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MULTIPLIERS OF DIRICHLET-TYPE SUBSPACES OF
BLOCH SPACE

SONGXIAO L1, ZENGJIAN Lou, AND CONGHUI SHEN

ABSTRACT. Let M(X,Y) denote the space of multipliers from X to Y,
where X and Y are analytic function spaces. As we known, for Dirichlet-
type spaces DE, M(D§_17D2_1) = {0}, ifp # ¢, 0 < p,g < oco0. If
0 < pg < oo,p# ¢q, 0 < s < 1such that p+ s,g+ s > 1, then
M(D§—2+37DZ—2+3) = {0}. However, X N Dg_l cCXn Dg_l and X N
D£72+S cC Xn D372+s whenever X is a subspace of the Bloch space
B and 0 < p < g < oco. This says that the set of multipliers M(X N
D§72+5, XﬁD372+S) is nontrivial. In this paper, we study the multipliers
M(X N ’D572+s, _ou,) for distinct classical subspaces X of the
Bloch space B, where X = B, BMOA or H°.

1. Introduction

Let D denote the unit disk of the complex plane C and dD be the boundary
of D, the unit circle. Denote by H(ID) the space of all analytic functions in D.
The Bloch space B, consists of those f € H(ID) for which

£l = 1£(0)] +sup(l — |2[*)| f'(2)] < o0.
zeD

Let f € H(D). For 0 <p <o00,0<r <1, set

27
My f) = = [ Wree)pan

and
Moo(r, f) = Sup [F(2)]-

The Hardy space HP(0 < p < 00) is defined as the space of f € H(D) such that
| fllar = sup My,(r, f) < cc.
0<r<1
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For the theory about the Hardy space HP, we refer the readers to [6]. The
BMOA space is the set of those f € H! whose boundary values have bounded
mean oscillation on the unit circle 9D [10]. It is well known that BMOA is
contained in the Bloch space B continuously.

The weighted Dirichlet-type space DE(0 < p < 0o, > —1) is the class of
all f € H(D) such that

LFIB, = 1F ) + / F(2)PdAw(2) < oo,

here dA,(z) = (a+1)(1 — |2|?)*dA(z) and dA(z) = Ldzdy is the normalized
Lebesgue area measure. It is well known that when p < a+1, D? = Ag_p, the
Bergman space [7]. If p > a+ 2, then D2 C H>. Therefore, when a+1 < p <
a+2, DP is a proper Dirichlet-type space. The spaces D£71 are closely related
with Hardy spaces. In fact, D7 = H2. Notice that when 0 < p < 2, DSA CHP
[7]. When 2 <p < oo, H? C Dy, [14].
For g € H(D), the multiplication operator M, is defined by
Mgf(z) = g(2)f(2), z €D, f€HD).
Let X,Y be the norm spaces of analytic functions in D. We denote by M (X,Y)
the space of multipliers from X to Y, in other words,
MX,)Y)={geHD): fgeY, Vfe X}
For convenience, we write M (X) := M (X, X). Denote the norm of the multi-
plication operator My by || My]|. From [2,3], we see that
(1) M(B) = H>™ N Biog.
Here Biog is the logarithmic Bloch space, consists of those f € H(ID) for which

Il = O+ 30 (1= ) (1o = ) < .
zeD z

In [15], we have that
(2) M(BMOA) = BMOAj; NH>,

where BMOA,,, is the space of those functions f € H! such that the positive
Borel measure (1 — |2]2)|f/(2)|?dA(z) is a 2-logarithmic Carleson measure. In
other words, f € BMOA,, if and only if f € H! such that

ap (tog—2) [ 1/ = [pu(=)A) < oo,
(s 2) [

ach
where ¢, is the disk automorphism which interchange the origin and a, that is
z

(3) Pa(2) = ~——

, z €D.
1&22

The multipliers of Dirichlet-type space DE have been studied in [8,9,11,12]. In
[8], the authors proved that for 1 < p < ¢ < oo, a function g € H(D) belongs

to M(D,_,,D;_,) if and only if g € H> and the positive Borel measure p
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defined by du(z) = |g'(2)|9(1 = |2|*)972d A(=) is a ¢-Carleson measure for DY _,.
If 1 <q<p<oo,then M(D)_,,Di_,) = {0}.
It is standard that if 0 < p,q < co and p # ¢, then we have

M(D,_,,Di_) ={0}.

