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INFINITE HORIZON OPTIMAL CONTROL PROBLEMS OF

BACKWARD STOCHASTIC DELAY DIFFERENTIAL

EQUATIONS IN HILBERT SPACES

Hong Liang and Jianjun Zhou

Abstract. This paper investigates infinite horizon optimal control prob-
lems driven by a class of backward stochastic delay differential equations

in Hilbert spaces. We first obtain a prior estimate for the solutions of

state equations, by which the existence and uniqueness results are proved.
Meanwhile, necessary and sufficient conditions for optimal control prob-

lems on an infinite horizon are derived by introducing time-advanced sto-
chastic differential equations as adjoint equations. Finally, the theoretical

results are applied to a linear-quadratic control problem.

1. Introduction

Peng and Pardoux [11] first proposed the following backward stochastic dif-
ferential equations (BSDEs) in 1990:

y(t) = −
∫ T

0

G(s, y(s), z(s))ds+

∫ T

0

z(s)dW (s), y(T ) = ξ,

and proved the existence and uniqueness of solutions. Since BSDEs have been
widely applied to control, finance, insurance, operations research and other
fields, researchers systematically studied the theory of BSDEs in [3, 7]. Mao
[10] established the existence and uniqueness theorem of adapt solutions of
BSDEs under non-lipschitz conditions.

The BSDEs theory in Hilbert spaces is regarded as a natural extension of
finite dimensional BSDEs theory and have been extensively studied. Bensous-
san [1] obtained the solution of BSDEs in Hilbert spaces with special linear
case by approximation method. Hu and Peng [6] solved the solution of BSDEs
in Hilbert spaces in general linear case by functional analysis method.
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Cylindrical Wiener process appears in various models of infinite dimensional
space in the form of random noise or random disturbance [12]. Fuhrman and
Tessitore [5] studied the BSDEs driven by cylindrical Wiener process with
values in Hilbert spaces in the following form:

y(t) =

∫ ∞
t

G(s, y(s), z(s))ds+ λ

∫ ∞
t

y(s)ds+

∫ ∞
t

z(s)dW (s)−
∫ ∞
t

f(s)ds,

and established the existence and uniqueness theorem of solutions.
Levy process also covers basic mathematics, statistics, economics, engineer-

ing and other fields. In recent years, its relevant theories have developed rapidly
as an important branch of modern probability theory. Tang and Li [13] intro-
duced Poisson random measure independent of Brownian motion in BSDEs and
obtained the existence and uniqueness of solutions. Yin and Mao [15] studied
a class of BSDEs with Poisson jump and random termination time and ob-
tained the existence and uniqueness of solutions. Meanwhile, BSDEs-related
control problems have also received great attention. Li [9] studied the sto-
chastic optimal control problem with jumps by using the backward stochastic
theory; Yu [16] investigated coupled forward-backward stochastic differential
equations and related linear-quadratic problems.

Stochastic systems with time-delay characteristics are common in the fields
of epidemiology, engineering and risk management. Comparing with general
stochastic control problems, the development of systems with time-delay de-
pend not only on their current state, but also on previous information. Since
the initial research of Kolmanovskii and Maizenberg [8], the control problems
of random systems with time-delay have attracted the attention of many re-
searchers. In 2010, [4] introduced a class of BSDEs with time-delay generator,
which proved the existence and uniqueness of the solutions for a small enough
time range or for a generator satisfying a small enough Lipschitz constant.
Chen and Huang [2] obtained the maximal principle of BSDEs with recursive
time-delay by introducing the relevant time-advanced stochastic differential
equations (ASDEs) as adjoint equation. Recently, [14] established a stochastic
maximum principle of the optimal control problems of forward-backward delay
systems involving impulse controls.

In this paper, we consider the following recursive delayed BSDEs driven by
both Cylindrical Wiener processes and Poisson processes on infinite horizon:

(1.1)



y(T )−y(t) = −
∫ T

t

G(s, y(s),

∫ s

s−δ
φ(s, t)y(t)α(dt), z(s), r(s, ·))ds

+ λ

∫ T

t

y(s)ds+

∫ T

t

z(s)dW (s)+

∫ T

t

∫
E
r(s, e)Ñ(ds, de)

−
∫ T

t

f(s)ds, t ∈ [0, T ],

y(s) = ϕ(s), z(s) = ψ(s), s ∈ [−δ, 0),
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where the notations and mappings will be given in Section 2 and Section 3.
We adopt the model with cylindrical Wiener process and Poisson jump process
which characterize practical phenomena more accurate than others. By means
of conditioning to time parameters and equation coefficients, we generalize the
theory started with the article by Chen and Huang [2] to an infinite dimensional
framework. We will show that under our assumptions, for sufficiently large
values of λ, (1.1) exists a unique solution. Then we state controlled backward
stochastic delayed system and introduce ASDEs as adjoint equations by duality
between them. Then the maximal principle are derived.

This paper is organized as follows. In Section 2, we give some necessary
notations and state some preliminary results about backward stochastic delay
differential equations (BSDDEs). The existence and uniqueness of solution to
(1.1) is proved. In Section 3, we establish necessary and sufficient conditions
of optimality. In Section 4, we apply the results obtained in Section 3 to study
a linear-quadratic optimal control problem.

2. Preliminaries

Let Ξ, K and H denote real separable Hilbert spaces, with scalar products
〈·, ·〉Ξ, 〈·, ·〉K and 〈·, ·〉H , respectively. We use the symbol |·| to denote the norm
in various spaces, with a subscript if necessary. L(Ξ,K) denotes the space of
all bounded linear operators from Ξ into K, endowed with the usual operator
norm. The space of the Hilbert Schmidt operators from Ξ to K is L2(Ξ,K),
which is given the Hilbert-Schmidt norm, making it a separable Hilbert space.

