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ON GENERALIZATIONS OF SKEW QUASI-CYCLIC CODES

SUMEYRA BEDIR, FATMANUR GURSOY, AND IRFAN SIAP

ABSTRACT. In the last two decades, codes over noncommutative rings
have been one of the main trends in coding theory. Due to the fact
that noncommutativity brings many challenging problems in its nature,
still there are many open problems to be addressed. In 2015, generator
polynomial matrices and parity-check polynomial matrices of generalized
quasi-cyclic (GQC) codes were investigated by Matsui. We extended
these results to the noncommutative case. Exploring the dual struc-
tures of skew constacyclic codes, we present a direct way of obtaining
parity-check polynomials of skew multi-twisted codes in terms of their
generators. Further, we lay out the algebraic structures of skew multi-
polycyclic codes and their duals and we give some examples to illustrate
the theorems.

1. Introduction

The family of linear codes is huge. So, structural subfamilies have been
always on the focus. The very first is the family of cyclic codes with a rich
algebraic structure and applicability. Quasi-cyclic codes have been the next
generalization of cyclic codes for which some very good and applicable codes
are shown to be a member of such family of codes. The main idea in all of
these attempts is to find a different subfamily of linear codes with concrete
algebraic structures. For the last two decades research on linear codes has
been shifted to cyclic codes over noncommutative rings, known as skew cyclic
codes intensively. These are larger than the commutative ones and surely
contain them as subfamilies. The pace for exploring these families has not
been as in the commutative case. The problems due to the skewness property
are more challenging. Natural generalizations of such codes for skew case are
attempted and their structures are explored. As a concrete result and a partial
contribution of this paper is the formulation of parity-check polynomial for
skew constacyclic codes in terms of their generators whose existence has been
known since its definition (see Theorem 4.4).
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The flow of the paper is formed as follows: In Section 2, we present some
basic definitions and review some literature related to our problems. Next, in
Section 3, we present skew multi-twisted codes, a recently introduced general-
ization of generalized quasi-cyclic codes over noncommutative rings. Here, we
approach the definition and the representation of this family of codes by rep-
resenting them via generator matrices with entries from skew polynomial rings
and state some related theorems regarding their structures both for codes and
their duals. In Section 4, we explore the dual structure of skew constacyclic
codes. Here, in Theorem 4.4, we explicitly state the parity-check polynomial
for skew constacyclic codes which will be contributing to the duality theorem
for skew multi-twisted codes. In Section 5, the structure of duals of skew multi-
twisted codes has been established and explored. Also, Theorem 5.6 presents a
lower bound for both dimension and minimum distance of skew multi-twisted
codes and some concrete examples are worked out. In the last section, Section
6, a larger family that contains skew multi-twisted codes, called skew multi-
polycyclic codes is introduced and their structures together with their duals
are also explored. Theorems 6.3 and 6.5 state parity-check polynomials of
skew polycyclic and skew multi-polycyclic codes respectively.

2. Skew cyclic codes

A linear code of length n over a finite field of order ¢, i.e., Fy, is an F-
subspace of F'. A linear code C is said to be cyclic, if it is invariant under the
cyclic shift, i.e., (co,c1,...,¢n—1) € C = (Cn-1,€0,...,cn—2) € C. There is a
one to one correspondence between cyclic codes and ideals of the quotient ring
F,lz]/ (2™ — 1) [29]. Recently, cyclic codes are extended to a noncommutative
case using skew polynomials [7]. Skew polynomial rings were introduced by
Ore in [28] and studied further by Jacobson [19] and McDonald [27].

Definition 1 ([27]). Let F, be a finite field of order ¢ and 6 be an automor-
phism of F,. The set of polynomials
Fylz;0) = {ao + arz + - - + an2™ |a; € Fy, n € N}

is called skew polynomial ring over F, where addition is ordinary but multipli-
cation is defined as za = 6(a)x for all a € Fj,.

Skew polynomial rings are noncommutative unless 6 is the identity automor-
phism. Fy[z; 6] is left and right Euclidean, i.e., both right and left division algo-
rithms hold and any left or right ideal is principal. Factorization is not unique
in F,[z;0]. Let f(x) be a polynomial in F[x;0]. If f(z)p(z) = p(z)f(z) for all
p(x) € Fy[z; 0], then f(z) is called a central polynomial. The set of central poly-
nomials of F,[z; 0] is called the center of F,[z;6] and denoted by Z(F,[z;0]).
Further, f(x) is a central polynomial if and only if it is of the form,

(1) f(x) = ag + a12™ + axx®™ + - - - + apz™™,
where a; € qu (the fixed field of 8 in F,) and m = [()| is the order of 6 [27].



ON GENERALIZATIONS OF SKEW QUASI-CYCLIC CODES 461

We write g(z)|,f(z), if g(x) is a right divisor of f(z). The following lemma
shows that two factors of a central polynomial commute.

Lemma 2.1 ([9, Lemma 7]). Let f(z) = h(x)g(z) in Fylz;0]. If f(z) €
Z(Fylz;0]), then h(z)g(x) = g(x)h(z).

In [7], Boucher et al. generalized cyclic codes by using skew polynomial
rings. A linear code C of length n over Fj, is called skew cyclic, if it is invariant
under the skew cyclic shift, i.e.,

(cosc1,..vsen1) € C = (0(cn-1),0(co),...,0(cn—2)) € C.

