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RELATIVE ¢-TYPE AND RELATIVE o-WEAK TYPE
BASED SOME GROWTH PROPERTIES OF ENTIRE
FUNCTIONS OF SEVERAL COMPLEX VARIABLES

TANMAY BiswAs* AND RiTAM BISwAS

ABSTRACT. The principal objective of this paper is to introduce the
ideas of relative ¢-type, relative p-weak type of entire functions of
several complex variables and study some growth properties con-
cerning them.

1. Introduction, Definitions and Notations

Let f be a non-constant entire function of two complex variables
holomorphic in the closed polydisc

U={(z1,22): |z| <mry, i=1,2forall r;1 >0,r5 >0}

and My (ry,r9) = max {|f (21, 22)| : |2:] < i, @ =1,2}. Then in view of
maximum principal and Hartogs theorem [9, p. 2, p. 51|, My (r1,72) is an
increasing functions of 71, r5. In this connection the following definition
is well known:

DEFINITION 1. {[9, p. 339] (see also [1])} The order ,,p (f) and the
lower order ,,\ (f) of an entire function f of two complex variables are
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defined as

f
f

The equivalent formula for ,,p (f) is [9, p. 338] is

v
A (

) _ iy SUP log log My (11, 12)
) 71,12 —00 inf log (TITQ) '

wop (f) =infp >0: My (r1,7m2) <exp[(rir2)”],for all ri > R (p),r2 > R (1).

Similarly, one can define , A (f) as

v (f) =supp > 0: My (ri,r2) > exp[(rir2)"], for all 11 > R (u),r2 > R (1)

The rate of growth of entire function of two complex variables nor-
mally depends upon the order of it. The entire function of two complex
variables with higher order is of faster growth than that of lesser order.
But if orders of two entire functions of two complex variables are the
same, then it is impossible to detect the function with faster growth. In
that case, it is necessary to compute another class of growth indicators
of entire functions of two complex variables called their type and lower
type and thus one can define type and lower type of an entire function
f of two complex variables denoted by ,,0 (f) and ,,7 (f) respectively
in the following way:

DEFINITION 2. [12, p. 339] The type ,,0(f) and the lower type
0,0 (f) of an entire function f of two complex variables are defined as

vzg(f) — lim sup IOng (r177n2)

sz(f) r+oo inf ,r,zlzgp(f) +7“;2p(f)

where 0 < ,,p (f) < 0.

The above can alternatively be written as

w0 (f) = il {p >0 My (ry,72) < exp (urp?™ 4 )

for all my > R(u),r2 > R(u)}

and

w0 (f) = sup {,u > 0: My (r1,7m2) > exp (ur?p(f) + ur;”(f))

for all ry > R(u),re > R(u)}.

Similarly one may define the following growth indicators:
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DEFINITION 3. The weak type ,,7 (f) and the lower weak type ,,7 (f)
of an entire function f of two complex variables are defined as

wr(f) = it >0 My () < exp (™D 4 )
for all 1y > R(u),m0 > R (1)}

and

A(S) v2>\(f)>

wT (f) = sup {N > 0: Mg (ri,m9) > exp (,W’? + pry

forall ry > R(u),re > R(u)}.

In [7], Chyzhykov et al. introduced the definition of ¢-order of a
meromorphic function on single variable in the unit disc. For details
about @-order, one may see [7]. Consequently the definition of p-order
of entire function holomorphic in the closed polydisc {(z1,22) : |z| <
ri,=1,2 for all 1 > 0,7y > 0} is established in [5] which is as follows:

DEFINITION 4. [5] Let ; (r1,72) | i = 1,2 : [0,400) X [0,+00) —
(0,400) be a non-decreasing unbounded function of two variables 7
and r9. The p-order of an entire function f of two complex variables
denoted by .,p (f, ) is defined as:

wp (frp) =inf {p>0: Mg (r1,7m2) < exp[(p1 (r1,72) 92 (r1,72))"];
r > R(p),re > R(p)}

Analogously, one can define the ¢-lower order of f of two complex
variables denoted by ,, A (f, ) as follows :

wA (f,9) :SUP{#>03Mf(7“1,7’2) > exp [(p1 (7“1,7’2)S02(7’1,7“2))“];
> R(p),ra > R(p)},

where ; (r1,72) | i = 1,2 : [0,400) x [0,+00) — (0,+00) be a non-
decreasing unbounded function of two variables r; and rs.