Let (Ω,F , P ) be a complete space with a filtration {Ft}t≥0 which satisfies
the usual condition, i.e., {Ft}t≥0 is a right continuous increasing family of sub
σ-algebra of F and F0 contains all P -null sets of F . The filtration {Ft}t≥0 is
generated by two mutually independent stochastic sources. One is cylindrical
Wiener process {W (t), t ≥ 0}, and the other is Poisson measure {k(t), t ≥ 0}
with compensators defined on a measurable space (E ,B(E)) . Here, π(e) is
a given σ-finite measure on the measurable space (E ,B(E)) satisfying

∫
E(1 ∧

|e|2)π(de) < ∞. We use N(dt, de) to represent the Poisson counting measure
induced by k(t). The compensators of N is N̄(dt, de) = N(dt, de) − π(de)dt

for any A ∈ B(E) satisfying π(A) < ∞ such that {Ñ((0, t] × A) = (N −
N̄)((0, t] × A), 0 < t < ∞} is a martingale. All the concepts of measurability
(e.g., predictability, etc.) for stochastic processes refer to this filtration. By P
we denote the predictable σ-algebra generated by predictable processes. B(Ω)
denotes the Borel σ-algebra of any topological space Ω.

We introduce some spaces:
Expression L2

P(Ω × R+;K) denotes the space of equivalence classes of pro-
cesses y ∈ L2(Ω×R+;K), admitting a predictable version. It is endowed with
the norm

|y|2L2
P(Ω×R+;K) = E

∫ ∞
0

|y(t)|2Kdt.
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Expression LpP(Ω;L2
β(K)), defined for β ∈ R and p, q ∈ [1,∞), denotes the

space of equivalence classes of processes {y(t), t ≥ 0}, with values in K, such
that the norm

|y|p
Lqβ(K)

= E
(∫ ∞

0

eqβt|ŷ(t)|qKdt
) p
q

is finite, and y(t) admits a predictable version.
Expression L2(E × R+,B(E), π;K) denotes the space of equivalence classes

of π-measurable processes r(·) (P-a.s.), with values in K, such that

‖r(·)‖ =

(∫
E
|r(·)|2Kπd(e)

) 1
2

<∞.

Expression LpP(E ;L2
β(K)), defined for β ∈ R, denotes the space of equiva-

lence classes of {r(t, ·), t ≥ 0}, with values in K, such that the norm

|r|p
LpP(E;L2

β(K))
= E

{∫ ∞
0

eqβt
∣∣∣∣∫
E
|r(·)|2Kπd(e)

∣∣∣∣
q
2

dt

} p
q

= E
(∫ ∞

0

eqβt‖r(t, ·)‖qdt
) p
q

is finite, and r(t, ·) admits a predictable version.

Now, let us consider a kind of infinite horizon BSDDE as follows:

(2.1)



y(T )−y(t)= −
∫ T

t

G(s, y(s),

∫ s

s−δ
φ(s, t)y(t)α(dt), z(s), r(s, ·))ds

+ λ

∫ T

t

y(s)ds+

∫ T

t

z(s)dW (s)+

∫ T

t

∫
E
r(s, e)Ñ(ds, de)

−
∫ T

t

f(s)ds, t ∈ [0, T ],

y(s) = ϕ(s), s ∈ [−δ, 0).

Where λ is a given real parameter, δ is a time delay parameter, α is a σ-
finite measure, and φ(·, ·) is a locally bounded precess. The function G : Ω ×
[0,∞) × K × L2(Ξ,K) × L2(E × R+,B(E), π;K) is measurable with respect
to P

⊗
B(K)

⊗
B(L2(Ξ,K))

⊗
B(L2(E ×R+,B(E), π;K)) and B(K). f : Ω×

[0,∞)→ K is a predictable process with integrable paths.
As a matter of convenience, we set

yδ(s) =

∫ s

s−δ
φ(s, t)y(t)α(dt).

We assume the following assumptions:

(H2.1) G is Lipschitz continuous with respect to (y, yδ, z, r(·)), i.e., there
exist nonnegative constants Ly,Lδ,Lz and Lr, such that for any s ∈ [0,∞),



INFINITE HORIZON OPTIMAL CONTROL OF BSDDES 315

y1, y2, y1
δ , y

2
δ ∈ K, z1, z2 ∈ L2(Ξ,K), and r1(·), r2(·) ∈ L2(E × R+,B(E), π;K),

|G(s, y1, y1
δ , z

1, r1(·))−G(s, y2, y2
δ , z

2, r2(·))|
≤ Ly|y1 − y2|+ Lδ|y1

δ − y2
δ |+ Lz|z1 − z2|+ Lr|r1 − r2|.

(H2.2) G satisfies following monotonicity condition, i.e., there exists a non-
negative constant µ such that for any s ∈ [0,∞), y1, y2, yδ ∈ K, z ∈ L2(Ξ,K),
and r(·) ∈ L2(E × R+,B(E), π;K),

〈G(s, y1, yδ, z, r(·))−G(s, y2, yδ, z, r(·)), y1 − y2〉 ≤ −µ|y1 − y2|2.
(H2.3) For any s ∈ [0,∞), there exists p ∈ [2,∞) such that

E
(∫ ∞

0

e2βs|G(s, 0, 0, 0, 0)|ds
) p

2

<∞.

(H2.4) |φ(s, t)| ≤M for any t, s ∈ [−δ, T ] and some M > 0, and the following
condition holds:

M2δ2

∫ 0

−δ
e−2βrα(dr) < 1.

We start by proving a prior estimate for the solution of (2.1).

Theorem 2.1. Suppose that hypothesis (H2.1)∼(H2.4) hold for some p ∈
[2,∞). We further assume that there exist processes (yi, zi, ri(·)) ∈ LpP(Ω;
L2
β(K))×LpP(Ω;L2

β(L2(Ξ,K)))×LpP(Ω;L2
β(L2(E ×R+,B(E), π;K))) for some

β ∈ R, λ ∈ R, (i = 1, 2),
(2.2)

yi(T )−yi(t)= −
∫ T

t

G(s, yi, yiδ, z
i, ri(·))ds+λ

∫ T

t

yi(s)ds−
∫ T

t

f i(s)ds

+

∫ T

t

zi(s)dW (s)+

∫ T

t

∫
E
ri(s, e)Ñ(ds, de), t ∈ [0, T ],

yi(s) = ϕ(s), s ∈ [−δ, 0).

