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EXACT FORMULA FOR JACOBI-EISENSTEIN SERIES OF
SQUARE FREE DISCRIMINANT LATTICE INDEX

RAN XIONG

ABSTRACT. In this paper we give an exact formula for the Fourier coef-
ficients of the Jacobi-Eisenstein series of square free discriminant lattice
index. For a special case the discriminant of lattice is prime we show that
the Jacobi-Eisenstein series corresponds to a well known Eisenstein series
of modular forms.

1. Introduction

Jacobi forms of lattice index, whose theory can be viewed as an extension of
the theory of classical Jacobi forms, play important roles in many mathematical
fields, such as the theory of orthogonal modular forms, the theory of vertex op-
erator algebras. A classical example of Jacobi form is Jacobi-Eisenstein series.
In [1], Ajouz defined Jacobi-Eisenstein series of lattice index and studied its
basic properties. In [6], Mocanu gave the first formula of Fourier expansion for
Jacobi-Eisenstein series of lattice index and, for the trivial case, she showed that
the Fourier coefficients in fact are special values of Dirichlet L-functions up to
finite Euler factors. In [7], Woitalla considered this for the lattice P, <y 41
where A; is the scalar lattice (Z, (z,y) — 2zy). In this short paper we give an
exact formula for Fourier coefficients of Jacobi-Eisenstein series of square free
discriminant lattice index. This type lattice has occurred in several problems.

This paper is organized as follows: In Section 2 we review some basic facts
for Jacobi forms of lattice index briefly. An exact formula for Jacobi-Eisenstein
series of square free discriminant index is given and proved in Section 3. Fi-
nally, for the case the discriminant of lattice is prime we refer that the Jacobi-
Eisenstein series corresponds to a well known Eisenstein series of elliptic mod-
ular forms.
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2. Jacobi forms of lattice index

Throughout this paper, for a complex number ¢, write e(t) := e*™, g = (1)
for 7 of the complex upper half plane H. For a prime p, a rational number m,
denote v, (m) the p-adic valuation of m. We put I' = SL3(Z) and, for a positive
integer N' > 1, set the congruence subgroup I'o(N) := {y=[24] €T : N | c}.

We call a pair L = (L, 8) a positive definite even lattice if L is a Z-module
of finite rank rp, equipped with a positive definite integral quadratic form 3.
Denote by L* the dual lattice

LF:={ye L®,Q:pB(y,x) €Z forallzc L}.
The discriminant form of L is defined as
Dy = (L*/L,x+ L — B(z) + Z).
Note that card (L¥/L) = det(L) := det(F) where F is the Gram matrix corre-

sponding to a Z-basis of L. For r € L¥, let w, be its order in L#/L. Define the
discriminant of L as

A (fl)L%J det(L), rp even,
L (—1)LTAJ2det(L)7 rr, odd.

It is well known that Ay, = 0,1 mod 4. For a € Z, D € Q such that Ay D € Z,

denote xr(D,a) := <A£D> and in particular put xz(a) == xr(1,a).

a
Let L = (L, 5) be a positive definite even lattice and k an integer. The space
Ji,.(T") of Jacobi forms of weight k and index L consists of all holomorphic
functions ¢(7, z) on H x (L ®z C) which satisfy

(1) Forany A= [2%] €T and h = (z,y) € L x L, the following identities

hold:
#00 = (ohad) 1) = et (57 ) (57 775).
o(1,2) = (8lr,Lh) (1, 2) i= e (18(z) + B(,2)) (1,2 + 27 +y);

(2) The Fourier expansion of ¢ is of the form

o(r,2) = D> cslnr)q"Ch
nEZ,rELﬁ
B(r)—n<0
Here and in the following, for z € L ®; C and r € L! we write Cp = e(B(r, 2)).
By [1, Chapter 2, Proposition 2.4.3], the quality of cy4(n,r) depends on the
value of B(r) —n and r mod L. In the following we write D := B(r) — n and
Cy(D,r) = cy(n,r) as usual.
Define the Jacobi theta series 9 (7, 2) as

Ip(7,2) == Z qﬂ(l‘)gg.

el



JACOBI-EISENSTEIN SERIES 483

For an even integer k > % +2, the Jacobi-Eisenstein series Ey, 1,(7, z) is defined

as
Eyp(1,2) = Z (9(7,2)) |k,LA
AET AT B

where I'oo = {£ [} 7] : n € Z}. We have that Ej (7,2) € Ji (T).

