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FREDHOLM TOEPLITZ OPERATORS
ON THE DIRICHLET SPACES OF THE POLYDISK

KYUNGUK Na

ABSTRACT. We study the Toeplitz operators on the holomorphic and
pluriharmonic Dirichlet spaces of the polydisk in terms of when Toeplitz
operator is Fredholm operator there. Consequently, we describe the es-
sential spectrum of Toeplitz operators.

1. Introduction

Let D be the unit disk in the complex plane C. For a fixed integer n, the
unit polydisk D™ of C" is the cartesian product of n copies of D and V =V,
is the Lebesgue volume measure on D™ normalized so that V(D") = 1.

The Sobolev space S is the completion of the space C'(D™) for which

171 = {\/andv

where

2

1/2
+ Dn{lRf(Z)IQJrﬁf(Z)z}dV(Z)} <o,

n

O s s 0f
Rf(z) = ;ZZ%(Z)’ Rf(z) = ;zz%(z)
for z=(z1,...,2n) € D™. Then § is a Hilbert space with the inner product

W = [ s gave [ (RiRg+RiRgav

The Dirichlet space D is the subspace of S consisting of all holomorhpic
functions. And the pluriharmonic Dirichlet space D, is the space of all pluri-
harmonic functions f in S. Note that f € C?(D") is a pluriharmonic if and
only if the function ¢, : C — D" defined by ¢4 5(A) = f(a + Ab) is harmonic
for each a € D™ and b € C". Thus Dy, is also a closed subspace of S.
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We put

Lhee = {@68 L, 8—@,8—_@ e L™, j:l,...,n},
sz 8zj

where the derivatives are taken in the sense of distributions. Sobolev’s em-
bedding theorem ([1], Theorem 5.4) shows that each function in £1'*° can be
extended to a continuous function on the closed polydisk D". Hence we will
use the same notation between a function in L1 and its continuous extension
to D™. Note that Ry, Re € L™.

Let P and @ be the Hilbert space orthogonal projections from S onto D and
Dy, respectively. Given a function u € £1°°, the Toeplitz operators T, on D
and TP" on D,n, with symbol v are defined by

Tuf = P(uf), T =Q(up)
for f € D and ¢ € D,y, respectively. Then T, on D and TP" on D, are
bounded linear operators.

On the Bergman space of the ball, McDonald ([8]) studied the Fredholm
properties of a Toeplitz operators and Cao ([2]) considered the same problem
on the holomorphic Dirichlet space. Also Lee ([5] and [6]) characterized the
Fredholm Toeplitz operators on the holomorphic and pluriharmonic Dirichlet
spaces of the ball. In this paper, we deal with the same problem of when a
Toeplitz operator is to be Fredholm operator on the holomorphic and plurihar-
monic Dirichlet spaces of the polydisk. Now we introduce our main theorems.

Theorem 1.1. Let v € LY. Then T, is Fredholm on D if and only if u has
no zero on 0D™.

Theorem 1.2. Let u € L. Then TP" is Fredholm on Dy, if and only if u
has no zero on 0D™.

2. Preliminaries

For any multi-index o = (g, . . ., @, ) where each oy, is a nonnegative integer,
we will write |a| = a1 + -+ + a, and ol = aq! -+ - a,!. We will also write

(e20%

«a o
2=z,

for z = (21,...,2,) € D™

Let A2 be the well known Bergman space consisting of all holomorphic func-
tions in L? where L? = L?(D™,V) denotes the usual Lebesgue space on D".
Note that D C A? and moreover

(2) 1113 < IRFI < II£11?
holds for all f € D. Throughout the paper, we use the notations

||«>|2=(/D I@IQdV> wd (b= [ By
for @, 1) € L2.
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Note that each point evaluation is a bounded linear functional on AZ%: see
Chapter 2 of [10] for details and related facts. Thus each point evaluation is
a bounded linear functional on D and Dy, either. For each z € D", it follows
that there exists a unique kernel functions K, € D and R, € Dy, which have
the reproducing property:

f(Z) = <f7 KZ> and 90('2) = <@?RZ>

for f € D and ¢ € Dy, respectively.

As is well known, a real valued function on D™ is pluriharmonic if and only
if it is the real part of a holomorphic function on D". Hence we can express
Dpyr, =D+ D and

R.=K,+K,—1,;
see Chapter 4 of [9]. From this, we obtain the relation between P and Q as
follows:

(3) Q(p) = P(p) + P(2) — P(¢)(0)
for p € S.