Then for every λ̄ > M2δ
2

∫ 0

−δ e
−2βrα(dr)−β−µ+

L2
δ+L

2
z+L2

r

2 , there exists C > 0

such that forλ > λ̄,

(λ− λ̄)|y1(t)− y2(t)|LpP(Ω;L2
β(K)) + (λ− λ̄)

1
2 |z1(t)− z2(t)|LpP(Ω;L2

β(L2(Ξ,K)))

+ (λ− λ̄)
1
2 |r1(t, ·)− r2(t, ·)|LpP(Ω;L2

β(L2(E×R+,B)(E),π;K))

+ (λ− λ̄)
1
2

(
E sup
t≥0

eβtp|y1(t)− y2(t)|p
) 1
p

≤ C|f1(t)− f2(t)|LpP(Ω;L2
β(K)).

Proof. We denote

ŷ(s) := y1(s)− y2(s), ŷδ(s) := y1
δ(s)− y2

δ(s), ẑ(s) := z1(s)− z2(s)

f̂(s) := f1(s)− f2(s), r̂(s, e) := r1(s, e)− r2(s, e),
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Ĝ(s) := G(s, y1(s), y1
δ(s), z

1(s), r1(t, ·))−G(s, y2(s), y2
δ(s), z

2(s), r2(s, ·)).

Applying the Itô formula to the process e2βt|ŷ(t)|2, we obtain

e2βt|ŷ(t)|2 − e2βT |ŷ(T )|2(2.3)

+

∫ T

t

e2βs
[
2(β + λ)|ŷ(s)|2 + |ẑ(s)|2 + ‖r̂(s, ·)‖2

]
ds

=

∫ T

t

2e2βs〈ŷ(s), Ĝ(s)〉ds−
∫ T

t

2e2βs〈ŷ(s), ẑ(s)dW (s)〉

+

∫ T

t

2e2βs〈ŷ(s), f̂(s)〉ds− 2

∫ T

t

e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉.

By assumptions (H2.1) and (H2.2), we obtain

2〈ŷ(s), Ĝ(s)〉
≤ − 2µ|ŷ(s)|2 + 2Lz|ŷ(s)||ẑ(s)|+ 2Lδ|ŷ(s)||ŷδ(s)|+ 2Lr|ŷ(s)|‖r̂(s, e)‖

≤
(
−2µ+

L2
δ + L2

z + L2
r

ρ

)
|ŷ(s)|2 + ρ

(
|ŷδ(s)|2 + |ẑ(s)|2 + ‖r̂(s, ·)‖2

)
,

where ρ is an arbitrary constant in (0, 1], which we will discuss later. Then by
(2.3), we obtain

e2βt|ŷ(t)|2 − e2βT |ŷ(T )|2(2.4)

+

∫ T

t

e2βs

(
2β + 2λ+ 2µ− L2

δ + L2
z + L2

r

ρ

)
|ŷ(s)|2ds

+

∫ T

t

e2βs
[
(1− ρ)(|ẑ(s)|2 + ‖r̂(s, ·)‖)2 − ρ|ŷδ(s)|2

]
ds

≤ −
∫ T

t

2e2βs〈ŷ(s), ẑ(s)dW (s)〉+

∫ T

t

2e2βs〈ŷ(s), f̂(s)〉ds

− 2

∫ T

t

e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉.

Noting that∫ T

t

e2βsρ |ŷδ(s)|2 ds =

∫ T

t

e2βsρ

∣∣∣∣∫ 0

−δ
φ(s, s+ r)ŷ(s+ r)α(dr)

∣∣∣∣2 ds
≤M2δρ

∫ T

t

e2βs

∫ 0

−δ
|ŷ(s+ r)|2 α(dr)ds

≤M2δρ

∫ 0

−δ
e−2βrα(dr)

∫ T

0

|ŷ(s)|2e2βsds,
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we have

e2βt|ŷ(t)|2 − e2βT |ŷ(T )|2 +

∫ T

t

e2βs[(1− ρ)(|ẑ(s)|2 + ‖r̂(s, ·)‖)2]ds

(2.5)

+

∫ T

t

e2βs

[
2β+2λ+2µ−L

2
δ+L2

z+L2
r

ρ
−M2δρ

∫ 0

−δ
e−2βrα(dr)

]
|ŷ(s)|2ds

−M2δρ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds

≤ −
∫ T

t

2e2βs〈ŷ(s), ẑ(s)dW (s)〉+

∫ T

t

2e2βs〈ŷ(s), f̂(s)〉ds

− 2

∫ T

t

e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉.

For any ε ≥ 0, by inequality 2ab ≤ εa2 + 1
ε b

2, we get∫ T

t

2e2βs〈ŷ(s), f̂(s)〉ds ≤ ε
∫ T

t

e2βs|ŷ(s)|2ds+
1

ε

∫ T

t

e2βs|f̂(s)|2ds.

Let ρ = 1 in the equation (2.5), then

e2βt|ŷ(t)|2 − e2βT |ŷ(T )|2 + 2

∫ T

0

e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉

+

∫ T

t

e2βs

[
2β+2λ+2µ−L2

δ−L2
z−L2

r−M2δ

∫ 0

−δ
e−2βrα(dr)−ε

]
|ŷ(s)|2ds

−M2δ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds

≤ −
∫ T

0

2e2βs〈ŷ(s), ẑ(s)dW (s)〉+
1

ε

∫ T

0

e2βs|f̂(s)|2ds.

Let ε adequate small, we obtain

e2βt|ŷ(t)|2 − e2βT |ŷ(T )|2 −M2δ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds(2.6)

≤ −
∫ T

t

2e2βs〈ŷ(s), ẑ(s)dW (s)〉+
1

ε

∫ T

t

2e2βs|f̂(s)|2ds

− 2

∫ T

t

e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉.