=1
Let X be a non-zero subspace of the Bloch space B. The space X N D? is
equipped with the norm

Ifllxrpz = f1lx + [1fllpz-

Lemma 1 in [5] says that if 0 < p < ¢ < oo, then X NDy ; C XND] ;. Tt

follows that the set of multipliers M(X ND)_, X N D] 1) is nontrivial.

By Corollary 1 in [12] and Theorem 2 in [9], for all p # ¢ and 0 < s < 1,
M(Dﬁ 2+S’Dg 2+9) - {O}
But when 0 <p < ¢ < oo, if f€ XNDy_,,, then

15 @ra 1A < IIET [P0 Py aAc)
< IFIE 1A
< CIAIEPSI,
< Ol s,

Hence f € X N D] _,,, and Hf”Xng ars S C||fHXmD572+S. In other words,
XNDp 5, € XND]_,, . So the set of multipliers M(XND, _,,,, XND]_,, )
is also nontrivial.

From [5], we see that if ¢ > 1 and 0 < p < ¢ < 00, then
M(BND;_,BND]_,)=M(B)

p—1»
and
(BMOAﬂDp 1,BMOAODg 1) =M(BMOA).
If 0 < p<g< oo, then
MH>*ND, |, H*ND] ) =H>*ND]_,.

Motivated by [8] and [5], it is natural to ask what is the set of multipliers
M(XND} 5., XND] 5, ) when 0 < s < 1. In this paper, we characterize the
multipliers M(XNDy_,, . XNDy ) when0<s <1, X =B, X =BMOA
or X = H, respectively. Our main results are stated as follows.

Theorem 1.1. Suppose that g € H(D), 0 < p < ¢ < 00, 0 < s < 1 satis-
fying p 4+ s > 1. Define the positive Borel measure p by du(z) = |¢’'(2)]9(1 —
|2]2)172+5d A(2), then
(i) ge M(BND;_ 5, ., BND] _,,,) if and only if g € M(B) and p is a
q-Carleson measure for BN Dp72+s.
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(ii) g € M(BMOAND; ,,,,BMOAND] ,.,) if and only if
g € M(BMOA) and p is a q-Carleson measure for BMOANDY ., .
(i) M(H>*ND; o, ,,H*ND] ) =H*ND] 4,

q—2+s
Theorem 1.2. Suppose 0 < g<p<oo,0<s<1 withq+s>1. Then
(1) M(B N D£—2+sﬂ B N Dg—2+s) = {0}

(i) M(BMOAND!_,, ., BMOANDI_,, ) ={0}.
(i) M(H>NDh_,, ,H*NDI! , ) ={0}.

Throughout this paper, C' denotes a positive constant depending only on
indexes p, q, s, ..., it is not necessary to be the same from one line to another.
Let f and g be two positive functions. For convenience, we write f < g, if
f < Cg holds, where C' is a positive constant independent of f and g. If f < g
and g < f, then we say f < g.

2. Preliminary

In this section, we state some definitions and lemmas which will be used in
the paper. Let I be an arc of 9. Denote the normalized Lebesgue measure of
I by |I|, that is, |I| = 5= [, |d€]. For an arc I C 0D, the Carleson square based
on [ is defined by

S(I)::{zeID):l—|I|§|z<1,Z|EI}.
V4

If I = D, then we set S(I) = D. Let u be a positive Borel measure on D. For
0<a<oo, 0<s< oo, wesay that p is an a-logarithmic s-Carleson measure
if there exists a constant C' > 0 such that for all arcs I C 9D,

°

SI)) < C——F—.
u(S(1)) < (log 2)°
If & = 0, then p is called an s-Carleson measure. If &« = 0 and s = 1, then u
is said to be a Carleson measure. Recall that an f € H! belongs to the space
BMOA if and only if the positive Borel measure |f’(2)|?(1 — |2|?)dA(z) is a
Carleson measure.

