn
γ1,...,γm

Γ(
∑ βj+1

pj
+
∑ γj+1

qj
+ 1)∏

Γ(
βj+1
pj

)
∏

Γ(
γj+1
qj

)

× (
z1ζ1

R2
1

)β1 · · · (znζn
R2
n

)βn(z′1ζ
′
1)γ1 · · · (z′nζ

′
n)γm .

Note that

h(z, w, η) = (z1a
α1 , . . . , zna

αn),
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where a = 1−|η|2
1−wη . Then

KUαη
(h(z, w, η), z′; ζ, ζ ′) =

∏
pj
∏
qj

πn+m(1− |η|2)
∑
αj

∑
β,γ

cβ,γA
β1

1 · · ·Aβnn Bγ11 · · ·Bγmm ,

where

Aj =
zjζj

(1− wη)αj
, Bj = z′jζ

′
j .

It follows that

KUαη
(h(z, w, η), z′; ζ, ζ ′)

=

∏
pj
∏
qj

πn+m(1− |η|2)
∑
αj

p1−1∑
s1=0

· · ·
pn−1∑
sn=0

q1−1∑
u1=0

· · ·
qm−1∑
um=0

cs,u
∏

A
sj
j

∏
B
uj
j

F
(n)
A (a; 1, . . . , 1; c1, . . . , cn, c

′
1, . . . , c

′
m;Ap11 , . . . , A

pn
n , Bq11 , . . . , B

qm
m ) ,

where

a =

n∑
j=1

sj + 1

pj
+

m∑
j=1

uj + 1

qj
+ 1,

cj =
sj + 1

pj
(1 ≤ j ≤ n),

c′j =
uj + 1

qj
(1 ≤ j ≤ m).

Since αj = r
pj

, Proposition 3.1 implies

KΩp,q,r (z, z
′, w; ζ, ζ ′, η)

=

∏
pj
∏
qj

πn+m+1(1− wη)
2+r

∑
1
pj

p1−1∑
s1=0

· · ·
pn−1∑
sn=0

q1−1∑
u1=0

· · ·
qm−1∑
um=0

n∏
j=1

A
sj
j

m∏
j=1

B
uj
j cs,u(1 + r

n∑
j=1

1

pj
(1 + sj))F

(n)
A + r

n∑
j=1

∑n
j=1

sj+1
pj

+
∑m
j=1

uj+1
qj

+ 1

sj+1
pj

A
pj
j F

(n)∗
A,j

,
where

F
(n)
A = F

(n)
A (a; 1, . . . , 1; c1, . . . , cn, c

′
1, . . . , c

′
m;Ap11 , . . . , A

pn
n , Bq11 , . . . , B

qm
m ) ,

F
(n)∗
A,j = F

(n)
A

(
a+ 1; 1 + en+m

j ; c + enj ; c′;Ap11 , . . . , A
pn
n , Bq11 , . . . , B

qm
m

)
,

where 1 = (1, 1, . . . , 1) ∈ Rn+m, c = (c1, c2, . . . , cn) ∈ Rn, c′ = (c′1, c
′
2, . . . , c

′
m)

∈ Rm. Here en+m
j ∈ Rn+m and enj ∈ Rn has its jth component equal to 1 and

all other components equal to 0.



532 J.-D. PARK

References

[1] H. Ahn and J.-D. Park, The explicit forms and zeros of the Bergman kernel function

for Hartogs type domains, J. Funct. Anal. 262 (2012), no. 8, 3518–3547. https://doi.

org/10.1016/j.jfa.2012.01.021

[2] H. P. Boas, S. Fu, and E. J. Straube, The Bergman kernel function: explicit formulas

and zeroes, Proc. Amer. Math. Soc. 127 (1999), no. 3, 805–811. https://doi.org/10.

1090/S0002-9939-99-04570-0

[3] J. P. D’Angelo, A note on the Bergman kernel, Duke Math. J. 45 (1978), no. 2, 259–265.

http://projecteuclid.org/euclid.dmj/1077312818

[4] , An explicit computation of the Bergman kernel function, J. Geom. Anal. 4
(1994), no. 1, 23–34. https://doi.org/10.1007/BF02921591

[5] G. Francsics and N. Hanges, The Bergman kernel of complex ovals and multivariable

hypergeometric functions, J. Funct. Anal. 142 (1996), no. 2, 494–510. https://doi.org/
10.1006/jfan.1996.0157

[6] , Asymptotic behavior of the Bergman kernel and hypergeometric functions, in
Multidimensional complex analysis and partial differential equations (São Carlos, 1995),

79–92, Contemp. Math., 205, Amer. Math. Soc., Providence, RI, 1997. https://doi.

org/10.1090/conm/205/02656

[7] S. G. Gindikin, Analysis in homogeneous domains, Uspehi Mat. Nauk 19 (1964), no. 4

(118), 3–92.

[8] S. Gong and X. A. Zheng, The Bergman kernel function of some Reinhardt domains,
Trans. Amer. Math. Soc. 348 (1996), no. 5, 1771–1803. https://doi.org/10.1090/

S0002-9947-96-01526-7

[9] L. K. Hua, Harmonic Analysis of Functions of Several Complex Variables in the Classi-
cal Domains, Translated from the Russian by Leo Ebner and Adam Korányi, American
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kernels, Studia Math. 152 (2002), no. 2, 161–186.

[18] L. Zhang and W. Yin, Lu Qi-Keng’s problem on some complex ellipsoids, J. Math. Anal.
Appl. 357 (2009), no. 2, 364–370. https://doi.org/10.1016/j.jmaa.2009.04.018

https://doi.org/10.1016/j.jfa.2012.01.021
https://doi.org/10.1016/j.jfa.2012.01.021
https://doi.org/10.1090/S0002-9939-99-04570-0
https://doi.org/10.1090/S0002-9939-99-04570-0
http://projecteuclid.org/euclid.dmj/1077312818
https://doi.org/10.1007/BF02921591
https://doi.org/10.1006/jfan.1996.0157
https://doi.org/10.1006/jfan.1996.0157
https://doi.org/10.1090/conm/205/02656
https://doi.org/10.1090/conm/205/02656
https://doi.org/10.1090/S0002-9947-96-01526-7
https://doi.org/10.1090/S0002-9947-96-01526-7
https://doi.org/10.1007/s12220-016-9681-3
https://doi.org/10.1007/s12220-016-9737-4
https://doi.org/10.1007/s12220-016-9737-4
https://doi.org/10.1090/S0002-9939-08-09576-2
https://doi.org/10.1090/S0002-9939-08-09576-2
https://doi.org/10.1016/j.jmaa.2012.11.017
https://doi.org/10.1016/j.jmaa.2012.11.017
https://doi.org/10.1155/2016/3856096
https://doi.org/10.1007/BF02887114
https://doi.org/10.1016/j.jmaa.2009.04.018


ON THE BERGMAN KERNEL FOR SOME HARTOGS DOMAINS 533

Jong-Do Park

Department of Mathematics and Research Institute for Basic Sciences

Kyung Hee University
Seoul 02447, Korea

Email address: mathjdpark@khu.ac.kr