A codeword ¢ = (¢, ¢1,...,¢n—1) corresponds to the polynomial ¢(z) = ¢y +
c1® + - + cp_12" 1, hence the skew cyclic shift of ¢ corresponds to ze(z)
in the quotient ring Fy[z;6]/(z™ — 1). Boucher et al. show that skew cyclic
codes are ideals of the ring Fy[z;0]/(z™ — 1), whenever 2" — 1 € Z(F,[x;0])
[7]. Later, the restriction on 2™ — 1 to be a central polynomial is removed by
considering skew cyclic codes as left F,[z; 0]-submodules of Fy,[z;6]/(z™ — 1) in
[31]. Skew cyclic codes, being a generalization of cyclic codes and covering a
large and rich subclass of linear codes, present many advantages while searching
for linear codes with structures and in some cases good parameters. In many
recent studies such as [1,7], new record breaking codes were obtained via using
skew polynomials. Further, by considering 2™ — « and f(z) instead of 2™ — 1
respectively, some further generalizations such as skew constacyclic codes [8,20]
and module #-codes (skew polycyclic codes) [9,10,26] are also studied.

The following preliminary result can be derived directly from Theorems 6,
7 and Lemma 2 of [31] by using similar methods, hence the proof is omitted.

Lemma 2.2. Let C be a left Fy[x; 6]-submodule of Fylx;0]/(f(x)) where f(z) #
0 and deg(f(z)) > 0. Let g(z) be a monic polynomial of minimum degree in C.
Then g(x) is unique and C' is principally generated by g(x), i.e., C = (g(x)).
Moreover, g(z) is a right divisor of f(z) in F,[x; 6] and |C|=gdeelf (@) —deslg()),

Quasi-cyclic codes are another generalization of cyclic codes. They are
asymptotically good [35]. Many studies have been conducted in terms of either
exploring their algebraic structures [11,21-23] or obtaining codes with good
parameters [15-17,32]. Recently, skew quasi-cyclic codes are introduced and
some skew QC codes having minimum Hamming distances larger than previ-
ously best known linear codes of the same length and dimension are obtained
[1].

Generalized quasi-cyclic (GQC) codes are QC codes with cyclic components
of different lengths [33]. In [25], structures of the dual codes of GQC codes were
studied by identifying generator matrices of GQC codes as upper triangular
matrices with entries in F,[z].

Throughout this paper, a linear code C' of length n, dimension k£ and mini-
mum Hamming distance d is briefly denoted by [n, k,d]. A polynomial g(x) =
go + g1+ -+ + gn_12™ 1 and its coefficient vector g = (go, g1, ..., gn_1) will
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be used interchangeably where there is no confusion. The notation g - h stands
for the Euclidean inner product of vectors g and h. By the term dual code, or
C*, we mean the dual code of C' with respect to the Euclidean inner product.
For an arbitrary matrix P, P'" denotes the transpose of P.

3. Skew multi-twisted codes

Multi-twisted codes have been proposed by Aydin and Halilovié¢ [3] and their
duals have been explored recently by Sharma et al. [30].

Definition 2. Let C be a linear code over F, and

CcC = (01,1, e ’Cl7nl_1’ Cl,nlaCQ,l; ey 627n2_1, CQJLQ, ey 6171, ey Cl,nl—la Clﬂll)
be a codeword of C. Let 6 be an automorphism of Fy, a1, s, ..., € I and
a=(ay,...,q). If skew a-multi-twisted shift of ¢;

TE(C) = (0419(01,7“)7 9(61,1), ceey 9(01,711—1), 029(02,n2)7 9(02,1), cees 9(02,7),2—1)7
R al0<cl,nl), Q(Cl,l)a teey g(cl,nlfl))

is also a codeword in C, then C is a skew @-multi-twisted code of length
(n1,na,...,m).

Briefly, a multi-twisted code is a GQC code with constacyclic components.
The case where o; = 1 for all 1 < i < [ corresponds to a skew GQC code
[13], and the case where | = 1 corresponds to a skew constacyclic code which
is invariant under skew a-constacyclic shift [§].

Let R = Fy[z;0] and R; = Fy[z;0]/(z™ — ;). In polynomial representation
form, a skew a-multi-twisted code C is a left R-submodule of M = R; X Ry X
-+ X Ry. Here, we adopt and extend the method introduced in [25] to a family
of skew a-multi-twisted codes. Let

¢: Fylz; 0 — M

(f1, f2,-- -, fi) = (f1 mod (2™ —ay), fo mod (2™ —ag), ..., fi mod (™ —qy)).
For a skew a-multi-twisted code C, define D = ¢~1(C). For the zero codeword
(0,0,...,0) € O, its preimage ¢~*((0,0,...,0)) consists of the vectors of the
following form:
(2) 0,...,0,z2" — ;,0,...,0)

N—— N——

i1 1—i

for all 1 < i <. Conversely, if a left R-submodule D C F,[z;0]" includes [ poly-
nomial vectors of the form (2), then ¢(D) determines a skew a-multi-twisted
code. We view a skew @-multi-twisted code C in F,[r;0]' as a submodule and

identify each skew @-multi-twisted code with an [ x [ polynomial generator
matrix.



ON GENERALIZATIONS OF SKEW QUASI-CYCLIC CODES 463

Definition 3. Let C be a skew @-multi-twisted code, and let G = [g; ; ()] be
an [ x [ matrix whose entries are in F,[z; 6] and whose rows are codewords of
C. If G is upper-triangular of the form

91,6(90) gr2(x) - gui(w)
(3) G= : 9212(3:) '. g2’l.(m)
0 0 g |,

and if for all 1 <4 <1, g; ;(z) has the smallest degree among all codewords of
the form (0,...,0,¢;(z),...,q(z)) € C with ¢;(z) # 0, then G is a generator
polynomial matriz of C. Moreover, if G satisfies the conditions that g, ;(z) is
monic for all 1 <4 <1 and degg; ;(z) < degg; ;(x) for all 1 < i # j <[, then
we call G the reduced generator polynomial matriz of C.

In [25], for the commutative case, Buchberger’s algorithm is applied to show
the existence of polynomials in the reduced generator polynomial matrix G
which is uniquely determined. Since the skew polynomial ring Fy[z; 6] is right
Euclidean, i.e., right division algorithm holds for polynomials in Fy[z; 6] [27],
the same approach can be applied to a skew @-multi-twisted code C' to ob-
tain the reduced generator polynomial matrix given in Definition 3. In this
case, division should be considered as the right division in Fy[z;6] and ged of
polynomials as gerd (greatest common right divisor).