Let (X,]| - |lx) be a normed space of analytic functions. Then a positive
Borel measure 1 on D is said to be an s-Carleson measure for X if there exists
a constant C' > 0 such that for all f € X,

[ r@rdut) < el
The following lemma can be found in Theorem 2 of [17], which plays an im-
portant role in the proofs of theorems.

Lemma 2.1. Suppose that 0 < a < oo and 0 < s < co. Then a positive Borel
measure i on D is an a-logarithmic s-Carleson measure if and only if

2 “ 1—|a|2>S
su lo —— | du(z) < oo.
o (tos 25) [ (ep) @
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We will make use of the lacunary power series (also called power series with
Hadamard gaps) of a function f € H(D), that is, f is of the form

o0
= E apz™, z €D,
k=0

with ”7’;—:1 > A > 1 for all k. Several known results on lacunary power series
will be used in this paper. We put them together in the following statement,
see [1,4,5,13,19].

Lemma 2.2. Suppose that 0 < p < oo, a > —1. f € H(D) which is given by
a lacunary power series, f(z) =Y peyaxz™, z € D. Then
(i) f € D if and only if 350 ok~ Hag|P < oo, and

If = £(0 DP"an “Hagl?.

(ii) f € H*> if and only if Y o |ax| < oo, and

oo
£l =Y Jal.
k=0

(iii) f € B if and only if supy, |ax| < oo, and

I flls = sgplakl-

The following estimate can be found in [13].

Lemma 2.3. Suppose that § > —1, s > 0 and f € H(D) with f(z) =
> oneq axz™, z € D. Then

e3¢} 1
> PVl [ (=) e ar
k=1

for all 0 € R.

The following lemma is useful in theory of analytic function spaces and
operator theory, see [18].

Lemma 2.4. Suppose that z € D, ¢ is real, t > —1, and

— |[wp?)*
/ = wz|2+t+ch(w)'
(i) If ¢ <0, then as a function of z, I, is bounded on D.
(ii) If c =0, then

1 -
Ic7t(z) xlogm as |Z| — 1.

(iii) If ¢ > 0, then
1

= Ty

as |z| — 1.
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We will use the following estimate to prove our results, which can be found
in [16].
Lemma 2.5. For s > =1, rt >0 with0 <r+t—s— 2 < r, there exists a
constant C' > 0 such that for any a,b € D,
1—|2[?)® C
R a < |
p [1—az["|[1 = bz’ (1= la[?)rtt=s=2

3. Proof of main results

Proof of Theorem 1.1. (i) First suppose that g € M(BND}) o, ,BND] _,, ).
For any a € D, let ¢, be defined by (3) and f, be defined by

fa(z) = log 1 1_

, z€D.
z

A simple computation shows that sup ||¢.||g < 0o and sup ||¢qa |l p» < oo0.
a€D a€D pots

,.nB < 00 We have

This implies that ¢, € BND) ,, and sup IPallp
a€D
gpa € BND] 5, and

(1= 12[*)(g¢a) ()] < llgalls
< ||990aHBﬂD272+3

< Mgl lpallsp?

p—2+4s

< C[My],
that is,
(1= [2*)lg' (2)¢a(2) + g(2)wa(2)] < ClIM,.
Taking z = a, using the fact that ¢,(a) =0 and |¢/ (a)| = ﬁ we get
lg(a)] < Cf[ M|,
which implies that g € H>.
It is obvious that f(2) = =% and sup ||fu||s < co. By Lemma 2.4, there
a€D

—az

is a constant C > 0 independent of a such that

"AIP(1 = 1212)P~2+5dA(2 w P
[ ir@pa-ryraae < [ S —aa

(1 |2+
D|1‘4’&Z|2+p72+578

<C.

