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ENDPOINT ESTIMATES FOR MULTILINEAR FRACTIONAL
MAXIMAL OPERATORS

SuiXIN HE AND JING ZHANG

ABSTRACT. We study the mapping property of multilinear fractional
maximal operators in Lipschitz spaces. It should be pointed out that
some of the techniques employed in the study of fractional integral oper-
ators do not apply to fractional maximal operators.

1. Introduction

For 0 < a < mn, the multilinear fractional maximal operator Mg, is
defined by

_ a/n 1 i . . .
Mo (fi-ees o) = gup 817 1 o5 [ 15wl

In 2008, Tang [8] proved that multilinear fractional integral

Ia,m(fla“wfm)(m) = /(Rn)m |( fl(yl).“fm(ym) dy1dym

L= Ylyeooy & — Y )|

is bounded from product of Morrey spaces to Morrey spaces (Lipschitz spaces,
BMO space). From the fact that

(1.1) Mam(fis- s fm) (@) < Clam(|fil, - -5 [ fn]) (@),
the boundedness of M, ,, on Lebesgue spaces and Morrey spaces follows di-
rectly. However, [ Mam(f1,--, fm)llLips < Clllam(fils- - | fm])||Lips; may

be not true. A natural question is whether M, ,,, share the same boundedness
as In,m in Lipschitz spaces. We will give an affirmative answer in this paper.
It should be pointed out that some of the techniques employed in [8] do not
apply to fractional maximal operators.
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The main purpose of this paper is to establish endpoint estimates for the
multilinear fractional Hardy operator and multilinear fractional maximal op-
erator. The study of the boundedness of single integral operators on Lipschitz
spaces ([1], [6] and [9]) may not be as delicate as that of operators on Lebesgue
spaces, Hardy spaces and Morrey spaces ([3], [4], [5], [7] and [8]) but still re-
quires the use of certain beautiful and elegant ideas. Before stating our results,
let us first introduce some notation.

We first recall the definitions of the Morrey spaces and Lipschitz spaces.

Definition 1.1 (Morrey space). For 1 < ¢ < p < 0o, we say that a function f
belongs to Morrey space MP if

1/q
1
p 1= SU _ 9d < 00;
||f||Mq xER"B>O |B($,T)|1/q_1/p (/B(zm) |f(y)‘ y)

Definition 1.2 (Lipschitz space). For 0 < o < 1, the Lipschitz space Lip,, is
the set of functions f such that
() ~ )
ip. = sup —————=— < oo,
”fHLlpa m.yelljl;n |$ — y|a
xFY

For 0 < av < mn, the multilinear fractional Hardy operator Hq, m, is defined

by

Hoe,m(fl, ) fm)(x)

1
= m/ Fr1) - fm(ym)dyr -+ dym, = € R™\ {0},
|z @1 |<l2]

where |(y1,...,ym)| = (/272 [y;[>. When m = 1, we also write H,, as the

line case. The classical fractional Hardy operator H, was first defined by Fu,
et al. [2].

Let us now formulate our results as follows. The following results are new
even for the case m = 1.

Theorem 1.1. Let 0 < a<mn and 1 < q; <p; <oo withj=1,...,m. If
0<a->Y", 2 <min{l,n— pﬂl}, fi € Mé’f and Ham(f1,--- 5 fm)(0) =0,

Jj=1 p;
then Ham(f1,---s fm) € Lipa—Z;”:l n . Moreover, there is a constant C > 0

P
such that
m
||Ha,m(f17 ceey fm)”LiPsz}ﬂzl n <C H ||f]||]y[;)JJ .

P
J j=1

Theorem 1.2. Let 0 < o <mn and 1 < q; < p; < oo with j =1,2,...,m.
Ifo < a—Z;-":lp% < min{l,n -t} and f; € My, then Mo (fi,..., fm) €

Lip,_ }"zlp%' Moreover, there is a constant C > 0 such that

m
[Maim(Fses Fndllipaspe 2 < C Tl

Jj=1
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2. Proofs of Theorems 1.1~1.2

Proof of Theorem 1.1. For any fixed points z1,22 € R™\{0}, we may assume
that |z1]| > |z2|. We consider the following two cases.

Case 1: |z1]| > 2|zo].

Using 2|zq| < |z1|, we have |21] < 2(|21| — |22]), then

|Ham<f)( — Hom () (@2)

1 m
s H LA =0 1 AT
Iw1| 1<lei] 2]~ L% Sy, 1<l

a=3 3 Xt
CHIIfJIMpa<|x1I VE 4 | )

Jj=1

IN

o Z] P
C(lr| = [2l) L H 1Fillpss -

Jj=1

Case 2: |z1] < 2|xa].