Considering the results in [25] and [34], and by Definition 3, we can state
the following remark on the dimension of a code C.

Remark 3.1 (Dimension of C). Let C' be a skew a-multi-twisted code and G
be the reduced generator polynomial matrix of C. Then, the dimension of C' is

!
dim(C) = an — deg(gi,i(7)).
i=1

Given a reduced generator polynomial matrix for a code C, the problem of
obtaining a reduced parity-check polynomial matrix H will be resolved later
in Theorem 5.3. Here, we define a reduced parity-check polynomial matrix as
follows:

Definition 4. Let C be a skew @-multi-twisted code, and let H = [h; ;(x)] be
an [ x [ matrix whose entries are in Fy[x; 8] and whose rows are codewords from
C*. If H is in a lower-triangular form as follows

hl)l(l’) 0 0

(4) H— h2_’1((£) hgyz(l')

hl71(x) hl72(1‘) ce hl,l(x) Ixl
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and if for all 1 < ¢ <1, h; ;(x) have the minimum degrees among all codewords
of the form (c1(x),...,ci(x),0,...,0) € C+ with ¢;(z) # 0, then H is a parity-
check polynomial matriz of C. Moreover, if H satisfies the conditions that
hii(z) are also monic for all 1 < ¢ <[ and degh; ;(z) < degh, ;(z) for all
1 <i#j <l then we call H the reduced parity-check polynomial matriz of C.

The following propositions can be derived similar to their corresponding
commutative cases given as Propositions 2, 3 and 5 in [25], so we omit their
proofs.

Proposition 3.2. Let G be an | x| reduced polynomial matriz as in (3). Then
G is the reduced generator polynomial matriz of a skew a-multi-twisted code C
if and only if there exists an | x | matriz A with entries in Fy[z; 0] such that

(5) AG = diag[z™ — aq, ..., 2™ — o).

Proposition 3.3. Let G be an | x | reduced polynomial matriz as in (3) and
A = [a; ;] be a matriz satisfying (5). Then A is an upper triangular matri,
satisfying deg (a;,;) > deg (a; ;) for all1 <i#j <l

4. Duality theorem for skew constacyclic codes

Skew multi-twisted codes with [ = 1 are skew constacyclic codes which
are introduced in [8] and some properties of this family are given in [12] and
[20]. In polynomial representation, skew a-constacyclic codes correspond to left
F,[x; 0]-submodules of Fy[z;6]/(z™ — ). In fact, a skew a-constacyclic code C
of length n is principally generated by a right divisor g(z) of 2™ —a in F[z; 6],
ie,, C = (g(x)). In this section, given the generator of a skew constacyclic
code, we introduce a direct method of finding the generator of the dual code
explicitly. Throughout this section we set m | n, where m = |(6)].

Lemma 4.1. Let 2" — o € Fylz;0], o(a) be the multiplicative order of o in
Fy and N = o(a)n. Then, ™ — «v is a right divisor of the central polynomial
N — 1 in Fylz;0)].
Proof. Let N = o(a)n. Then,
QSN 1= (0471 + 04721371 +a73x2n N +a70(a)x(o(a)71)n)(xn _ a). 0
Since m | n, we have 2V — 1 € Z(F,[z;0]) and from Lemma 2.1, 2V — 1 =
(" —a)(a ™t +a 22" + a 32?n 4 - - + a~ @ gle(@)=1n) We simply use the

z " —1
" -«

expression for the right division of 2%V — 1 by 2" — a.

Lemma 4.2. Let o; € F; and n; be a positive integer such that m|n; for
1<i<I!. Then
™ — gl —1

where N = lem(ny,ng, . ..,n;)lem(o(ay), ..., o(qp)).
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Proof. By Lemma 4.1, we have
(a7t + 2™ + a7 32 4 o 4 a O glola)=Imiy (gmi ) = grioled) _
and we also have

o(a;)n; | lem(ny, na, ..., ny)lem(o(aq), ..., o(a)).

Hence,
gmioles) 1N 1.

Therefore 2™ — o] 2™ — 1. O

In [20], Lemma 3.1 shows that the dual of a skew a-constacyclic code is
a skew o~ !-constacyclic code, with a restriction on « being fixed by 6. This
lemma holds for any a € F,, and can be proved by using the same method.

Lemma 4.3 ([20], Lemma 3.1). Let C be a skew a-constacyclic code of length
n over Fy, where o € Ff. Then the dual code C+ is a skew a~!-constacyclic
code of length n over Fy.

In order to determine the generator polynomials of dual codes, the following
definition will be crucial.

Definition 5. Let n be a positive integer and a(z) = ag + a1z + asx® + -+
an—12""1 € F,[z; 0] with deg(a(z)) < n — 1. We define

al™ (z) = o tag + O(an—1)x + 6% (an_2)z® + - + 60" (ar)z" L.

Let 2" —a = a(x)g(z) with deg(a(z)) = k and C = (g(x)). If we were dealing
with the case a = 1, i.e., skew cyclic case, skew reciprocal polynomial of a(z),
which is defined as a*(x) = as, + 0(ax_1)x + - -+ + 0% (ap)z*, would be a right
divisor of ™ — 1 and thus a generator polynomial for C* [9]. However, for the
skew constacyclic case, 2" — a = a(z)g(z) does not imply af(x)|,z" —a~! nor
does it imply C+ = (a®(z)). In [10] the authors determined that C+ = (hf(z))
where h(x) is a polynomial satisfying 2" — 7% (a) = g(z)h(z), this guarantees
the existence but is implicit and the process involves a query to find such a
polynomial h(x). Later in [12] in Theorem 6.1, authors obtained the generator
of the dual code in terms of h(x), while 2™ — a = h(z)g(z), by using the
properties of skew generalized circulant matrices.