Consider the quadratic variation of stochastic integrals in (2.6), we have(∫ T

t

e4βs|ŷ(s)|2|ẑ(s)|2ds

) 1
2

≤ e2|β|T sup
σ∈[t,T ]

|ŷ(σ)|

(∫ T

t

|ẑ(s)|2ds

) 1
2
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≤ 1

2
e2|β|T sup

σ∈[t,T ]

|ŷ(σ)|2 +
1

2
e2|β|T

∫ T

t

|ẑ(s)|2ds,

and(∫ T

t

e4βs|ŷ(s)|2‖r̂(s, ·)‖2ds

) 1
2

≤e2|β|T sup
σ∈[t,T ]

|ŷ(σ)|

(∫ T

t

‖r̂(s, ·)‖2ds

) 1
2

≤ 1

2
e2|β|T sup

σ∈[t,T ]

|ŷ(σ)|2+
1

2
e2|β|T

∫ T

t

‖r̂(s, ·)‖2ds.

By our assumptions and (2.2) it easily get E supσ∈[t,T ] e
2βσ|ŷ(σ)|2 < ∞, then

both right sides of above inequalities are integrable random variables. Thus,
stochastic integrals in (2.6) are integrable random variables. Condition both
sides of (2.6) to Ft, we get

e2βt|ŷ(t)|2 −M2δ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds(2.7)

≤ e2βTEFt |ŷ(T )|2 +
1

ε
EFt

∫ T

t

e2βs|f̂(s)|2ds.

Let us recall the assumption
∫∞

0
e2βs|yi(s)|2ds < ∞, then we can find a se-

quence of Tn → ∞ such that Ee2βTn |ŷ(Tn)| → 0. Setting T = Tn and letting
n→∞, we obtain

e2βt|ŷ(t)|2 −M2δ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds

≤ 1

ε
EFt

∫ ∞
t

e2βs|f̂(s)|2ds

≤ 1

ε
EFt

∫ ∞
0

e2βs|f̂(s)|2ds := X(t).

Note that

−M2δ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds

≥ −M2δ2

∫ 0

−δ
e−2βrα(dr) sup

t∈[0,T ]

e2βt|ŷ(t)|2.

Therefore we have

e2βt|ŷ(t)|2 −M2δ2

∫ 0

−δ
e−2βrα(dr) sup

t∈[0,T ]

e2βt|ŷ(t)|2 ≤ 1

ε
EFt

∫ ∞
0

e2βs|f̂(s)|2ds.

Since X is a martingale, for all p > 2, by assumption (H2.4) and Doob and
Jensen inequalities, there exists a cp > 0 such that

E sup
t∈[0,T ]

eβtp|ŷ(t)|p ≤ cpE (X(T ))
p
2 ≤ cp

ε
p
2

E
(∫ ∞

0

e2βs|f̂(s)|2ds
) p

2

.
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Setting T →∞, we arrive at

(2.8) E sup
t≥0

eβtp|ŷ(t)|p ≤ cp

ε
p
2

E
(∫ ∞

0

e2βs|f̂(s)|2ds
) p

2

<∞.

We have

E
(∫ ∞

0

e4βs|ŷ(s)|2|ẑ(s)|2ds
) p

4

≤ E

[
sup
t≥0

e
βtp
2 |ŷ(t)|

p
2

(∫ ∞
0

e2βs|ẑ(s)|2ds
) p

4

]

≤
{
E sup
t≥0

eβtp|ŷ(t)|p
} 1

2

{
E
(∫ ∞

0

e2βs|ẑ(s)|2ds
) p

2

} 1
2

.

By (2.8), the right side of the above inequality is finite. It follows that the limit

of stochastic integral
∫ T
t

2e2βs〈ŷ(s), ẑ(s)dW (s)〉 for T →∞ exists in L
p
2 (Ω,R)

and for some cp,

E
∣∣∣∣∫ ∞

0

2e2βs〈ŷ(s), ẑ(s)dW (s)〉
∣∣∣∣
p
2

(2.9)

≤ cp

{
E sup
t≥0

eβtp|ŷ(t)|p
} 1

2

{
E
(∫ ∞

0

e2βs|ẑ(s)|2ds
) p

2

} 1
2

.

Similarly, we have

E
(∫ ∞

0

e4βs|ŷ(s)|2‖r̂(s, ·)‖2ds
) p

4

≤ E

[
sup
t≥0

e
βtp
2 |ŷ(t)|

p
2

(∫ ∞
0

e2βs‖r̂(s, ·)‖2ds
) p

4

]

≤
{
E sup
t≥0

eβtp|ŷ(t)|p
} 1

2

{
E
(∫ ∞

0

e2βs‖r̂(s, ·)‖2ds
) p

2

} 1
2

,

and there exists a c̄p, such that

E
∣∣∣∣∫ ∞

0

2e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉

∣∣∣∣
p
2

(2.10)

≤ cp

{
E sup
t≥0

eβtp|ŷ(t)|p
} 1

2

{
E
(∫ ∞

0

e2βs‖r̂(s, ·)‖2ds
) p

2

} 1
2

<∞.
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Choose a sequence Tn →∞ such that e2βTnE|ŷ(Tn)|2 → 0. Setting T = Tn in
(2.5) and letting n→∞ we obtain

e2βt|ŷ(t)|2 +

∫ ∞
t

e2βs[(1− ρ)(|ẑ(s)|2 + ‖r̂(s, ·)‖)2]ds

(2.11)

+

∫ ∞
t

e2βs

[
2β+2λ+2µ−L

2
δ+L2

z+L2
r

ρ
−M2δρ

∫ 0

−δ
e−2βrα(dr)

]
|ŷ(s)|2ds

−M2δρ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds

≤ −
∫ ∞
t

2e2βs〈ŷ(s), ẑ(s)dW (s)〉

+

∫ ∞
t

2e2βs〈ŷ(s), f̂(s)〉ds− 2

∫ ∞
t

e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉.