Let B be the well known Bergman projection which is the orthogonal pro-
jection from L2 onto A2 and its explicit formula can be written as

By(z) = - Y(w)B.(w) dV (w),  z€D"

for ¢» € L?. Here B, is the Bergman kernel given by

1

B.(w) = H T zw we D"
i=1

Since

7

H
<
I
I
2
I
o
2
v
o
I
I

for z,w € D™, we have

(1) o) = Y [Ja+ans [ wuw)aviw)

|a|=017=1

for z € D™. On the other hand, since

1
B2 —
| IWEaR) = 715

for every integer 5 > 0, one can see

21 = o T] —
i1 Q; —+ 1
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for each multi-index «. Note that the set {z* : |a| > 0} spans a dense subset
of D. Thus it can be easily seen that the reproducing kernel K, on D has the
following explicit formula

(5) Kw) =1+ Y Wzawa
[a|>0

for z,w € D™. Since K,(0) =1 for all z € D", it follows from (5) that
T (14 oy
6)  Py(z) = / YV + Y Wza / WO Rip(w) dV (w)
n |a‘>0 n
for z € D™. Thus, for ¢ € S, we have by (4),

R(PY)(z) = (14 ;)2 WRY(w) dV (w)
(7) alz>021;[ /D"

= B(Ry)(z) — B(R¥)(0),  z€ D"
Note that the following mean value property holds for holomorphic functions
feL:
(8) f(z) = flb.*av, z€ D",
DTL

where b, denotes the normalized Bergman kernel of A? defined by

Ba(z) _ (1—la1f?) - (1 —an|*)

ba = = .
O = 1B~ 0@ (1w

Since f? is holomorphic, we have by (8)
f(2)? :/ f2|b.|? dV, z€ D"
DTI,
Taking the modulus on both sides, we obtain
FP< [ 1Pl av.
so that
SOF < [ Iav =113

for all holomorphic f € L!; see [3] for details. Combining this with (2), we
have the useful estimation as follows:

(9) FOI < NIfllz < IRfll2 < I£1-
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3. Fredholm Toeplitz operators
For each a € D™, we let E, = RK,. Then the explicit formula of F, is

E.(z) = Z Hi:li(l * ai)ﬁaza.

|| >0 |OL|
Note that |Regqll2 = |leq|| =1 for all a € D™ where
Ea(2)
eq(z) = , a,z € D"
[ Eall

Since || Ball2 = [Tj—; (1 — |a;|*)~! and ||E,||? = Ba(a) — 1 for all a € D", we
have

im 1Ball: = lim !
a—dD" || Eql| a—dD" \/1 — (1 —Ta1]?)2--- (1 —|an|?)?

(10)

The following results are taken from [7].
Lemma 3.1. ¢, converges weakly to 0 in D as a — dD™.

Lemma 3.2. The identity operator from D into A% is compact. In particular,
if a sequence fi converging weakly to 0 in D, then || fx|l2 = 0 as k — oo.

Let b2 = A% + A2 be the pluriharmonic Bergman space consisting of all
pluriharmonic functions in L2 Let ¢ = f + g € D,y for some f,g € D with
f(0) = 0. Since [[¢]|* = || f|* + [lg]|*, we have by (2)

lelle < [1£ll2 + llglle < [1FI + llgll < 2llll-

Using this with Lemma 3.2, we can see that the identity operator from D,
into b2 is bounded. B
Recall that Dy, = Dy + D where Dy = {f € D : f(0) = 0}.

Proposition 3.3. Let ¢; = f; +g; € Do + D be a sequence. If ©j converges
to 0 weakly in Dy, then f; and g; converge to 0 weakly in D.

Proof. Let h € D. Since f;(0) = 0, we have
(fjsh) = {5 = G5, 1) = (93, h) = h(0)g;(0) = (s, h) — h(0);(0)

= <50j7 h> - h(0)<¢J7 1>
for each j. If ¢; — 0 weakly in Dy, then (p;,h) — 0 and (p;,1) — 0 as
j — oo. Hence f; — 0 weakly in D. Also we have

{gj,h) = (@7 — 5. h) = (@5, 1) — 1(0) f;(0) = (05, h) = O
as j — oo, which implies g; — 0 weakly in D. Thus we have the desired
result. (|

Proposition 3.4. If h; converges to 0 weakly in D, then h; and h; converge
to 0 weakly in Dyy,.
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Proof. For ¢ = f +G € Dy + D, we have
(hj, o) = (hj, f+7) = (hy, f) + (h;,9) = (hy, f) + g(0)(h;,1)
for each j. Combining h; — 0 weakly in D with f,1 € D, we have (h;, f+7) —

0 as j — oco. Thus h; — 0 weakly in Dpp, so that ij — 0 weakly in D,p,. Thus
we have the desired result. ([

Finally the identity operator from D,y into b? is compact as follows.
Lemma 3.5. The identity operator from D,y into b2 is compact.