3. Fourier expansion of Jacobi-Eisenstein series of square free
discriminant index

From now on we assume that Az, the discriminant of L is square free. This

2
implies that 7 is even and Dy, = D (Z/pZ, - ) With notations as

plAL
p prime

before the main result of this paper is stated as follows:

Theorem 3.1. Let L = (L, 3) be a positive deﬁnite even lattice of square free
discriminant. Then for even integer k with k > = 4+ 2, the Jacobi-Eisenstein
series Ey, (T, 2) of weight k and index L has the followmg Fourier expansion

Biop(r,2) =9u(r2)+ Y, cn,r)q"¢,
nEZ,TELﬁ
B(r)<n

where the qualities of c¢(n,r) are given by

(=l o
00 = e 2 4 A D)

d||aLD

L v 2 v,
<11 (1 +pre(ALPDARE )y ) (0, A D/pr A1) p)x(~1/p.p p(AéD))) :
plAL
plw

Proof. The application I'oo A — £(0,1) A gives a bijection
Lo \I' = {(c,d) € Z* : ged(c,d) = 1} /{£1}
therefore by the definition of Jacobi-Eisenstein series,
) + 25 - 25

ETEERSRNS S o ol o At ko)

c>1 deZ zel
ged(e,d)=1

where a, b are chosen such that [g Z] is in I". Using the identity

ar +b (2) + Blx,z)  cB(z) __ € 8 (z — %) + %5(@

cT+d cr+d er+d  er+d
we obtain

at+b B( ) B(z)
Z (crjr_dﬁ< )+ c‘rwJ:i z‘rfd)
(et +d)*

zeLl
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1 d T
= E P E E e(aB(x))F <T+c’2_c>’
c>1 dmod ¢ z€L/cL
ged(c,d)=1

where
ﬁ(z+y))

( T+h
hz Z (T4 h)k
€ZyeL

Applying Possion summation we obtain

F(r,z2) = Z w(n,r)q"Cs

neZ,rcLt
with
=/ Tk ( B(Z)> e(—(nt+ B(r, 2)))drdz
Rx (L®zR) T
:/ e(DT) dT/ e <5<Z+TT)> dz.
L®zR T
The inner integral equals to #ﬁti@) By [5, Page 19],

(om) =% i#|Dp—E 1
det(L)T ( f;)

w(n,r) =

if D < 0 and 0 otherwise. Summing up we find

o \k— £ k| plk— % —1
(1) Epp(r,2) =0(1,2) + Z (2) i"| D]

AP ——L(Vn,r K)q" Ch
nez, reL? det F ( 3 )

ﬂ(r)<n

where L(vyn,, k) i= 5 7"07’;(5) with

Ynr(e) =) > )+ B(r,x) +n))
deZ xEL/CL
ged(e,d)=1

(For the expression of v, ,(c) we replaced = by dz). Note that v, .(c) is mul-
tiplicative in ¢. Thus

’Yn,T(pV)
kv :

'Yn ke HL A/n r k) with Lp('Yn,rak) = D
v>0

By [3, Theorem 7], [3, Theorem 11],

I ZoGmr k) = T 3 od- By (d).

AL d||aLD|
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Applying the functional equation for L-function we have

(2mF D
det(L)T (k — };ILL T
(2) o(—1)l 1
- S A

L(XL, —k +
d||ALD|

Now we calculate L,(vn,r, k) for p | Ap.
If prime p does not divide w,., then

(3) Tr®) = Y. ep(—dwlD) > ep(d(B(x))).
d mod p” x€L/p¥L
ged(d,p¥)=1

We have that the quadratic form B is Zy isomorphic to the form 22 + --- +
ap:cm 1 Fpapx?, where a), € Z such that apal, = 272 det(L)/p (see [4, Chapter
11, Theorem 2]). Thus we calculate the inner sum