Extending this notion, it is natural for us to give the definitions of
p-type and ¢-lower type of entire functions holomorphic in the closed
polydisc {(z1,22) : |zi] <7, i =1,2 for all 1y > 0,79 > 0} which are as
follows:

DEFINITION 5. Let ¢; (rq,7m2) | ¢ = 1,2 : [0,400) X [0,+00) —
(0, +00) be a non-decreasing unbounded function of two variables r; and
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ry. The p-type and p-lower type of an entire function f of two complex
variables denoted respectively by ,,0 (f, ) and ,,7 (f, ) are defined as:
w0 (fie) = inf{u>0:M;(r,re)
< exp <M01 (r1, TZ)UQp(f,w) + s (71, rz)”Qp(f’“")>
for all ry > R(u),re > R(u)}.

and
w0 (fip) = sup{p>0: M (ri, 7o)
> exp </~L901 (r1,72)72" ) 4 gy (1, T2)v2p(f’w)>
for all ry > R(u),re > R(u)}.
Similarly one may define the following growth indicators:

DEFINITION 6. Let ¢; (r1,72) | @ = 1,2 : [0,400) X [0,+00) —
(0,4+00) be a non-decreasing unbounded function of two variables 7
and 79. The p-weak type ,,7 (f, ¢) and p-lower weak type ,,7 (f,¢) of
an entire function f of two complex variables are defined as:

wT (frp) = mf{p>0: My (ri,m)
< exp (M% (r1,72)2 ) 4 gy (4, T2)U2A(f’w)>
for all r; > R(u),re > R(u)}.
and
wT (f,9) = sup{p>0:My(r,r)
> exp <H901 (r1,m2)2 ) 4 gy (4, T?)vzl\(f’w»
for all ry > R(u),re > R(u)}.

Now if we consider Definition 1 for single variable, then the defini-
tion coincides with the classical definition of order (see [15]) which is as
follows:

DEFINITION 7. [15] The order p(f) and the lower order A (f) of an
entire function f are defined in the following way:

p(f) _ 5y, sup loglog My (r)
)\(f) oo Inf logr

where M/ (r) = max {|f (2)| : |2| = r}.
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Further if f is non-constant then My (r) is strictly increasing and
continuous, and its inverse M;~* : (|f (0)],00) — (0,00) exists and is
such that lim M;™! (s) = oo. Bernal {[2], [3]} introduced the definition

S§—00

of relative order of f with respect to g, denoted by p, (f) as follows :
pg (f) = inf{p>0:M;(r) < M, (r") for all r > 1o () > 0}
. log Mt (Mj (r))
= limsup .
r—c0 log r

The definition coincides with the classical one [15] if g (z) = exp 2.

During the past decades, several authors (see [6],[10],[11],[12],[13],[14])
made close investigations on the properties of relative order of entire
functions of single variable. In the case of relative order, it was then
natural for Banerjee and Dutta [4] to define the relative order of entire
functions of two complex variables as follows:

DEFINITION 8. [4] The relative order between two entire functions of
two complex variables denoted by 4,p, (f) is defined as:

vy (f) =f{pn >0 My (r1,ra) < My (', r5) 5m = R () ,r2 2 R ()}

where f and ¢ are entire functions holomorphic in the closed polydisc
U={(z1,2):|z| <ri, i=1,2forall r >0,ry >0}

and the definition coincides with Definition 1 {see [4]} if g (2) = exp (2122) .