Proof. Let p; = fj +9; € Do+ D and ¢; — 0 weakly in D,;,. By Proposition
3.3, f; and g; converge to 0 weakly in D, so that we have | f;|| — 0 and
llgjll2 = 0 as j — co. From this we conclude that

@il < I fjll2 +1lgsll2 = 0
as j — oo. Thus we have the desired result. (I

For u € L%, we let S, denote the Bergman space Toeplitz operator on A2
defined by
Suf = B(uf)
for all f € A%, Clearly S, is a bounded linear operator on A2. Then we have
the Berezin transform ﬁ is continuous up to D™ and

(11) S.S, =uv on OD"
for given two bounded symbols u, v which are continuous on D”. Here LofL
is the Berezin transform on D™ defined by

L(a) = (Lbg,by)2,  a € D™

see [7] for details.

We let B denote the C*-algebra consisting of all bounded operators on
D (resp. Dpy). Also, let K be the algebra of all compact operators on D
(resp. Dpp,). An operator L € B is said to be Fredholm if L 4 K is invertible
in the quotient algebra B/KC. Recall that L € B is Fredholm if and only if
there exist Ly, Lo € B such that L1 L — I, LLy — I € K. Also, if there exists
a sequence { f;} of unit vectors in D (resp. Dpp) for which f; — 0 weakly and
ILf;ll = 0 as j — oo, then L can’t be Fredholm; see Chapter 6 of [4] for
example. Throughout the paper, L* denotes the adjoint operator of a bounded
operator L.

Theorem 3.6. Let v € LY. Then T, is Fredhlom on D if and only if u has
no zero on 0D™,

Proof. Suppose T, is Fredhlom on D and u(¢) = 0 for some ¢ € 9D™. Note
that
2

ITueall* < llueal® = ‘/ uca dV| + | R(uea) |3 + | R(uca)ll3
D’Vl
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for all @ € D™. Using Lemmas 3.1 and 3.2, we obtain

2
/ ue, dV
DTI,

< [lullZlleall3 — 0
IR (uea)ll3 < lleaRull3 < [|RulZ[leall; — 0

and similarly

as a — (. It remains to estimate ||R(ue,)||3. Note that

leaRull3 < [Rull3lleal3 — 0

and
[{eaRu, uReq)2| < L lea(Ru)u(B, — 1)| dV
A
< IRl e el 0
as a — (. Also, we have
JuRea|3 = ﬁw(m —1),u(Ba — 1)
< g (Bl + 20uB.u)al + )

Ba||2)2 [ul|2 (2]| Ball2 + 1)
S <Su2ba;ba>2+ =
( [ Eal| it AR

Ba||2>2A 3ul|2 || Ball2
< Spupz(a) + el—el2
( 1B ) ™ [ Eal?

for all @ € D™. Recall that |u|? is continuous on D™. Combining these obser-
vations with (10) and (11), we obtain

hm( R (ueq) |3 = limC (lleaRull3+ (eaRu, uReq)2+ (uReq, eaRu)o+||uReq||3)
a— a—

= lim |[uRe,||3
a—(

< lim 82 (a) = [u(O)[2.

a—(
Thus the assumption u(¢) = 0 yields
lim, || Tyeq || < Jluea|® < [u(¢)]? = 0.
a—(¢

Since the sequence {e,} of unit vectors converges weakly to 0 in D, T,, can’t
be Fredholm on D. Hence u has no zero on 0D".

To prove the converse, assume u has no zero on dD™. Since u has no zero
on D™, we can choose a bounded continuous function v on D" with uv = 1
on 0D™. According to (11), we have

—_—

SuSpy =1 =8,8—-S1=uw-1=0
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on D™, and so S, S, — I is compact. Also S, S, — I is compact by the similar
argument. Thus S, is Fredholm on AZ2.

Now suppose T, is not Fredholm on D. Then, there is a sequence {k;} of
unit vectors in D converging weakly to 0 such that

ITukill =0 or [ T7k;[ =0

as j — o0o; see Chapter 6 of [4] for example.