. < oo. Hence, we have f, € BN D) 5, and

dA(z)

24

This implies that sup || fa|lp»
aebD P

Slelg ||fa||BﬂD;’72+S < 00. S0 gfa € BNDY_ 5, and
a

@) (1= [P)gfa) () < llgfall sros

q—2+s

< [|Mg]l | fallsror

p—2+4s

< O M-
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On the other hand, since g € H,

() (1 = 12)g(2) fa ()] < llgllre | falls < Clgllpese
Combining (4) and (5) we deduce that

(1= [21M)lg' (2) fa(2)| < CUIMg] + llgllzee)-

Taking z = a we obtain
1
2 !
(1~ laf)lg'(@)]10g {1 < C.

which shows that g € Bioe. From (1) we see that g € M(B).
We next show that du(z) = |¢'(2)|%(1 — |2|*)72T5dA(z) is a g-Carleson
measure for BND) ,, . Let f € BND,_,, . Since g € H>, we have

|l I = )72 aA) < Lol 151,
0 < gl Wi
Note that gf € BND;_,. ,
[ ah G = 7 aAG) < o Iy

< 1M1l £

(7)

—2+s

Combining (6) and (7) implies
/le(Z)\q\g'(Z)lq(l = 2777 dAGz) < Clllglifsee + IMaI DN,

That is, du(z) = |¢'(2)]9(1 — |2|?)7725dA(z) is a g-Carleson measure for BN
ID;572+5'

Suppose that g € M(B) and du(z) = |¢'(2)]9(1 — |2]?)9725dA(2) is a ¢-
Carleson measure for BND}_,, ., we prove that g € M(BND}_,, ., BNDy_, . ).
For any f € BN D _o44 We have gf € B. It remains to prove that gf €
D] 5, Since du(z ) lg'(2)|7(1 —|2|*)972T5d A(z) is a g-Carleson measure for

BND? there is a constant C' > 0 independent of f such that

p—2+s>
® [P~ ) AG) < Ol
Combining (6) and (8) we see that
/ @G = s2)0dAG) < Oy

which implies that gf € Dq 24s-

The idea of proofs of (ii) and (iii) is similar to that of (i). For the complete-
ness of the paper, we give their proofs briefly below.

(ii) Assume that g € M(BMOAND; _,,,, BMOAND]_,,,). Forany a € D,
let ¢, and f, be defined as in the proof of (i). An easy computation shows
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that sup ||fa||Dp .. < 0o. Since - \log i |df < oo, we have f, € H.
[ASV)
Since f;(z) = 1%, by Lemma 2.5, there exists a constant C' > 0 such that
jal (1= B[*)(A — |21
21— = dA
LR -l - [ s B aag)
1— 2
< (- pP) LA

p |1 —az|?]1 — bz|2
<C.

Hence, the Borel measure |f!(2)%(1 — |2]?)dA(z) is a Carleson measure by
Lemma 2.1, so f, € BMOA. Since C' is independent of a, we deduce that
sup ||fa||BMOA < oo. Hence, f, € BMOAﬂDp _o4sand sup ||fa||BMOAnDP
acD

p—2+s
< oo. In addition, a similar argument implies g € 7-l°° SO 9fa € BMOAN
29372 s Hence, there exists a constant C' > 0 such that for any arc I,

(9) / 65V PO~ 2 < ol
and

(10) / P = )aAE) < Ol
Then by g € 1>, (9) and (10) we obtain

(1) / PR~ A < ol

Take a = (1 — |I|)e®, where €' is the center of I, then for any z € S(I),

_ 1
[1—az| <1—la| =11, |fa(z)] =< logm.

Thus (11) implies that

(10 |}|)2 [ lf PO EPaAG) < i

in other words, g € BMOA,os. Therefore g € M(BMOA) from (2).

We turn to show that |¢/(2)[9(1 — |2]?)772T5dA(z) is a ¢-Carleson measure
for BMOAND; . Forevery f € BMOAND, ,, , wehave gf € BMOAN
D} ,,, and

[ lan @ = R aa) < ol

q
< ||gf||BMOAng,2+S
(12) < ||Mg||q||f||(1191\/10,4@5,24r
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A similar argument as in the proof of (i) shows that

I @I = 222G < lallee I g0

Combining (12) and (13) yields
/D|f(Z)\q|g'(Z)|q(1—|Z\2)q_2+sdf4(2) < Clgll3eee Ml F 5 00 arvpe