Extending this notion, Dutta [8] introduced the idea of relative order
of entire functions of several complex variables in the following way:

DEFINITION 9. [8] Let f(z1, 22, ..., 2,) and g(z1, 22, ..., z,) be any two
entire functions of n variables z1, 2o, ..., 2, with maximum modulus func-
tions

My (r1,re,...,rn) and M, (ry,rg,...,7,) respectively then the relative
order of f with respect to g, denoted by ,,p, (f) is defined by

wonPg (f) =1nf {p > 0: My (r1, 79, .cyrn) < My (r{,rh, .. rh);
forr; > R(p),i=1,2,...,n}.

Similarly, one can define the relative lower order of f with respect to

g denoted by ,, A, (f) as follows :
wnhg (f) =sup{p > 0: My (ri,re, ...yrn) > My (r{', 1y, ..orh);
forr, > R(p),i=1,2,...,n}.
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Now in order to refine the above growth scale, one may introduce the
definitions of other growth indicators, such as relative type and relative
lower type between two entire functions of severable complex variables
which are as follows:

DEFINITION 10. Let f(z1, 22, ..., 2,) and g(z1, 22, ..., z,) be any two
entire functions of n variables 21, 23, ..., 2, with maximum modulus func-
tions

My (r1,72,...,m) and M, (r1, 72, ...,7,) respectively. Then the relative
type ,,0, (f) and the relative lower type ,, 7, (f) of f with respect to g
with non-zero finite relative order ,, p, (f) are defined as:

on0g () =1nf {p > 0: Mg (11,79, ...,75)
< Mg (Iurlfnpg(f)?ylrgnpg(f)’ ...,/LT;;”pg(f)) :
forr; > R(p),i=1,2,...,n}.

and

wn0g (f) =sup{p >0: My (r1,72,...,7)
> Mg (Mri}npg(f)7ﬂ7"gnpg(f)a m’ﬂrznpg(f)) :
forr; > R(p),i=1,2,...,n}.

Analogously, to determine the relative growth of f of two complex
variables having same non zero finite relative lower order with respect
to another entire function g of severable complex variables, one can
introduce the definition of relative weak type ,, 7, (f) and relative lower
weak type ., 7, (f) of f with respect to ¢ of finite positive relative lower
order ,, A, (f) in the following way:

DEFINITION 11. Let f(z1, 22, ..., 2,) and ¢(z1, 29, ..., 2,) be any two
entire functions of n variables z1, 2o, ..., 2, with maximum modulus func-
tions

My (rq,72,...,m) and M, (r1, 72, ...,7,,) respectively. Then the relative
weak type ,,7, (f) and the relative lower weak type ,, 7, (f) of f with
respect to g with non-zero finite relative lower order ,, A, (f) are defined
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as:
onTg (f) =1inf {pe > 0 My (1,79, ...,70)
< Mg (qu"/\g(f),,u,TS"Ag(f), ~-~7NT:Ln)\g(f)) ;
forr; > R(p),i=1,2,...,n}.

and

onTg (f) =sup{p>0:M;(ri,re,...,70)
> M, (Mf“"(f),wg“"(f), m”ur;in/\g(f)> :
forr; > R(p),i=1,2,...,n}.

Now in order to make some progress in the study of relative order
of entire functions of several complex variables,in [5], the definition of
relative p-order between two entire functions of several complex variables
is given which is as follows:

DEFINITION 12. Let ¢; (r1,72,...,70) | @ = 1,2,..,n : [0,400) X
[0,4+00) X ... X [0,4+00) — (0,400) be a non-decreasing unbounded
function of n variables ri,rs,...,7,. Also let f and ¢g be any two en-
tire functions of n complex variables with maximum modulus functions
My (rq,72,...,m,) and My (11,79, ...,7,) respectively then the relative -
order of f with respect to g, denoted by

onPg (f, ) is defined by

'Unpg (fa QO) = ll’lf {lu > 0 : Mf (T17T27 "‘7Tn> < Mg (Splll730l217 780lrl£)7
forr; > R(p),i=1,2,...,n},
where @; | i = 1,2,..,n stand for ¢; (r1,re, ...,r,) | i = 1,2, ... n.