> e (dB())

z€L/p¥L
rL—2
_ 2 2
= H E , epr (dzy) E Ep¥ (da rL 1) E Epv (dappxré)
7j=0 z; mod p¥ Zyr, —1 mod p¥ zr, mod p¥

virp=1 [ re-t ; -1 “ vt (apd -1
2 . v v Xp: v—1 v—1
p p p p p
rr—1
A (VGG
2 p 2 prt

- () ()
Moreover,
\/<p”1> : \/(p”‘ll)

v(rp—1)

GG 6T
N ERENC M-
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v—1

(=)

Therefore

S e @B@) =p T <1> (—AL/p) (d)

xeL/p¥L p p p
Inserting this into (3) and applying [1, Lemma 2.1.14] we find

y L —AL P a (_,JQD pr(WiD) y
p(2+1)( V/><pr/ ,p||pD,

(4) Tn,r (") = p p

0, otherwise.
If p | wy, then the quadratic polynomial 5(z) + 5(r, z) is Zy-isomorphic to
the form

2 /o2 2 '
T+t ayry g+ papry + 2(rixy + -+ ApTry —1Tr, -1+ ApTr, Try ),

where rq,...,7r,, € Z with p{r,, . For v > 1 and each v mod p”, the equation
prL + 2a,7,, T, = umod p” has exact one solution in Z/p”Z, which implies

that
Z epv (d(p:c?l + 2ap1"r£o:@)) = Z epr (du) = 0.

zy, mod p¥ u mod p¥

Therefore v, (p¥) =0 for v > 1.

By above discussions, for p | Ag, if p | wy, then Ly(yn, k) = 1 and if
p { wy, then rewrite the first item of (4) in terms of the character associated
with lattice we obtain

Lp(nk) = 1 poUBLPDOEEE) ) (0, Ap D/ BLD) p)yp (<1 /p, o BEP)),

Inserting (2) and the formula for L, (7, , k) with p | Ay into (1) we complete

the proof of Theorem 3.1. O
4. Corresponding to Eisenstein series of modular forms

In this section we suppose that the discriminant of L is prime p thus Dy ~

2
(Z/pZ, T — a’)px ) In [1, Chapter 5] Ajouz constructed a surjective map from

Je,(T) to M, _ 2 (p, x), the space of modular forms of weight k— = on T'o(p)
L ! L
with character x. Explicitly the application

Q:Jg(l) = M,ff(i”)(p, XL)
2
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given by
Yoocmnd" G-y Y. Cyl(-n/p,w)g"
’rLEZ,reLﬁ n>0 a:ELn/L
B(r)<n —n/p=pB(z) mod Z

is an isomorphism, where

M ) = fE) €M) f = X ag(n)g”
’ xo(—n)#—x(ap)

Let the two Eisenstein series of M JoTL (p, xz) be

17XL k:—f 1 n
E 7 (r)=1+ d r(d)q",
R0 = X S

By [2, (14)], the unique Eisenstein series of MXL(a”)( ,XL) 18

2

a 2xr(—ap) 1
B () = BV, LB (7).
SO =B e g g s )

We now show that Q(Ej (7, 2)) = E:fg)(ﬂ It is deduced by the table
2

in [1, Page 92] that (_1)[%]XL(_1) = xr(ap). By this we rewrite the Fourier
expansion of Ey, (7, z) as

Ey. (7, %) Z q I)Cz Z c(n,r)q"Ch

z€L nEZ,rELﬁ
B(r)<n

with
2
L(]' —k+ 77XL)
xe(—ay) S &7y (-pD/d)+ Y dF T lxi(d), relL,
d|-pD d|-pD

“Nwl-ap) S d =Ty (-pD/d), ré¢L.

d|—pD

c(n,r) =

The condition D € Z is equivalent to r € L, and for r ¢ L, the equation
B(x) = —D has exact 1 + xr(—a,D) solutions in L#/L. Therefore

Q (Ek,L(T» Z))
2

(1_k+ 27XL)
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Xy def%—lxg(d)+X£(*ap)zdk7%fl><£("/d) q"
d|n

n>0,p|n \ d|n

+

2 —CLp —T—A—l n
L(1—X1§(+ T2L)7XL) Y (T xel=apn) d= = "Ixp(n/d)g

n>0,ptn
2xL(—ap)
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