In the following theorem, we give an alternative algorithm to find the gen-
erator polynomial of C* directly by using a{™® (z).

Theorem 4.4. Letz"—a = a(x)g(x) in Fylz; 0] and C be a skew a-constacyclic
code generated by g(z). Then, a\™* € C+. Moreover, C*+ = (zFa™)(2)),
where k = deg(a(x)).

Proof. Let g(z) = go+gi1v+- - +gn_12" ' and a(z) = ap+arx+- - +a,_ 12" L.

Let us multiply both sides of z" — o = a(x)g(x) from left by zf—__i, where
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N = o(a)n. We obtain,

" —«
Since zV — 1 € Z(F,[z;0]), from Lemma 2.1 we can write
N —1

" — «

2N —1 = g(e) =—ala),

which means
gx)(a +a 2z +a B 4 4 am0@g@ DM () = 0 (mod 2N —1).

This is equivalent to

(6)
g(x)ata(z) + g(z)a"2a(z)z™ + - - + g(z)a(z)z®@~D" =0 (mod 2 — 1)

since ™0 =1 and 2" € Z(F,[x;0]).

The coefficient of 2° in Equation (6) is goa™tag + g10(an—1) + 920 (an—2) +
oo+ gn_10""(a1) = 0 which implies g - a{™® = 0. To prove a™* € C*+,
we need to show that a{™® is orthogonal to all skew a-constacyclic shifts of
g. Let us denote the skew a-constacyclic shift by T,. If we multiply Equation
(6) with = from left, then the coefficient of #° becomes

0(gn-1)ao + 0(go)0(an—1) + 0(g1)0%(an—2) + -+ 0(gn—2)0"""(a1) = 0.

This implies that T,,(g) -a{™® = 0. Similarly, if we multiply Equation (6) with
x* from left, we obtain T%(g) - a{™® = 0. Thus, we have a{™* € C*.

Now let us show that C+ = (zFa(™(z)). Since Ct is a skew o~ '-
constacyclic code, it is a left Fy[z;6]-submodule of F,[x;60]/(z™ — a~!). Thus
z'a(™) (z) € F,[z;0]/ (2™ — a~"') also belongs to C+. We have,

deg(a(z)) = k = deg(zFa™* (z)) = k in F,[z;0]/(z" — a™1).

Since the quotient ring is principal and the dimension of C+ is n—k, there is no
polynomial in C+ with degree less than k. Therefore C* is indeed generated
by z*a{™ (z). O

5. Duality theorem for skew multi-twisted codes

In this section, we state and prove a theorem that reveals the structure of
dual codes of skew (o, ..., q;)-multi-twisted codes. This goal is achieved by
generalizing Theorem 4.4 for [ > 1 and obtaining the reduced parity-check
polynomial matrices of skew (aq,...,q;)-multi-twisted codes from their re-
duced generator polynomial matrices. Throughout this section we set m |n;,
where m = |(6)].

Theorem 5.1. Let C be a skew (o, ..., qp)-multi-twisted code of length (nq,
...,ny) over F,. Then, the dual code C* is a skew (ag?,... ,al_l)—multi—th'sted

code.
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Proof. Let Tz-1(c) be the skew (a;?,...,a; ')-multi-twisted shift of c. Let
C=(C11s s Climy—1sClmys €215+ C2mo—15C2mas - - -
Clis--sCln—1,Cln,) €C
and
d=(di1, s dim—1,d1nyd21,- - dans—1,d2.nss- - -,
dits s dim—1,dig,) € CT,
;Elen(c )dE C§] L300 ¢jadyi = 0. We want to show that ¢ Tig-1(d) = 0, i.e.,

Since C has a finite number of codewords, there exists a number s such that
T2(c) = c. Let

w=T" )= (0" (c1a),- -, 0 (crmy), 0 (a7 er ),
0 (can)y . s 07 (Comy), 0 Hag tean), - - s
0 (cra), -, 0 ern,), 0 ey tern)).
Then,
O=w-d= (0" (c12)di1+ -+ 07 (cr1n)din 1 +0 a7 e11)dim,)
+ (07 (c2,2)da,1 + -+ 4 07 (Cony )y —1 + 07 (0g e, 1)d2 n)
+o (0 N e2)dig + o+ 0 (ein) i —1 + 07 (o ) din,).-
Since 6(0) = 0, we have
0=[(cr1,c12--sC1my) - (a7 0(d1n,),0(dr 1), 0(din,—1))]
4 [(c2.15 225 -+ -5 Camy) - (g '0(d2ny),0(da 1), - ., 0(d2my—1))]
+o (e iz im) - () 1 0(diny), 0(din), - -y 0(din,—1))]
= ¢ Ty-1(d).
Therefore O+ is a skew (a7 ', ..., a; !)-multi-twisted code. O

Lemma 5.2. Let G be the reduced generator polynomial matriz of a skew a-
multi-twisted code C', A be the I x1 upper triangular polynomial matriz satisfying

AG=diag[x™ —ayq, ..., 2™ —qp], and N =lcm(nq,...,n;)lem(o(ai),...,o(a;)).
Then G'A = diag [zV —1,...,2 — 1], where
N—1 N1
G = Gdzag[ ce i .
M —ay’ ™M — oy

Proof. Let I be the [ x [ identity matrix.
AG = diag[ ™My, 2™ — )
N_q N
= dzag[ - JAG = (2 — 1)I

M —aq T — oy
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N —1 N —1
M —aq T 2 — oy
= G'AG = (2N - 1)G, since 2V — 1 € Z(F,[z;0))
= G'AG — (zV —1)G =0
= (G’A— (N —1))G =0.