Likewise, one can define the relative ¢-lower order of f with respect
to g denoted by ,, A, (f, ) as follows :

o (fy ) =sup{p > 0: My (ri,re,...,10) > My (), @b, ..., k)
forr; > R(p),i=1,2,..,n},

where ¢; | i =1,2,..,n : [0, 4+00) X [0,+00) X ... X [0,4+00) — (0, +00)
be a non-decreasing unbounded function of n variables ry,ry, ..., 7.
Further an entire function f of several complex variables for which
relative p-order and relative p-lower order with respect to another entire
function g of several complex variables are the same is called a function
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of regular relative ¢-growth with respect to g. Otherwise, f is said to
be irregular relative p-growth.with respect to g.

Moreover in order to refine the above growth scale, one may introduce
the definitions of other growth indicators, such as relative ¢-type and
relative ¢-lower type between two entire functions of severable complex
variables which are as follows:

DEFINITION 13. Let f and g be two entire functions of n variables
71,79y ooy T and @ (11,79, .yt = 1,2, ...,n 1 [0, +00) X [0,00) X ... X
[0,00) — [0, 00) be a non-decreasing unbounded functions of n variables
1,72, ..., Ty. Alsolet 0 <., py(f,¢) < co. Then we can define the relative
@-type of the function f with respect to g, denoted by ,, 04(f, ¢), in the
following manner:

wn0g(frp) =inf {p > 0: Ms(r1, 79, ... 1)
< Mg(ijinpg(fvw)’,u(pgnpg(f#’)’ W’Nsovnpg(f,ap));
forr; > R(p),i=1,2,...,n},

Similarly, one can introduce the relative p-lower type of f with respect
to g, denoted by ,,04(f, ¢) as

wnOg(fop) =sup{p > 0: Me(ry,re, ...imy)
> My (i) g 09 pprnralt9));
forr; > R(pn),i=1,2,...,n}.

In the like manner, to measure the relative growth of an entire func-
tion f of n variables having the relative ¢-lower order with respect to
another one, say g, the notion of relative ¢-weak type ,, 74(f, ¢) and the
growth-indicator ,,, 7,(f, ¢) can be defined as follows.

DEFINITION 14. Let f and g be two entire functions of n variables
71,72, ooy T and i (ry, 79, .y mp)|i = 1,2, ...,m 2 [0, +00) X [0,00) X ... X
[0,00) — [0, 00) be a non-decreasing unbounded functions of n variables
1,72, ...,7n. Then the relative p-weak type ,,7,(f,¢) and the relative
p-lower weak type ,,,74(f, ) of an entire function f with non-zero finite
relative @-lower order ,, A,(f, ) are defined as:

onTg(fop) =inf {p > 0: My(ry,ra, ..., 70)
on g ([, v Ag (fs v , .
< My(pgir V) oy a9 ppmdele)y,
forr; > R(p),i=1,2,...,n},
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and

onTo( o) =sup{p > 0: Ms(ri,ra,....,70)

> My (i gy 9 i

forr; > R(p),i=1,2,...,n}.

Ag(f, go))

I

Here, in this paper, we study some basic properties of relative p-type
and relative p-weak type of entire functions of several complex variables
with respect to another one. We do not explain the standard definitions
and notations in the theory of entire function of several complex variables
as those are available in [9)].

2. Main Results

In this section we present the main results of the paper. First of all,
we recall one related known property which will be needed in order to
prove our results, as we see in the following theorem.