Now, for simplicity, we denote

|ẑ|L2
β(L2(Ξ,K)) =

(∫ ∞
0

e2βs|ẑ(s)|2L2(Ξ,K)ds

) 1
2

,

|ŷ|L2
β(K) =

(∫ ∞
0

e2βs|ŷ(s)|2Kds
) 1

2

,

|r̂(·)|L2
β(L2(E×R+,B(E),π;K)) =

(∫ ∞
0

e2βs‖r̂(s, ·)‖2ds
) 1

2

,

|f̂ |L2
β(K) =

(∫ ∞
0

e2βs|f̂(s)|2Kds
) 1

2

.

Conditioning both sides of (2.11) to Ft and choosing ρ < 1 so close to 1 such

that 2β + 2λ+ 2µ− L2
δ+L

2
z+L2

r

ρ −M2δρ
∫ 0

−δ e
−2βrα(dr) > 0, we have

e2βt|ŷ(t)|2 −M2δρ

∫ 0

−δ
e−2βrα(dr)

∫ t

t−δ
e2βs|ŷ(s)|2ds(2.12)

≤ EFt
∫ ∞
t

2e2βs〈ŷ(s), f̂(s)〉ds

≤ EFt
∫ ∞

0

2e2βs〈ŷ(s), f̂(s)〉ds

≤ EFt
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)
,

and by Doob and Jensen inequalities, there exists a cp > 0 such that

E sup
t≥0

eβtp|ŷ(t)|p ≤ E
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)
.(2.13)
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It also follows from (2.11) that

2(λ− λ̄)|ŷ|2L2
β(K) + c

(
|ẑ|2L2

β(L2(Ξ,K)) + |r̂(·)|2L2
β(L2(E×R+,B(E),π;K))

)
≤ |ŷ|L2

β(K)|f̂ |L2
β(K) +

∣∣∣∣∫ ∞
0

2e2βs〈ŷ(s), ẑ(s)dW (s)〉
∣∣∣∣

+

∣∣∣∣∫ ∞
0

2e2βs〈ŷ(s),

∫
E
r̂(s, e)Ñ(ds, de)〉

∣∣∣∣ .
Raising to the power p

2 , taking expectation, and recalling (2.9), (2.10) and
(2.13), we obtain, for suitable constants ci and any ε,

(λ− λ̄)
p
2E|ŷ|p

L2
β(K)

+ c1E|ẑ|pL2
β(L2(Ξ,K))

+ c2E|r̂(·)|pL2
β(L2(E×R+,B(E),π;K))

≤ c3E
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)
+c4

{
E|ẑ|p

L2
β(L2(Ξ,K))

} 1
2
{
E
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)} 1
2

+ c5

{
E|r̂(·)|p

L2
β(L2(E×R+,B(E),π;K))

} 1
2
{
E
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)} 1
2

≤ c3E
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)
+εE|ẑ(t)|p

L2
β(L2(Ξ,K))

+

(
c24+c25

4ε

)
E
(
|ŷ|

p
2

L2
β(K)
|f̂ |

p
2

L2
β(K)

)
+ εE|r̂(·)|p

L2
β(L2(E×R+,B(E),π;K))

.

Choosing sufficiently small ε and using Cauchy-Schwarz inequality, we obtain,
for some c,

(λ− λ̄)
p
2E|ŷ|p

L2
β(K)

+ c1E|ẑ|pL2
β(L2(Ξ,K))

+ c2E|r̂(·)|pL2
β(L2(E×R+,B(E),π;K))

≤ c
{
E|ŷ|p

L2
β(K)

} 1
2
{
E|f̂ |p

L2
β(K)

} 1
2

.

Taking into account (2.13) once more, we reach a conclusion

(λ− λ̄)|y1 − y2|LpP(Ω;L2
β(K)) + (λ− λ̄)

1
2 |z1 − z2|LpP(Ω;L2

β(L2(Ξ,K)))

+ (λ− λ̄)
1
2 |r1(·)− r2(·)|LpP(Ω;L2

β(L2(E×R+,B(E),π;K)))

+ (λ− λ̄)
1
2

(
E sup
t≥0

eβtp|y1(t)− y2(t)|p
) 1
p

≤ C|f1 − f2|LpP(Ω;L2
β(K)). �

Now, we prove the existence and uniqueness of the solution of equation (2.1)
under assumptions (H2.1)∼(H2.4).

Theorem 2.2. Suppose that hypotheses (H2.1)∼(H2.4) hold for some p ∈
[2,∞) and assume that there exist processes f ∈ LpP(Ω;L2

β(K)) for some β ∈ R.
Then for λ > M2δ

2

∫ 0

−δ e
−2βrα(dr)− β − µ+

L2
δ+L

2
z+L2

r

2 , the equation (2.1) has

a unique solution (y(t), z(t), r(t, ·)) such that

y(t) ∈ LpP(Ω;L2
β(K)), z(t) ∈ LpP(Ω;L2

β(L2(Ξ,K))),
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r(t, ·) ∈ LpP(Ω;L2
β(L2(E × R+,B(E), π;K))).

Proof. Consider the space

D :=LpP(Ω;L2
β(K))×LpP(Ω;L2

β(L2(Ξ,K)))×LpP(Ω;L2
β(L2(E×R+,B(E), π;K))).

Let D endow with the norm

|y|LpP(Ω;L2
β(K)) + |z|LpP(Ω;L2

β(L2(Ξ,K))) + |r(·)|LpP(Ω;L2
β(L2(E×R+,B(E),π;K))).

For every λ, we define a mapping Γ : D → D, setting (y(t), z(t), r(t, ·)) =
Γ(O(t), P (t), Q(t, ·)) if (y(t), z(t), r(t, ·)) is the solution of the equation, P-a.s.,

y(T )− y(t) = −
∫ T

t

G(s,O(s),

∫ s

s−δ
φ(s, t)O(t)α(dt), P (s), Q(s, ·))ds

+ λ

∫ T

t

y(s)ds+

∫ T

t

z(s)dW (s) +

∫ T

t

∫
E
r(s, e)Ñ(ds, de)

−
∫ T

t

f(s)ds, t ∈ [0, T ],

y(s) = ϕ(s), s ∈ [−δ, 0).