Since G is an upper triangular polynomial matrix with nonzero diagonal entries
and F,[x;0] has no zero divisors, G'A — (¢ — 1)I = 0 which implies G’A =
(2N — I = diag [z —1,..., 2N —1]. O

= Gdiag| JAG = G(2™ —1)I

Theorem 5.3. Let G = [g; ;(x)] be the reduced generator polynomial matriz
of a skew @-multi-twisted code C of length (n1,...,n;) over F, where &@ =
(a1,...,a;) € (E7)', and let A = [a;j(z)] be the polynomial matriz which
satisfies AG = diag[z™ — aq,...,2™ — oy]. Then,

l‘degal’laﬁbf’al)(l‘) 0 . 0
" xdeg a2,2a§’cl21;041> (J?) xdeg a2,2a§’:122,a2> (33)
: : 0
pdeg az,zanllvo‘ﬂ (iC) pdeg az,zagfl?’o‘?) (1-) co. gdeg U«z,za;jl”vo‘w ((E) Il

where each it" column of H is considered modulo x™ — a;l. If a;i(z) = o™ —

(n;,o0) 1

i, then we set xe8%.iq" " (x) = z" — o',

polynomial matriz of C.

Proof. Let N = lem(nq,...,ng)lem(o(ay),...,0(aq)) and G’ be defined as in

Then, H is a parity-check

Lemma 5.2. From Lemma 5.2 we have G’ A = diag[z™ —1,..., 2" — 1] where
i . (x)ﬁa (z) = 0, iFJ
— ik e _ ax k,j l‘N o 17 i :]
for 1 <14,j <. Thus, for a fixed ¢ and j we have
N N
zV —1 " —1
- gi,l(x)mau (z) + g¢,2($)ma27j (x) + -+
N -1
() ———ay (z) =0 da™ —1).
18) Sy (0) =0 (mod ¥ 1)
From Theorem 4.4, the coefficient of z° in Equation (7) is
gin -anj’o‘” + Gi2 'aéz?’a2> +-+Gi- a;zlm> =0,
which implies (g;1, gi2,.--,9i1) - (a%l’aﬂ,aé’?’a”, ce ale’a”) =0.

Using the same approach as in the proof of Theorem 4.4, if we multiply Equa-
tion (7) with 2® from left, then the coefficient of 2° gives Tg((gm, Gi2s- -1 Gil))

(n1,01) (n2,002) (ni,ou)y (n1,01) (n2,a2) (ni,oa)y « s
(ap; ", ag 7™ . e 7) = 0. Hence, (a3 ;""" a5 77,0 a7 s in

Ctforalli,je{1,...,1}.
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Thus 298 % (aﬁl’aﬁ(x),aéz?’”)(x), e ,a%“a’)(x)), which is exactly the jth
row of H, also belongs to C*. Lastly, we need to show that the diagonal entries
of H satisfy the minimum degree condition in Definition 4. This can be shown
by using similar tools as in Theorem 1 of [25]. The same arguments hold for
the skew polynomial case since we are working on left modules. O

Here, we give some concrete examples to illustrate our theoretical results.

Example 5.4. Let # be an automorphism of F; defined by 6(3) = 32 for any
B € Fy, in this case |(#)| = 2. We consider the skew polynomial ring Fy[z; 6]
where Fy = {0,1,a,a?}. Let

x4+a2x3+a2x+1 ;U?’—i—xz—l—azx—l—a m3+a2x2+x

A= 0 z+1 a?
0 0 1 3v3
and
?+a’r+1 2?2+l +a 3 +a%z? + 1
G = 0 Bl +r+1 axd+a?2? +ax+ao?
0 0 41 43

The above matrices satisfy AG = diag[x® — 1,2* — 1,2* — 1]. Therefore G is a
generator matrix for a skew GQC code C of length (6,4,4) and C is a [14, 5, 4]
code. By Theorem 5.3, the parity-check polynomial matrix for C' is

2 tard+ar+1 0 0
H=| 2°+z*+a?z+a®> z4+1 0

5 2,4 3 2
x° + ot +x o 1 3x3

Further, we present their corresponding generator matrices of the code and its
dual

1 o> 1 0 0 0|la o2 1 0 1 0 o 1]
01 a 1 0 0[0 &> o 1 1 1 0 «
G=|0 0 1 &> 1 0|1 0 o &*|a®2 1 1 0
0 0 001 a lla 1 0 2|0 a 1 1
00 00 001 1 1 1]a® a o® « Jsvia
and
(1 o« 0 a 1 0l0 0 0 0]/0 0 0 0]
0 1 &> 0 o> 1|10 0 0O 0|0 O O O
> ¢ 0 0 1 1|1 1 0 0|0 0 0 O
1 «a a 0 O 1|0 1 1 0|0 0 0 O
H = 1 1 a2 2 0 0/0 0 1 1|0 0 0 O
0 0 0 1 a®> 1|a2 0 0 0|1 0 0 O
1 0 0 0 1 «al0 a« O 0|0 1 0 O
> 1 0 0 0 1/0 0 «> 0|0 0 1 O
| 1 a1 0 0 0]0 0 O a0 0 0 1 | 914
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Now, one can easily check that G - H'" = 0 and the dual code C* is a [14,9, 3]
code.

Example 5.5. Next we consider again the skew polynomial ring Fy[z; 0] given
in Example 5.4, with the following moderate size matrices:

2?2+« 1 0
A= 0 2 +ao? 224a ,
0 0 1 3v3
and
x2+a x2—+—a x4+a2
G= 0 2 +ao? 25 +art+aP2?+1
0 0 2B+

3x3
It can be easily shown that AG = diag[z* — a?,2® — a, 28 — a]. Therefore G is

a generator matrix for a skew a-multi-twisted code C of length (4,8, 8), where
a=(a?a,a),

From Theorem 3.1, dim(C) = > n; — deg(g;s) =2+4+0=6. Cisa
[20,6,4] code. By Theorem 5.3, the parity-check polynomial matrix for C' is

2% 4+ a? 0 0

o 2 +a 0
0 2 +1 o

H

3x3

Now, we state the following theorem as a note on the minimum distance
bound for 1-generator skew a-multi-twisted codes. Moreover, Corollary 5.7 is
an application of Theorem 2.2 given in [3] for a noncommutative case.