THEOREM 1. [5] Let f, g and h be any three entire functions of several
complex variables such that 0 < , A\, (f,©) < 4, pn (f, ) < 0o and 0 <
onn (9) < w00 (g) < 0o. Then

wn (fr9) M (f,9) <m {vn/\h< 2) wnlPn (f;%ﬁ)}
Cwen(g) T - v (9) T vapn (9)
o (f:0) wupn (S, } vaPh (f5 )
< max § = - Py (frp) S =7
{ (9 o (9) =T N
REMARK 1. [5] From the conclusion of Theorem 1, one may write
wby () = =208 and A (f,p) = 22308 when A, (9) =

. . ’Un/\ 5 P Un 2
wpn(9). Similatly o, py (f,0) = 2588 and A (f, ) = =228

when vn)\h (f, SO) = v, Ph (fa 90) :

THEOREM 2. Let f, g and h be any three entire functions of several
complex variables such that 0 < , pn (f,¢) < oo and 0 < , A (g) <
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onPh (g) < 00. Then

e (28) 7 (25 ™)

w0 ([, go)) o
vnah (9) '

Proof. Let us consider that e (> 0) is arbitrary number. Now from
the definitions of ,, 0, (f,¢) and ., 7, (f, ), we have for all sufficiently
large values of ry,rs, ..., 7, that

<1) Mf (TI,TQ, "‘7Tn> < Mg <(Uno-g (f 80) + 6) govnpg(fSO)’

(vnO'g (f 90) + g) QDU"pg(f 90)7 ey (UnO'g (f7 gp) + 5) (p;;npg(fv@)) ’

< oy (F9) < (

(2) Mf (7"1,7"2, ...,Tn) > Mg <(’Unag (f, 90) — 6) SDT{npg(fv(P)’

(vnﬁg (f, 90) _ 5) S012)npg(f ‘P), ey <’Un6g (f, sp) _ 5) w%nﬂg(fﬁﬂ)) ’

and also for a sequence of values of r{,r, ..., 7, tending to infinity, we
get that

(3) Mf (7’1, T2, ..., 7“”) > Mg ((vno'g (f’ (10> _ E) (’pilmpg(faéo)7
(’Ungg (f (p) _ 6) (punpg(f 90)’ ceey (Unag (f’ (p) — E‘) @%npg(fﬁo)) ,
<4) Mf (r17T2’ "'7Tn) < Mg (('Uno-g (f (p) _l_ 5) spvnpg(fSO)7

(vnﬁg (f’ gp) + E) gpgnpq(f <P)’ . (vnag (f, gp) + 5) SO;JLnPg(fN’)) )

Similarly from the definitions of ,, 05 (¢) and ., (g), it follows for all
sufficiently large values of ry, s, ..., 7, that

(5) Mg (T17T27 .. Tn < Mh ”Uno-h Unph(9)7
(0n0n (9) + &) 5?9 (oon (9) + ) Unph(g)),

6 M, (ri,ro,.yry) > M, T rvnph(g)

g\"1,72, h Un h ’

(17 (9) — ) r’é"ph(g), o (0,0 (9) — &) @)
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Also for a sequence of values of 1,7, ..., 7, tending to infinity, we obtain
that

(1) My(ri,ra,..;ma) > M, ((vno—h (g) — &) 12
(anh (g) — 8) :r;nph(g)’ ceey (Unah (g) — 8) T;F’anh(g)> ,
(8) Mg (rla T, ..\ /r'n) < Mh ((Unah (g) + E) rllfnph(g)7

(0, (9) + )10, (0,0 (9) + ) @)