First consider the case ||T,k;|| — 0 as j — oco. To get a contradiction, we
consider (LR(Tyk;), Rk;)2.
(LR(Tuk;), Rkj)2 = (LRIP(uk;)], Rk;)2

= (L(B[R(uk;)] = B[R(uk;)|(0)), Rk;)2
= (LB[R(uk;)], Rkj)2 — B[R(uk;)](0)(L1, Rk;)2

and

(LB[R(uk;)], Rkj)2 = (LB[(Ru)k;], Rk;)2 + (LBu(RE;)], Rkj)2
= (LB[(Ru)k;], Rk;)2 + (LSu(Rk;), Rk;)o.

Since S, is Fredholm on A2, there exists a bounded operator L on A? such
that LS, — I is compact on A%. From Rk; — 0 weakly in A2, we have

<(LSu — I)Rkj7R/€j>2 —0

as j — oo. Since |k;(0)] < ||k;|l2 — 0, we see that (Rkj, Rk;)2 — 1 as j — oo.
From this, we have

lim <(LSU — I)Rk’j,Rk‘j)Q = hm <LSu(Rk‘J),R]€]>2 — 1,
J—00

Jj—o0
which gives
j—o0
These facts with Lemma 3.5 implies
(LB[(Ru)k;l, Rkj)2| < [[L[[[[Rullool|kll2[[RAll2 — 0.
By the above facts and using Lemma 5 of [7] with (L1, Rk;)2 — 0, we have
(12) (LR(Tukj), Rkj)2 — 1
as j — 0o. On the other hand, since ||T,k;|| — 0 and ||Rk;||2 — 1, we see

(LR(Tukj), Rkj)a| < [[ILR(Tukj)ll2l|REjll2 < LI Tuk; [ RE;]l2 — O

as j — oo, which is a contradiction to (12).

Now applying this argument to the other case, we can see that the fact
IT%k;]| — O yields a contradiction. Hence T;, is Fredholm on D, which com-
pletes the proof. (I
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Given u € £L1°° the (little) Hankel operator H, : D — D with symbol u is
defined by

H.f= P(U?)
for f € D.

Proposition 3.7. Foru € £, the Hankel operator H, is compact on D.

Proof. Let f; — 0 weakly on D as j — co. From (7) and the L?-boundedness
of B, we have

IHuf51? = 1 Pfi)lI* = [Pufp) )] + IRIP(uf;)]|”

< Null3 £ + | BI(Ru) £3] = BI(Ru) £5](0) 12

< JlullZI1f511? + 41 BI(Ru) £51113

< [lull3[1£51? + 4l (Ru) 13

< Jlull3[1£51% + Al RullZ 11 £113

< (Ilull3e + 4lIRullZ) 1£13
for each j. Recall that the compactness of the identity operator from D in A2
implies lim;_,o || f;]3 = 0. From this, we have ||H,f;|| — 0 as j — oco. Thus
H,, is compact on D as we desired. The proof is complete. Il
Lemma 3.8. For u € LY and f € D, we have the followings.

(@) (T2 fI1* = 1T fI” = [, T * + | Haf ||
(b) I TE"FII* = | Huf > = [KF, T ? + | Taf |12
() ITE")*FI* = T 12 = KF TuL) [ + [ H i FIP

Proof. Let f € D. Then we have by (3)

TP f = P(uf) + P(uf) — P(uf)(0) = T.f + Hyzf — T, f(0),
so that
|TE"f11? = | Tuf + Hafl|* = [TufO)? = |Tufl* + || HaflI* — |Tuf(0)].

Since Ty, f(0) = (T f, 1) = (f, T,¥1), we have (a). Similarly one can prove (b).
Now we prove (c).

(TE")* f(2) = (TE")* f, R) = (T f K + K. = 1)

<(Tu)*fa Kz - 1> + <K27H;f>

= (TW)"f(z) + Hif(2)

for every z € D™. Thus we have (¢) following the similar method in the proof
of (a). The proof is complete. O
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Now we introduce the new notations as follows: for given u € L1 we
define bounded linear operators A, By, Cy, from Dy + D to Dpy, by
Au(f +9) = Tuf + Tug,
(13) Bu(f+9) = Haf + Hug,

respectively. Then we can decompose TP" into the sums of the operators A,, B,
and C,.

Lemma 3.9. For u € L4, we have T}jh =A,+ B, +C,.
Proof. Let ¢ = f +g € Dy + D. From (3), we have
T = P(uf) + P(uf) = P(uf)(0) + P(ug) + P(ug) - P(ug)(0)
= Tuf + Haf = P(uf)(0) + Trg + Hug — P(ug)(0).
Here we obtain by the reproducing property
P(uf)(0) =(Tuf, Ko) = (Tuf, 1) = {f, T;1)

and

P(ug)(0) = P(ug)(0) = (g, T;71).
Using (13) with the above, we get
T =Tof + Hef — ([, T;1) + Tag + Hug — (9. T3 1)
for ¢ = f +G € Dy + D. Thus we have the desired results. O

The following result shows that the relation between T, and A, for the
Fredholm operator.