Theorem 5.6. Let C be a skew a-multi-twisted code over Fy witha = (a1, .. .,
a;) and length (ny,...,n). Let 2™ — a; = a;(x)g;(x) and Cy, be the skew ;-
constacyclic code generated by g;(x) of length n;. Suppose that C is generated
by (f1(2)g1(x), fa(@)g2(x), . .., flx)gi(x)) where fi(x) are in Z(Fy[z;0]) and
gerd(fi(x),a;(x)) =1 forall1 <i <I. Then, C is a [22:1 ng, k,d] code where
k > max{deg(a;(x))} and d > min{d(Cy,)}.

Corollary 5.7. Let o € Fy and 2" — a = a(x)g(x) in Fylz;0]. Let Cy be
the skew a-constacyclic code generated by g(x) of length n. Let C be a skew

a-multi-twisted code over Fy with oy = a and n; = n for all 1 < 7 < [
Suppose that C is generated by (f1(x)g(x), fo(x)g(x), ..., fi(zx)g(x)) where f;(x)

are in Z(Fylx;0]) and gerd(fi(z),a(z)) =1 for all1 < i < 1. Then, C is a
[nl,n — deg(g(x)),d] code where d > n -d(Cy).
Proof. First, since f;(z) € Z(Fy[x;0]), we have
a(z) fi(x)g(x) = fi(z)a(z)g(x) =0 (mod 2" —a), 1 <i <.
We need to show that there is no other polynomial p(z) with degree less than

deg(a(x)) that makes either of the components zero, i.e., p(z)f;(z)g(z) # 0
(mod 2™ — ).
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Suppose that we have such a polynomial p(x). Then, p(x)f;(z)g(z) =
(mod z™ — «) for some 4. In this case, a(x)|-p(x)fi(x), thus, p(x)f;(x)
g(z)a(z) for some g(x) € Fy[z;d], which implies gerd(a(z), fi(x)) # 1 and
leads to a contradiction. The rest of the proof can be completed in a similar
way as in Theorem 3.2 of [4]. So, we omit the details. O

0

Now we present some examples in order to illustrate the results obtained
above.

Example 5.8. We consider the skew polynomial ring Fy[z; 0] given in Example
5.4.
A factorization of 2 — 1 in Fy[x; 0] is as follows

21 —1 = (25 +a2zS 42t ol r+a) (28 +ale +aled +at ol ol at ol +a?).
Let g(z) = 2® + o227 + o22° + 2% + o223 + o22% + oz + o? and f(z) = 22,
fa(x) = 2* + 2% + 1. Then C, = (g(z)) is a skew cyclic code with parameters
[14,6,7).

We consider the skew @-multi-twisted code C' generated by

(fi(z)g(x), f2(x)g(x))
over Fy with length (14,14) and @ = (1,1). C is a near-optimal code with
parameters [28, 6, 16] (while [28,6,17] is optimal, [14]).

Example 5.9. Let 6 be an automorphism of Fyg defined by 6(3) = 8* for
any B € Fig and Fjg = (o) where a? = o + 1. We again consider the skew
polynomial ring Fyg[x;6]. In this particular case, we have |(§)| = 2 and F{; =
{07 17 as? alo}'

A factorization of 2% — a® in Fyg[z; 6] is as follows

2% —a® = (¥ + 2% +ax + o) (2% + 2% + ax + 7).

Let g(z) = 23 + 2° + az + a”. Then C, = (g(x)) is skew a’-constacyclic code
over Fig with parameters [6, 3, 4].

Let fi(z) =1, fo(x) = 2* +a'%2? and f3(z) = 2%+ 22+ 1. Now, we consider
the skew a-multi-twisted code C' generated by

(f1(@)g(z), f2(x)g(2), f3(z)g(x))
over Fig with length (6,6,6) and @ = (a®,a’,a”). C is a [18, 3, 14] code.

6. Skew multi-polycyclic codes and their duals

Polycyclicity is the most general case in terms of cyclicity of linear codes.
Polycyclic codes were first introduced in [29] and referred to as pseudo-cyclic
codes. Since they are direct representations of shortened cyclic codes, with a
rich algebraic structure, there have been many studies on properties of poly-
cyclic codes [2,5,24,26]. In one hand, they may seem not interesting since
they are punctured cyclic codes, but on the other hand being a broad family of
linear codes they surely deserve and are important to be studied for their own
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sake. A structural study is not easy because of their general nature, but getting
some results leads to direct constructions which avoid puncturing processes.
Skew polycyclic codes correspond to left Fy[z, §]-submodules of Fy[z, 0]/(f(x)),
for any monic polynomial f(z) = 2" —v(z) € Fy[z, 0] with a nonzero constant
term. In this case, the companion matrix of f(z) represents the transformation
corresponding to the polycyclic shift with respect to v, and we denote it by M,,
where v is the coefficient vector of v(z). From now on we take a companion
matrix with its last row identifying it and any linear transformation will be
applied as a right multiplication by its representation matrix. Namely, for

0 1 0 0
0 0 1

M, =
T ) . 0
o o0 -- 0 1
Vg V1t Up—2 Up—1

nxn

we obtain the v-polycyclic shift for a codeword ¢ by
M’U(C) = (007 Cly.evy cnfl) . Mv~

Clearly, any cyclic code is polycyclic with respect to v = (1,0,...,0) and
any a-constacyclic code is polycyclic with respect to v = (o, 0, ..., 0).

Recently, polycyclic codes have been extended to noncommutative case [26].
It is shown that a skew polycyclic code generated by a right divisor g(x) of
f(z) is invariant under M, o ©, where O(c) := (6(cp),0(c1),...,0(cn-1)). For
this case, a v-skew polycyclic shift of a codeword ¢ is obtained by

(Mv o 6)(0) - (9(60)79(Cl>7 sy G(Cn—l)) - M,.