By Theorem 2.1, for λ > M2δ
2

∫ 0

−δ e
−2βrα(dr)− β − µ+

L2
δ+L

2
z+L2

r

2 ,

(λ− λ̄)|y1 − y2|LpP(Ω;L2
β(K)) + (λ− λ̄)

1
2 |z1 − z2|LpP(Ω;L2

β(L2(Ξ,K)))

+ (λ− λ̄)
1
2 |r1(·)− r2(·)|LpP(Ω;L2

β(L2(E×R+,B(E),π;K)))

≤ C

{
E
(∫ ∞

0

e2βs|G(s,O1(s), O1
δ , P

1(s), Q1(s, ·))

−G(s,O2(s), O2
δ , P

2(s), Q2(s, ·))|2ds
)} 1

p

.

Here Oiδ =
∫ s
s−δ φ(s, t)Oi(t)α(dt), i = 1, 2. By the Lipschitz condition on G, we

have, for some constant C > 0,

(λ− λ̄)|y1 − y2|LpP(Ω;L2
β(K)) + (λ− λ̄)

1
2 |z1 − z2|LpP(Ω;L2

β(L2(Ξ,K)))

+ (λ− λ̄)
1
2 |r1(·)− r2(·)|LpP(Ω;L2

β(L2(E×R+,B(E),π;K)))

≤ c(λ− λ̄)|O1 −O2|LpP(Ω;L2
β(K)) + (λ− λ̄)

1
2 |P 1 − P 2|LpP(Ω;L2

β(L2(Ξ,K)))

+ (λ− λ̄)
1
2 |Q1(·)−Q2(·)|LpP(Ω;L2

β(L2(E×R+,B(E),π;K))).

This shows that Γ is a contraction in D for all λ sufficiently large. Its unique
fixed point is the required solution.

Next, we define Q as the set of those real numbers λ > λ̄ such that for
every f ∈ LpP(Ω;L2

β(K)), there exists a unique solution (y(t), z(t), r(t, ·)) ∈ D
corresponding to λ and f . Then, we can immediately get Q coincides with
(λ̄,∞) from Theory 3.7 of [5]. �
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3. Optimal control problem for backward

In this section, we aim at deriving maximal principal for an infinite horizon
optimal control problem described by the following BSDDEs:
(3.1)
y(T )−y(t)= −

∫ T

t

G(s, y(s),

∫ s

s−δ
φ(s, t)y(t)α(dt), z(s), r(s, ·), v(t))ds

+

∫ T

t

z(s)dW (s)+

∫ T

t

∫
E
r(s, e)Ñ(ds, de)−

∫ T

t

f(s)ds, t ∈ [0, T ],

y(s) = ϕ(s), s ∈ [−δ, 0).

Here, let U be a nonempty convex subset of Rk, we denote by U the set of all
Ft-adapted admissible control processes.

The objective is to maximize the following performance functional over U :

J(v(·)) =

∫ ∞
0

l(s, y(s),

∫ s

s−δ
φ(s, t)y(t)α(dt), z(s), r(s, ·), v(s))ds+ γ(y(0)),

where l : Ω × [0,∞) × K × L2(Ξ,K) × L2(E × R+,B(E), π;K) × U → K is
adapted with respect to {F}t≥0 and satisfies for each v(·) ∈ U ,

E
[∫ ∞

0

|l(s, y(s),

∫ s

s−δ
φ(s, t)y(t)α(dt), z(s), r(s, ·), v(s))|ds

]
<∞.

Next, we give the following assumptions:

(H3.1) G is continuously differentiable in (y, yδ, z, r, v). The partial derivatives
Gy, Gyδ , Gz, Gr, Gv and G with respect to (y, yδ, z, r, v) are uniformly bounded.
(H3.2) l and γ are differentiable with respect to (y, yδ, z, r, v) and y respectively
for each v(·) ∈ U , and all the derivatives are bounded.

Remark 3.1. If v(·) is admissible control and our above assumptions hold, then
by Theorem 2.2, (3.1) has a unique solution (yv(·), zv(·), rv(·, ·)) ∈ D.

Now, let (u(·), yu(·), zu(·), ru(·, ·)) be an optimal solution of our problem.
Take an arbitrary v(·) in U , then, for each 0 ≤ ρ ≤ 1, let vρ(·) = u(·) +ρ(v(·)−
u(·)) ∈ U . Let (yρ(·), zρ(·), rρ(·, ·)) be the state processes of system (3.1) with
vρ(·).

To derive a first-order necessary condition in terms of small ρ, we let (ỹ(·),
z̃(·), r̃(·, ·)) be the solution of the following BSDDEs which called variational
equations:
(3.2)

dỹ(s) = − [Guy (s)ỹ(s) +Guyδ(s)ỹδ(s) +Guz (s)z̃(s) +Gur (s, ·)r̃(s, ·)

+Guv (s)ṽ(s)]ds+z̃(s)dW (s)+

∫
E
r̃(s, ·)Ñ(ds, de), s ∈ [0, T ],

ỹ(s) = 0, s ∈ [−δ, 0),

where Guk(s) = Gk(s, yu(s), yuδ (s), zu(s), ru(s, ·), u(s)), k = y, yδ, z, r(·), v, and
ṽ(s) = vρ(s)− u(s).
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Set

ȳρ(s) = ρ−1[yρ(s)− yu(s)]− ỹ(s), z̄ρ(s) = ρ−1[zρ(s)− zu(s)]− z̃(s).

We assume:

(H3.3)
E
[ ∫ ∞

0

(
|ỹ(s)luy (s)|+ |luyδ(s)ỹδ(s)|+ |z̃(s)l

u
z (s)|

+|r̃(s)lur (s, e)|+ |ṽ(s)luv (s)|) ds
]
<∞.

Lemma 3.1. Assume (H3.1)∼(H3.3) hold. Then we have

lim
ρ→0

E[ sup
0≤s≤T

|ȳρ(s)|2ds] = 0, lim
ρ→0

E[

∫ T

0

|z̄ρ(s)|2ds] = 0.