Let Q := B(0,a)\B(0,b)(a > b > 0) and Ry,...,R;,... be a maximal col-
lection of disjoint balls of radius 252 centered at {zg : |zo| = %£2}. It is easy
to see that (J; R; C . We claim that Q C (J; 3R;. If not, taking Z € Q and
Z ¢ U, 3R;, and zo be the point on the straight line lo z such that |z| = %£2,

then |2 — zo| < 25% and |z — 2| > 3(a2_b), where z; is the center of R;. Thus,

|zi — 20| > |2z: — 2| — |2 — 20| > a — b,

which gives a contradiction since the ball Ry := B(zo, “T_b) can be added into
the collection Ry,..., R;,. ...
Returning to the proof of the case |z1| < 2|za|.

Hoz,m(fla . 7fm)(931) - Hoz,m(flv o '7fm)(332)

< Ha,m(fla ceey fm)(xl) - :z?:)mnaHa,m(fla ceey fm)('rQ)
N Mo 1o F2) = Ho (i )2
= 11 +IQ

For Iy, let a := \/|ac1|2 — o lyil? b= \/|x2\2 — > ita ly;l?, and Q =

B(0,a)\B(0,b). From a+ b < |z1| + |22| and a® — b% = |z1|* — |22|?, it follows
that @ — b > |z1| — |22| and

Q] = C(a" —b") < C(a® = 12)"? < C(|z1 2 = 22?)"? < C(Jaa| — |22])".
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The inequality above and 0 < o — 3770 | 1 5o <min{l,n— %} gives

1 m
I < 7/ ‘f y |dy1
217 Jig1<i (w1, H I

SYm) <]z j=1

< [ 5l -
‘”31|’"” i<t Jgmi<iont S ylemlj[l
m
S ‘ |mn7a/ H ‘f] yj |Z/ |f1 Y1 |dy1 dym
1 allesl Jgml<ion) i

2

Cll f1ll pge1 N
< 701/ / | £ (y;) |R;|*~ Yem dys - dyy,

|$1|mn—o¢ |y2|§|w1| | m|<|$1|]]‘_[2 Z

-n/

C(lza] = la2) ™" [ fill gz

S mn—ao H ‘fj y]
|1 el <l | \ym\<\z1\] 3

pOICATISN

—n/
_ Cl (1| = |a2]) npl”leMé’ll/ /
- |z [ ly2| <|a1 | |ym|<|e1]

m
H |f] y] |dy2 “dym
j=2

_ (|£L’1| _ |x2|)n*”/101 m

= ‘ ‘n a+z;n:2ﬁ ]:[ ||f]HM§7J

I /\

(|$1|—|172| ] HHfJHM

For Iy, by differential mean value theorem, there exists a point £ on the
straight line /|, |5, such that

1 1 _ ozl = el |z1] — |22

|1.2|mn7a - |x1|mnfoc é‘mn+17a — |m2|mn+170¢’

which shows that

|z1| — |2
I < PN H |5 (ys)ldys -

[ ,um>|<|w2|j 1

1] — || H
= |x2|1ia+zgnzl?j jZIHfJ”M;)]J
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m
—_m .
< C(Jan| — fag])* =77 H 15l s -
j=1 ’
Combining Case 1 and Case 2, we have

[Fam(Fis- s F)(@1) = Hon (s o) (22)

m

_Ssm
< C(lorl = foal) === 7 Tl g
=1 ’

a—S"m o n s
< Clay — 2] =t I | ”fJHM{’;J
i=1 ’

Now we consider the case 1 € R™\{0} and z2 = 0. By Ho,m(f1,---, fm)(0)
=0, we get
Ham(Frs s fn) (@1) = Ham(frs s fn) 0)
Zj:l by Hz;nzl ﬁ’m(fh ey fm)<.’171)‘

= |o1|*”

m
_Sm o n
< Claa |75 Tl -
=1 ’

Hence, the proof of Theorem 1.1 is completed. O

Proof of Theorem 1.2. For two fixed points x,y € R", we may assume that
Mam(frs- o fm)(@) = Mam(fiy- o5 fn) (W)-
It follows from Tang’s results (Theorem 1.2, [8]) that
Ionm(f1,- s fm) € Lipa,zgnzl =

which implies that

Mam(fis-o o fm)(@) < Clam(f1,- -, frm)(@) < 00.
Thus, for any € > 0, there is a cube By := B(z,r) 3 x such that

m

1
@2 B g [ 5 +e> Mol f)@).
j=1 1
Since y € B(z,r + |z — y|) =: Bs, we deduce that
LS|
@3 1Bl L [ 150l < Mo ) o)
j=1 2