The following lemma can be directly proved by applying the results in [10,24]
and [26].

Lemma 6.1. Let C be a skew polycyclic code generated by a right divisor g(x)
of f(x) = 2" —v(z) € Fylx,0]. Then, C* is a sequential code and invariant
under (M, 1) 0 ©.

In order to obtain the generating vector for the dual code of a skew polycyclic
code we need to start with the following lemma.

Lemma 6.2. Let f(x) € Fy[z; 6] be a polynomial with a nonzero constant term.
Then, there exist a central polynomial ¥ —1 such that f(x)|,2N —1 in F,[z;0).

Proof. By Lemma 10 in [9], there exists a polynomial b(z) = (bg +b1x™ +---+
bsa*™)a! where m = [(0)], b; € F! and s,t € N such that f(z)[,b(z). Since
f(x) has a nonzero constant term, we get z* = 1 and b(z) € Z(F,[x;0)).

We know that Z(Fy[x;0]) = F[z™]. Also, there exists a finite field extension
of F(f where b(x) splits. These imply that there exists a central polynomial
2V — 1 such that b(x)|z"Y — 1 which completes the proof. O
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Let C be a skew polycyclic code generated by g(z)|, f(z) where deg(g(z)) =
n —k. Let ¥ — 1 be a central polynomial such that f(z)|,#¥ — 1. In this
case, C corresponds to the shortened code applied to the last N —n coordinates
of the skew cyclic code C’ = (g(x)) of length N. Further, the dual code of C
corresponds to the punctured code applied to the last N —(n—k) coordinates of
the dual code C'*, which is generated by oMY (x) where o' (z)g(z) = 2V — 1.
The punctured code, being in the form of a sequential code, does not have an
ideal or module structure and multiplication by x does not correspond to the
sequential shift under which the code is invariant. However, in the sequel, we
find a representative generating vector from which a generator matrix for the
dual code can be obtained directly.

Theorem 6.3. Let a(x)g(z) = f(z) = 2™ — v(x) with a nonzero constant

term and deg(g(z)) = n — k and p(x) = ””Jiv(;)l = SNt pirt. Suppose C is a
skew polycyclic code generated by g(x). Then, the dual code C* is generated
by the vector h = (ho,h1,...,hn—1) and its n — k — 1 sequential shifts, i.e.,
{h, (M;1) 0 ©)(h),..., (M) 0 ©)"*=1(R)}, where
i—1
ho = Poao, and hz = Z@i(pN,n,j)GN_”‘”_j ((Ln,iJrj), 1 é ) S n— 1.

=0

Proof. Since % — 1 is a central polynomial such that f(x)|,z"¥ — 1, we have

oV —
1(1(:0).

f(=)

o —1=g(x)

This implies that
(8) g(x)(po + 1z + -+ pN_n2Y ™a(z) =0 (mod V¥ — 1).
Thus, the coefficient of 20 in (8) is
gopoao + g10(py—n)0™ " (an1)+
92(0%(pn—n)0™ "2 (an—2) + O*(pn—n—1)0N T (an 1)) -+
Gn—1(0" " (pN—n)0 H(a1) + -+ 0" (pn—2n42)0N T ap-1)) =0
which implies g-h = 0. Multiplying (8) by * from the left, we obtain M (g)-h =
0.

Now, we consider a skew cyclic code C’" of length N generated by g(z).

From Theorem 4.4, the dual code of C’ of dimension n — k is also generated
N

by o'V (), where o/ (z) = mg(af)l = p(z)a(x). Let H' be the generator matrix

for C'* obtained from a/NY). Now, we show that the first n coordinates of

a/‘N1) form exactly the coordinates of h in the same order. We have

an)( nfl)

d(z)= (po+piz+ -+ pyv_nx ap+ a1+ -4 an_1z
= poao + (poar + p10(ag))x + - --

+ (PN T (an—2) + P10V " (ay_1)) 2N 2
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+ (PN (@ 1))V L

This implies that
a' ™M (z) = poag + O(pN—n0" " (an-1))7 + 0> (DN—n0" " (an—2)
+pN,n,19N_n_1(an,1))$2 + -+ 9"_1(poal +p19(a0))$N_1.

Similarly one can show that the first n coordinates of z’a’™¥-V) () (mod zV —
1), i.e., the first n coordinates of the ith row of H', give the coordinates of
(M, 1) 00)%(h) in the same order. This completes the proof since puncturing
C'* at the last N —n coordinates results in exactly n — k linearly independent
TOWS. O

The following example illustrates the above theorem.

Example 6.4. Let g(z) = 2% +az?® +a?|,. f(x) = 25+ 2% + oz +a? in Fy[x; 0]
with ()| = 2. In this case, a(x) = 2% +az+1 and f(z) = a(z)g(z). C = (g(z))
becomes a skew v-polycyclic code of length 5, where v = (a?,a?,1,0,0). We

have N = 24, i.e., f(z)[,2** — 1 and p(z) = % By Theorem 6.3, we get

h = (,0,0,1,a?) which is exactly the first 5 coordinates of a/(**1). The parity
check matrix for C can be obtained from {h, (M, )" 08)(h), (M, 1) 00)%(h)}

v v
as
2

a 0 0 1 «
H=|0 o> 0 0 1
1 0 a 0 O

Now, we define quasi-cyclic codes obtained from [ skew polycyclic compo-

nents of different lengths. We have seen, for the case [ = 1, that h is obtained
N

HND where of () = mf(g)la(x). In order to

easily interpret this situation in the sequel, let us denote the first n coordinates
of a'N:1) by (a/{N1)),,.

from the first n coordinates of a

Definition 6. Let C be a linear code over F; and
c= (Cl,la < Cng—15Cng €215 - -5 C2n0—1,C2mp5 -+ -5 Cl1y - o+, Cling—1, Cl,n;,)

be a codeword of C. Let § be an automorphism of Fy, fi = 2™ —v(2),..., fi =
™ — y(x) € F,lz;0] polynomials with nonzero constant terms and 7 =
(v1,...,v). If a skew T-multi-polycyclic shift of ¢,

Tg(C) = (le (9(6171), e ,9(617711)), Mvz (9(6271), e ,9(627»”2))7 P
MUL (o(clyl)v R a(cl,m)))

is also a codeword in C, then C is called a skew v-multi-polycyclic code of
length (n1,ng,...,n).