Since u(·) is an optimal control of our problem, the following inequality holds
for any v(·) ∈ U and the corresponding vρ(·):

ρ−1[J(vρ(·))− J(u(·))] ≤ 0.

According to the above lemma, we have following result.

Lemma 3.2. If (H3.1)∼(H3.3) hold, for all v(·) ∈ U , we have

Eγy(y(0))ỹ(0)+E
[ ∫ ∞

0

(
ỹ(s)luy (s)+ỹδ(s)l

u
yδ

(s)+z̃(s)luz (s)

+r̃(s)lur (s, e)+ṽ(s)luv (s)) ds
]
≤ 0.

Remark 3.2. Using Lemma 2.1, Lebesgue dominated convergence theorem and
Taylor expansion, it is very simple to prove Lemmas 3.1 and 3.2.

Next, we introduce the dual equation of the variational equation (3.2) as
follows:
(3.3)

dp(s)=

{
EFs

[∫ s+δ

s

(Guyδ(t)p(t)− l
u
yδ

(t))φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds

}
ds

+ [−luy (s) +Guy (s)p(s)]ds+ [−luz (s) +Guz (s)p(s)]dW (s)

+

∫
E
[−lur (s, e) +Gur (s, e)p(s)]Ñ(ds, de), s ∈ [0, T ],

p(0)= − γy(yu(0)).

The Hamiltonian function H : [0,∞) is defined by

H(s, y, yδ, z, r(·), v, p) := l(s, y, yδ, z, r(·), v)− 〈G(s, y, yδ, z, r(·), v), p〉.
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The associated adjoint equation as
(3.4)

dp(s)=

{
−Hy(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s))

− EFs
[∫ s+δ

s

Hyδ(t, y(t), yδ(t), z(t), r(t, ·), u(t), p(t))φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds

}
ds

−Hz(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s))dW (s)

−
∫
ε

Hr(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s))Ñ(ds, de), s ∈ [0, T ],

p(0)= − γy(y(0)),

where α(ds)
ds is the Radon-Nikodym derivative.

Remark 3.3. For a given admissible control v(·), (3.3) and (3.4) are ASDEs
and admit a unique solution under conditions (H3.1) and (H3.2) by [2].

Now we can give the first main result of this paper.

Theorem 3.1 (Necessary conditions of optimality). Let (H2.1)∼(H2.4) and
(H3.1)∼(H3.3) hold. Suppose that u(·) is an optimal control of our problem
and (yu(·), zu(·), ru(·, ·)) is the corresponding optimal state trajectory. We also
assume the following holds:

(H3.4) The following growth condition holds:

E

[∫ T

0

p2(t)(ỹ2(t) +Guv (s)ṽ(s))ds

]
<∞.

Then we have

(3.5) 〈Hv(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s)), v − u(s)〉 ≤ 0

for any v ∈ U , a.e., where p(·) is the solution of the adjoint equation (3.4).

Proof. Applying Itô formula to 〈p(s), ỹ(s)〉, we have

Ep(T )ỹ(T )− p(0)ỹ(0)

= E
∫ T

0

p(s)[−Guyδ(s)ỹδ(s)−G
u
v (s)ṽ(s)]ds− E

∫ T

0

ỹ(s)luy (s)ds

+ E
∫ T

0

〈
ỹ(s),EFs

[∫ s+δ

s

(Guyδ(t)p(t)− l
u
yδ

(t))φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds

〉
ds

− E
∫ T

0

z̃(s)luz (s)ds− E
∫ T

0

r̃(s)lur (s, e)ds.
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Since the following results hold:

E
∫ T

0

〈
p(s), Guyδ(s)ỹδ(s)

〉
ds

= E
∫ T

0

〈
EFr

[∫ r+δ

r

Guyδ(s)p(s)φ(s, r)χ[0,T ](s)ds

]
, ỹ(r)

〉
α(dr)

= E
∫ T

0

〈
EFs

[∫ s+δ

s

Guyδ(t)p(t)φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds
, ỹ(s)

〉
ds,

and

E
∫ T

0

luyδ(s)ỹδ(s)ds = E
∫ T

0

〈EFs
[∫ s+δ

s

luyδ(t)φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds
, ỹ(s)〉ds,

let T →∞, by assumption (H3.4), we have

γy(y(0))ỹ(0)

= − E
∫ ∞

0

[p(s)Guv (s)ṽ(s)]ds− E
∫ ∞

0

ỹ(s)luy (s)ds− E
∫ ∞

0

ỹδ(s)l
u
yδ

(s)ds

− E
∫ ∞

0

z̃(s)luz (s)ds− E
∫ ∞

0

r̃(s)lur (s, e)ds.

By Lemma 3.2, we have

E
∫ ∞

0

[ṽ(s)luv (s)− p(s)Guv (s)ṽ(s)]ds ≤ 0,

i.e.,

E
[∫ ∞

0

〈Hv(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s)), ṽ(s)〉ds
]
≤ 0.

Consulting the proof of Theorem 1.5 in [14], for v ∈ U , we get (3.5) to be true
a.s. The left side of (3.5) is equivalent to

〈Hv(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s)), u(s)〉
= max

v∈U
〈Hv(s, y(s), yδ(s), r(s, ·), u(s), p(s)), v〉. �

Theorem 3.2 (Sufficient conditions of optimality). Let (H2.1)∼(H2.4) and
(H3.1)∼(H3.4) hold. Suppose that for u(·) ∈ U , (y(·), z(·), r(·, ·)) is the corre-
sponding optimal state trajectory and p(·) is the corresponding solution of the
adjoint equation (3.4). If (3.5) holds, H(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s)) is
a concave function of (y, yδ, z, r(·), v) and γ is concave in y, then u(·) is an
optimal control for our problem.

Proof. Choose a v(·) ∈ U and let (y(·), z(·), r(·, ·)) be the corresponding solution
of (3.1). Let

I1 := E
[ ∫ ∞

0

{l(s, y(s), yδ(s), z(s), r(s, ·), u(s))
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− l(s, yv(s), yvδ (s), z(s), r(s, ·), v(s))}ds
]
,

I2 := [γy(y(0))− γy(yv(0))].