Further from the definitions of ,, 7, (f, ¢) and ,, 7, (f, ¢), we have for
all sufficiently large values of ry, s, ..., 7, that

onAg(f>
(9) Mf (T17T27"'7rn) < Mg ((vnTg (f790>+€) ¥1 (f¢)7
(oo (£,0) + ) 59 (g (F,0) + €) iU
— onAg(fs
(10) My (rra,eera) > My (07 (Fr0) = ) o2,

p— vnA , _ . :
(T (s ) — €) @9 (L7 (F,0) —e) @nnxg(fw) '

and also for a sequence of values of r{,rs, ..., 7, tending to infinity, we
get that

wnAg(fs
(11) My (11,79, ., m) > M, ((vnTg (f,0) —e) gt a(F0)
’Un)‘ ’ v i
(o7 (fr0) — &) D) (0 () —€) wxg(m) 7
T ’Un)‘ )
(12) My (ri,ra, i) < M, ((UnTg (f, ) + ) i),

— T)nA , _ , :

Similarly from the definitions of ,, 7, (¢) and ,,7x (g), it follows for
all sufficiently large values of ry, s, ..., 7, that

<13) Mg (r177n27 "'7Tn) < Mh <(vnTh (g) + 5) rlljn)‘h(g),
(0.7 (9) + )15 (T (9) +€) r;;““”) ,

<14) Mg <T17T27 -"77“71) > M, <(Un?h (g) _ 5) r?{n/\h(9)7
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— on A _ i
(UnTh (g) - 5) 7”2 h(g)7 ceny (UnTh (g) — 6) n)\h( )) .

Also for a sequence of values of 11,7, ..., 7, tending to infinity, we obtain
that

(15) Mgy (r1,72, .cimn) > M, ((Unq—h (9) —¢) 7n;n/\h(g),

Ar(9)

(o7 (9) — )y ™9 (o (9) — €) vnmg))

(16> Mg (TIJ ro, ..., Tn) < Mh <(Un?h (g) —+ 5) Un)‘h(g)7

(00 (9) + )5, 0,7 (9) + )Ty

Therefore from (1) and in view of (13), we get for all sufficiently large
values of r1,7s,...,7, that

Mf (7”'1, T2, sy 7’”) <
v U”)\ vn, f7
My, <(vn7'h, (9) +¢€) (vog (f, @) +¢) nAn(9) o 1 (9),, Py @),

(vnTh (g) + 6) (Unag (f) + €)vn)\h(g) wgnkh(g)vnﬂg(ﬁs@), o

(ouTh (9) + ) (v, 04 () + )9 %"Ah(g)””pg(f’w)> .

Since in view of Theorem 1 M’({g > wnPg (f, @) and € (> 0) is arbi-

trary, we get from above that

’Uno-h (f7 QD) S UnTh (g) Uno-g (f’ gD)un)\h(g)

(17) i w0, (frp) > (M)nmm

'UnTh (g)
Analogously from (1) and (16), we get that
1
onOh <f7 SD)> vn An(9)
18 mOg \J) > |\ )
1 (o> (220
(/,¢)

as in view of Theorem 1 it follows that =222 ey 2 vl (f,¢) . Further in

view of Theorem 1, since % < o, pg ( f,¥), we obtain from (3) and

(6) for a sequence of values of 11,79, ..., 7, tending to infinity that

Mf (Tla T2, ..., rn) > Mh ((vnah (g) - 8) (vngg (f7 SD) - g)vnph(g) (pqinph(fW)a

(7 (9) = ©) 0y (f1 ) =)D ),
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(01 (9) = £) (074 (. 9) — )70 g0

As e (> 0) is arbitrary, we get from above that

on0n (f,0) > 0,00 (9) w04 (f, @)

1
. vnOh <f7 (P)) vnPpl9)
19 1.€., 9,0 s n_— .
(19) (o) < (2l
Thus the theorem follows from (17), (18) and (19). O
Since in view of Theorem 1, it follows that % < v.Pg (f, ) and
on A (fr)

) S vnlg (f, ), therefore the conclusion of the following theorem
can be carried out from (3) and (6); (3) and (14) respectively after

applying the same technique of Theorem 2. So its proof is omitted.