Reduced generator polynomial matrices of skew v-multi-polycyclic codes can
be defined in a similar way as in the case of skew a-multi-twisted codes.
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Theorem 6.5. Let f;(x) = 2™ — v;(x) € Fy[x; 0] be polynomials with nonzero
constant terms, v = (v1,...,v;), and ¥ — 1 be a central polynomial such that
fi(@)|paN =1 for all 1 < i < 1. Let G = [gi;(z)] be the reduced generator
polynomial matriz of a skew T-multi-polycyclic code C of length (nq,...,n;)
over Fy. Let A = [a,;(x)] be the polynomial matriz which satisfies AG =
diaglfi (2, .., fi(w)].

Then,
S i) a0 = {7
ik(2) ——ag, j(x) =
SOy M T e -, i
holds. Moreover, if h; ; = (a;fév’”)nj where a’; ;(z) = %aj,i(xL then the
block matriz

[P1,1)deg(g1 1) 0 EE 0

H = [hQ’l]deg(92,2) [hQ’Q]deg(fh,z) 0

0
[hl,l]deg(gl,l) [ 2lacg(gr) - [Milacg(an Ix1
is a parity-check matriz of C', where
hi ;
(M, 1) 0 ©)(hi;)

[hi 5] deg(gs,0) = :
(M) o @)deelon) =1 (h, ;)
Proof. Applying Lemma 5.2, G’A = diag[z™ —1,..., 2" — 1] implies
Zl: ) (m)ba (x) = 0, iFJ
— ik Folz) M T @Y -1

x ;o 1=,
for 1 < 4,5 <1, where G' = Gdiag[$l;;1,..., $Nfl’1] For a fixed i and j we
have
vV —1 VN —1

gi,l(ﬂﬂ)mal,j(x) + gi,Q(x)WGQ,j(x) +- 1+
o) o

@) (x) = mod zV¥ —1).
gi(z) ) 1,;(x) =0 (mod 1)

As in Theorem 6.3, the coefficient of x0 is;
N,1 N,1 N,1
gix - (asy ny 4 giz - (@35 s+ i (ag)n, = 0,
L. . N,1 N,1 N1
which implies (g;1, gi2,---,9i1) - ((aij >)n1, (aéd >)n27 ceey (al<’j >)m) =0.
Multiplying Equation (9) with 2 from the left, we obtain

N,1 N, N,
T2((gi1: 952+ 9i0)) - (@ )y (@8 )y (@ )) = 0
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from the coefficient of z°. Hence (hj1,hjz2,...,hj;) € C* forall j € {1,...,1}.
For each diagonal block of H we have a; ;(x)g; :(x) = fi(z). From Theorem 6.3,
the set {hi;, (M; 1) 0 ©)(his), ..., (M) o ©)deelsn)=1(h, )} is linearly
independent for all 1 < ¢ < [. Therefore the rows of H are also linearly
independent. Since the dimension of C is exactly Zi:o deg(gi,i(x)), H is a
parity-check polynomial matrix of C. O

Example 6.6. Let us take the skew polynomial ring Fy[z; 6] given in Example
5.4. Let fi(z) = 25+ a22% + a2, fo(x) = 28 + 0?28 + 2 + a2 + a and f3(x) =
2%+ a28+2%+a. In this case, we have N = 120, and fi (), f2(z), f3(z)|, 2120 —
1. Now let us form the following matrices

22+ a? 0 1
A= 0 zt +oax?+1 0 ,
2
0 0 ¢+ « 33
2+ a2t +1 0 20 + 2t + az? + a
G= 0 2+ +a 0
0 0 BB +ard+2t+a22x?+1

3x3
We have AG = diag[fi(z), f2(x), fs(x)]. Then G = [g; ;(x)] is the reduced
generator polynomial matrix of a skew U = (v1, vg, v3)-multi-polycyclic code C
of length (6,8,10), where v; = (a?,0,a2,0,0,0), v2 = (o, 0,,0,1,0,a2,0) and
v3 = (a,0,0,0,1,0,a,0,0,0).

Now, by applying the algorithm presented in Theorem 6.5, we obtain a
parity-check matrix for C' as

[hl,l]deg(gl,l) 0 0
H=| [M21]aeg(ga)  [M22]aeg(gs) 0

[h3’1]deg(g3,3) [h3.2)deg(ga,s)  [113.3)deg(gs.0) 3%3

(04270, Oa Oa 1707 17 0)5 h3,1 =

where h171 = (1,0,0, 2 =
= 0,0,0,0,1,0).

3150)7 h2,1 = 67 hQ,
(O[,0,0,0,0,0), h3,2 07 9

0
6 and hg,g = (1, O,

7. Conclusion

In this paper, we derive algorithms to find generators of dual codes of both
skew constacyclic and skew polycyclic codes. Further, we present a generaliza-
tion of the method given in [25] to skew multi-twisted codes and skew multi-
polycyclic codes. Although we have restricted the length n as m | n in Sections
4 and 5 which led us to a concise proof, the generalized formula given in Section
6 also works for the case where m |n. We give examples that are implemented
through computational algebra system MAGMA [6] in order to illustrate the
theorems. Also we note that, GQC codes have shown to be asymptotically
good [18] recently. This result together with the rich algebraic structure of
these families of codes will encourage researchers for further explorations on
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this direction. Challenging and interesting problems would be studying self
duality and finding new codes within these families with optimal parameters.
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