To simplify, we use notations

Θ(s) = (y(s), yδ(s), z(s), r(s, ·)),Θv(s) = (yv(s), yvδ (s), z(s), r(s, ·)).

We want to prove that

(3.6) J(u(·))− J(v(·)) = I1 + I2 ≥ 0.

Since γ is concave on y, I2 ≥ γy(y(0))>(y(0)−yv(0)) = −(p(0))>(y(0)−yv(0)).
Applying Itô formula to 〈p(·), y(·)− yv(·)〉 and taking expectation, we get

(3.7)

I2 ≥ − (p(0))>(y(0)− yv(0))

= − E
∫ ∞

0

〈p(s), G(s,Θ(s), u(s))−G(s,Θv(s), v(s))〉ds

− E
∫ ∞

0

〈
y(s)− yv(s),

{
Hy(s,Θ(s), u(s), p(s))

+ EFs
[∫ s+δ

s

Hyδ(t,Θ(s), u(t), p(t))φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds

}〉
ds

− E
∫ ∞

0

〈z(s)− zv(s), Hz(s,Θ(s), u(s), p(s))〉

− E
∫ ∞

0

〈r(s, ·)− rv(s, ·), Hr(s,Θ(s), u(s), p(s))〉.

On the other hand, I1 can be rewritten as

(3.8)

I1 = E
∫ ∞

0

[H(s,Θ(s), u(s), p(s))−H(s,Θv(s), v(s), p(s))]

+ E
∫ ∞

0

〈p(s), G(s,Θ(s), u(s))−G(s,Θv(s), v(s))〉ds.

From (3.7) and (3.8), we obtain

J(u(·))− J(v(·))
= I1 + I2

≥ E
∫ ∞

0

[H(s,Θ(s), u(s), p(s))−H(s,Θv(s), v(s), p(s))

− E
∫ ∞

0

〈
y(s)− yv(s),

{
Hy(s,Θ(s), u(s), p(s))(3.9)

+ EFs
[∫ s+δ

s

Hyδ(t,Θ(s), u(t), p(t))φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds

}〉
ds

− E
∫ ∞

0

〈z(s)− zv(s), Hz(s,Θ(s), u(s), p(s))〉ds
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− E
∫ ∞

0

〈r(s, ·)− rv(s, ·), Hr(s,Θ(s), u(s), p(s))〉ds.

Noting that

E
∫ ∞

0

〈
y(s)− yv(s),(3.10)

EFs
[∫ s+δ

s

Hyδ(t,Θ(s), u(t), p(t))φ(t, s)χ[0,T ](t)dt

]
α(ds)

ds

〉
ds

= E
∫ ∞

0

〈yδ(s)− yvδ (s), Hyδ(s,Θ(s), u(s), p(s))〉 ds,

and Θ(s)→ H(s,Θ(s), u(s), p(s)) is a concave, we have

(3.11) J(u(·))− J(v(·)) ≥E
[ ∫ ∞

0

〈Hv(s,Θ(s), u(s), p(s)), ṽ(s)〉ds
]

= 0.

It follows that u(·) is an optimal control. �

4. Linear-quadratic problem

In this section, we will study a linear-quadratic problem of BSDDEs. Ap-
plying the theoretical result in Section 3, we aim to give optimal control. We
consider the following linear-quadratic BSDDEs:

(4.1)



y(T )− y(t) = −
∫ T

t

[A(s)y(s) +B(s)y(s− δ) + C(s)z(s)

+D(s)r(s, ·) +G(s)v(s)]ds+

∫ T

t

z(s)dW (s)

+

∫ T

t

∫
E
r(s, e)Ñ(ds, de), t ∈ [0, T ],

y(s) = ϕ(s), s ∈ [−δ, 0),

where A(s), B(s), C(s), D(s) and G(s) are deterministic functions.
The object is to maximize the following functional over U ,

J(v(·)) = −1

2
E
[∫ ∞

0

R(s)v2(s)ds

]
+Ky(0)

for some constant K and nonnegative function R(s) defined on [0,∞]. By
Theorem 3.1, the Hamiltonian function of our optimization problem becomes

H(t, y, yδ, z, r(·), v, p) := − 1

2
R(t)v2(t)− [A(t)y(t) +B(t)y(t− δ)

+ C(t)z(t) +D(t)r(t, ·) +G(t)v(t)]p(t),
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and the adjoint equation becomes

(4.2)


dp(t) = {A(t)p(t) +B(t)EFt [p(t+ δ)]}dt

+ C(t)p(t)dW (t) +

∫
E
D(t)p(t)Ñ(dt, de), t ∈ [0, T ],

p(0) = K, p(t) = 0, T ≤ t ≤ T + δ.

It is obvious that when u(t) = R−1(t)G(t)p(t), we have

〈Hv(s, y(s), yδ(s), z(s), r(s, ·), u(s), p(s)), u(s)〉
= max

v∈U
〈Hv(s, y(s), yδ(s), r(s, ·), u(s), p(s)), v〉.

We substitute u(t) = R−1(t)G(t)p(t) into (4.1) and consider following equation:

(4.3)



dy(t) = − [A(t)y(t) +B(t)y(t− δ) + C(t)z(t) +D(t)r(t, ·)
+G2(t)R−1(t)p(t)]ds+ z(t)dW (t)

+

∫
E
r(t, e)Ñ(dt, de), t ∈ [0, T ],

dp(t) = {A(t)p(t) +B(t)EFt [p(t+ δ)]}dt

+ C(t)p(t)dW (t) +

∫
E
D(t)p(t)Ñ(dt, de), t ∈ [0, T ],

y(t) = ϕ(t), t ∈ [−δ, 0);

p(0) = K, p(t) = 0, T ≤ t ≤ T + δ.

Remark 4.1. If (4.3) admits a unique solution, then we get an explicit expression
of optimal control u(·).
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