Lemma 3.10. Let u € LY. Then TP" is Fredhlom on D,y if and only if A,
has no zero on 0D™.

Proof. Let ¢; = f; + g; be a sequence in Dy + D and ¢; — 0 weakly in Dpy,.
Then Proposition 3.3 shows f; and g; converge weakly to 0 in D. Compactness
of H, and Hy by Proposition 3.7 implies that ||Hgf;|| — 0 and ||H,g;| — 0
as j — oo. Thus B, is compact. Also C, is compact by the definition. Using
Lemma 3.9, we have A, is compact as desired result. The proof is complete. [

Theorem 3.11. Let u € LY. Then TP" is Fredhlom on Dy, if and only if u
has no zero on 0D™.

Proof. We first assume TP" is Fredhlom on D,, and u has a zero on 9D". Then
T, is not Fredholm on D. If T}, is not left Fredholm on D. Then there exists
a sequence {f;} of unit vectors in D which is weakly convergent to zero and
|7 f;]] = 0. Using Lemma 3.8 and Proposition 3.7, we have

lim (72" f5]* = lim (|71 = [(f5, TaD)* + || Hafi))?) = 0.
j—o0 j—o0
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Also {f;} converges weakly to 0 in D), by Proposition 3.4, so that TP is not
left Fredholm on Dpp,. Thus it is contradiction. Now we consider the case T,
is not right Fredholm on D. By the similar way, there exists a sequence {g;}
of unit vectors in D such that g; — 0 weakly in D and ||T;;g;|| = 0 as j — oc.
Using Lemma 3.8 and Proposition 3.7 again, we have
Jim (TE" 951 = 1T 95117 — gy TuL)* + 1 H;g51%) = 0

since {g;} converges weakly to 0 in D. Applying Proposition 3.4 again, we see
that {f;} converges weakly to 0 in Dpp,, so that TP is not right Fredholm on
Dyp. Thus it is contradiction. It means that « has no zero on 9D".

To prove the converse, we suppose u has no zero on dD™. Then @ has no
zero on D™, which implies T,, and T3 are Fredholm on D. Since T, and T3
are left Fredholm on D, there exist bounded linear operators L and M on D
such that LT, — I and MTy; — I are compact on D. Now we define T from
Do + D to Dph by

T(f+9)=Lf+ Mg

for f +G € Dy +D. Then one can see that T is well defined and linear. Also it
is bounded because L and M are bounded on D. We just show that TA, — I is
compact in D,,. Note that T, f(0) # 0 in general. Thus we have with a simple
computation

(TA, — I)(F +G)
(14) —T (TuF — T, F(0) + T, F(0) + TaG) —(F+G)
= LT,F —T,F(0)L1 +T,F(0)M1 + MTG — (F + G)

for F+G € Do+ D. Let ¢; = f;j +7; in Dy + D converges weakly to 0 in Dpp,.
We obtain by (14),

(TAu = I)(;) = [LTw — 1](f3) + [MTi — I(g;) + Tuf;(0)[M1 — L1]
for each j. By Proposition 3.3, f; and g; converge weakly to 0 in D. Using
the compactness of LT, — I and MTz — I on D, we obtain [LT, — I|(f;) = 0
and [MTg — I](g;) = 0in D as j — oco. Also note that T, f;(0) = (f;,Tul)
for each j. From this we have T, f;(0) — 0 in D. Thus A, is left Fredholm on
Dyh. 1t is easy to show that A, is right Fredholm on Dpp, since L is linear and
Lf(0) = 0. Following the same argument, we have for

(AT = I)(p5) = [TuL = 1](f;) + [TaM — I)(g)),

where L and M are bounded linear on D such that T,,L — I and T, M — I are
compact. The rest of the proof runs as before. Thus we conclude A, is right
Fredholm on Dyj. Finally A, is Fredholm on Dpj,. Hence Lemma 3.10 gives
TP" is Fredholm on Dpn- The proof is complete. (I
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Recall that the essential spectrum o.(L) of L € B is defined to be the
spectrum of L + K in B/K. Thus the following is a simple consequence of
Theorem 3.6 and 3.11.

Corollary 3.12. For u € LY, we have 0.(T,) = u(dD") and o.(TP") =
u(0D™) .
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