By (2.2) and (2.3), we have
Ma,m(fla sy fm)(m) - Ma,m(fla ey fm)(y)
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S%W‘fwMWﬂWM—JMMWH
]1;[1‘3” B, J\J] J 31;[1|B2| B, J\JJ J

(T2 o TT 2 [ 1ol
<cr (r:[|B/B o Hwﬂ/& 5 0ldsg ) +e

Case 1: r < |z —y|. Since f; € Mj?, then
Ma,?ﬂ(fhn-afm)(@ _M()(,m(fla"'afm)(y)

m 1 m .
< Cre 7/ () dys — 7/ ‘<d->+€
<]1:[1 1B1| Jp, |fi(y;)ldy; ]1;[1 BN B2|fj(y])| Y
m 1 Z;n:lﬁ 1 Z?:lﬁ.

< @ ] Py —_— J - j
<Cr ]1;[1||f]“qu <(|B1> +(|BQ|> >+€

m
< Cla - y‘afzjzl pj H ||fJHM;;J + €.
j=1 !

Case 2: r > |z — y|. We claim that

m

1 m 1
T () |dy; — i () dus
Hwéww%gwéwm%

m
_Ss"m o n
< Cr e =y "= [T e
J

j=1

(2.4)

Once we have established this we can see that

Ma,m(fla“'afm)(x)_Moz,m(fla'"afﬂ”L)(y)
o TT L e — TT - () dys )+ e
<o (I gy [, it 11 g [ i) +

< Cla =y = 5 [ il +e
Jj=1
Therefore, the proof of Theorem 1.2 is completed by letting € — 0.

We now give the proof of (2.4). Let Q := B(z,7 + |z — y|)\B(z,r) and
Ri,...,R;,... be a maximal collection of disjoint balls of radius |z — y|/2
centered at {zg : |[z— 20| = r+|x—;y‘}. It is easy to see that |J, R; C Q C |, 3R;.

First, we come to the case m = 1.

| f1(y1)|dyr — | f1(y1)|dys

1
|Ba| /B,

meéﬁﬁww

‘ 1
|Bi1l /B,

‘ 1
S -
|B1| JB,
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1 1
Ny R

1 1 / 1
< (2~ LN i nwld + —/ o)y
<Bl| |B2|) B |Bz| Ja
= 111 —|—IIQ

For II;, Holder inequality and the condition r > |z — y| give

/a1

Clz —y|™ ( 1
I < ————( 757 [ |Al)"dy
[Ba|  \[Bi] Jp,
< Clo =y | o g

< Cr e -y P il

For 115,
1
I, < 7/ | f1(y1)|dyr
; | B2| Jar,
<Cr Y RV full i
<Cr7 o =yl TP Allyz D IR
< Or o —y" P fu g
Therefore,
31 [, Bl - 5 [ 1Al
1(Y1)|ayr — 1(Y1)|ay1
(2.5) 1 B1| Jp, [Bs]

< Or e — g fullag

Thus, (2.4) is proved, when 0 < o < n and m = 1.
When m > 1, taking & := o — =, then 0 < & — Z;n 11 » < min{1l,n— > }.
We assume that (2.4) holds for the case m — 1; that is,

m—1

1 m-l
y Bl |fj<yj>\dyfjf:[1@ /B 160
2.6

—a a-ymot o !
< Cr %z —y| M H ||fj||M§jj~
j=1

The inequalities (2.5), (2.6) and 0 < a— 377" | 2t < min{l,n— 2t} follows that

‘jl:llwll/Bl 1f3(5)ldy; _jlill%/Bij(yjﬂdyj
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IN

<

|f m\Ym |dy7n - / |f m\Ym ‘dym
’B |/31 |Ba] \

C'r_"|x—y|"_"/p’”r_29 1y H||fj‘|MqJ + Cr g
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m—1

|B| Blij7|yj ‘B|/ |f’mym |dymH|B|/ |f]y7 |dy7

1 U |
\|B 1t H |Bl/31|fj(yj)ldyj_];[|32|/32 1,05l

m—1

molog
[ 155wy - 121 T /B 160

+ a1 o, Ul

m 1 n

—yl T

Jj=1

m
H ”f] H]\/[f;?
j=1 j

—a a—> " o
Cr®e —y| =7 w H||fg||M

Jj=1

which shows that (2.4) holds. O
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