We conclude that du(z) = |¢'(2)]9(1 —|2|?)?=2T%d A(z) is a ¢-Carleson measure
for BMOAN Dp 24s

Conversely, for any f € BMOAND, ,,,, we have gf € BMOA. We only
need to prove gf € Dq72+s. By hypothes1s there exists a constant C' > 0

independent of f such that

19 [ IFEPIER A < Ol yonss

p—2+s

—24s

—2+s

By (13) and (14) we obtain

/ (@) (2)17(1 = s2)7 2+ A=) < CU W prarmn
That is, gf € Dy_, -
(iii) We only need to show
M(HOO n ,D§7)72+s7 H>*N D372+s) 2 H>*N D372+s’

since the converse is obvious.
Let g € HooﬂDq 94s For any f € H™ ﬂDp 245 We have gf € H>. It
remains to prove that gf € Dq_Q +s- These hypothesis imply

J @I @170 = ) dAG) < 1 ol

+S.

<oy, ol
and
/D|g(z)\q|f’(z)|‘1(1 —[2[?)17* T dA(2) < gl I 3o,
Hence
[(gf) ()| = 2[)727dA(z) < Cllgllpe .+ 915 f G0 e
D q—2+s p—2+
The proof is complete. O

Proof of Theorem 1.2. (i) Suppose that g € M(BND, 5, ,BND]_,, ) and
g#0,then ge BND]_,, . Let

s—1

o0
= E apz™, ap =n," , z €D,
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with =4 > A > 1 for all k. Since >5;2 |ax| < oo, by Lemma 2.2 we have

f € H>® C B. It is not difficult to see that 3 p  n; *|ag|P < oo, Lemma 2.2
yields f € D} _,, . Hence f € BND)_,, and fg € BND] ,, . We have

/DU — |72 (0f) (2)"dA() < llgf I, < oo
and
/D(l — 2772 (2) f(2)|2dA(2) < ||f||3-10<>||9||qbg_2+5 < o0

These imply
(15) /(1 = [21)72 g (2) ' (2)|7dA(2) < o0.
D
On the other hand, f/(z) = Y j, axnkz™ ', by Lemma 2.3 we see that

1 o)
| @ e < 3 D = o,
0 k=0

Since g € Dg_2+s C H? (see [9], p. 1877), ¢ has a finite and nonzero radial
limit almost everywhere on the boundary of D. Thus

1
| @ nrresaenplglre i = o
0
for almost all § € R (see [9], p. 1878). This is in contradiction to (15).
(i) Assume that g € M(BMOAND, ,,  ,BMOANTD] ,, ) and g # 0,

s—

then g € BMOAODZ_2+S. Let ay = (2"“)717 k=1,2,..., and

fz)= Zakzzk, z € D.
k=0

Then f € H* ND, ,,, by Lemma 2.2. Hence f € BMOAND, ,, and

fg € BMOAND!_,,.. So

/D (1= |27 \(9f) (2)|"dA(z) < llgf|By , < oo
and
/D (1= [z %1g' () (2)AA) < [1F 1l lglihe < oe.
We get

/D (1= 2217259 (=) £/ (2)|9dA(z) < ox.
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Since f'(z) = 352, 2%ay22" 1, from Lemma 2.3,
1 oo
/ (L=t | (e o = 3 (2%) 7 ar2"|? = oo,
0 k=0
Therefore, for almost all 8 € R,

1
| e olg(re) rar = oc.
0

This is a contradiction.

(iii) Assume g € M(H*ND} 5, , HND] 5, ,) and g # 0, then g € H*N
D] 5, Let f € H(DD) be defined as in the proof of (i). The same argument as
in the proof of (i) shows that f € H*ND) ,, . So fg€c H*NDL_,,, ie,

[P o 91aae) < laflh,

In addition,
L=l @ aAC) < 15 lol,
We have
[ A=l ()raac) < .

On the other hand, by Lemma 2.3 we deduce that

1
| =it = oc.
0

This together with g € DI _,,  C H? yields

1
/ (1= P)T24| () 9] g ()| 0dr = o0
0

for almost all # € R (][9], p. 1878). We obtain a contradiction. This finishes the
proof. ([
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