THEOREM 3. Let f, g and h be any three entire functions of several
complex variables such that 0 < , A (f,) < 00 and 0 < ,, Ay (g) <
onPh (g) < 0o. Then

. v Th (f?@))vn;h(g) (vnTh (f, gO))vnPIh(Q)
“%”””Smm{(vﬁmm ) |

Similarly in the line of Theorem 2 and with the help of Theorem 1,
one may easily carry out the following theorem from pairwise inequalities
numbers (12) and (13); (6) and (10); (7) and (10); respectively and
therefore its proof is omitted:

THEOREM 4. Let f, g and h be any three entire functions of several
complex variables such that 0 < , A\, (f,¢) < v,pn (f,9) < 00 and 0 <
ouAn (9) < w,pn (9) < 0o. Then

(vnTh (f7 90)) ”"/\lh(g)

onTh (g) Un?g (f7 SO)

. onTh (fv @))”"ﬁlh(g) <vn7_h (fa <)0)>”"plh(g)
o {( onh () "\ won(9) '

THEOREM 5. Let f, g and h be any three entire functions of several
complex variables such that 0 < ,, ppn (f,¢) < 0o and 0 < ,, Ap(g) <
onPh (g) < 00. Then

7o (f so)>max{(M)W (M)U}

IN

w0n (9) o Th (9)
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With the help of Theorem 1, the conclusion of the above theorem can
be carried out from (5), (12) and (12), (13) respectively after applying
the same technique of Theorem 2 and therefore its proof is omitted.

Similarly in view of Theorem 1, the conclusion of the following theo-
rem can be carried out from pairwise inequalities numbered (4) and (13);
(2) and (7); (2) and (6) respectively after applying the same technique
of Theorem 2 and therefore its proof is omitted.

THEOREM 6. Let f, g and h be any three entire functions of several
complex variables such that 0 < ., pn (f,¢) < 00 and 0 < , A\, (g9) <
onPh (g) < 0co. Then

<Unah (/. ) ) o)

vnTh (g) S vnﬁg (f7 90)

v 0h (9) vn0h (9)

THEOREM 7. Let f, g and h be any three entire functions of several
complex variables such that 0 < , A\, (f,) < 00 and 0 < ,, Ap(g9) <
onPh (g) < 0o. Then

IN

vnTh (9) unTh (9)

v (9) "\ .7 (9) :

The conclusion of the above theorem can be carried out from pairwise
inequalities numbered (2) and (14); (2) and (15); (2) and (7); (2) and
(6) respectively after applying the same technique of Theorem 2 and
with the help of Theorem 1. Therefore its proof is omitted.

Similarly in the line of Theorem 2 and with the help of Theorem 1,
one may easily carry out the following theorem from pairwise inequalities
numbered (9) and (13); (9) and (16); (6) and (11) respectively and
therefore its proof is omitted:

THEOREM 8. Let f, g and h be any three entire functions of several
complex variables such that 0 < ,, Ap (f,¢) < 0o and 0 < , Ay (g9) <
onPh (g) < 0o. Then

e {( vnTh (9) "\ unTh(9)
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1
v Th (fa QD)) vn PR (9)

< UnTg(fvSO) = ( vn0h (9)

THEOREM 9. Let f, g and h be any three entire functions of several
complex variables such that 0 < , A\, (f,¢) < v,pn (f, ) < 00 and 0 <

Unah <f> Qp>> v”plhw) (vnah <f7 90)) Unplh(g)

vnah (g) v Oh (9)

( on (f. s0)> ) (a (f, s0)> )
UnTh (g) ’ v"?h (g) )

The conclusion of the above theorem can be carried out from pairwise
inequalities numbered (8) and (9); (5) and (9); (9) and (13); (9) and
(16) respectively after applying the same technique of Theorem 2 and
with the help of Theorem 1. Therefore its proof is omitted.

Now we state the following two theorems without their proofs as be-
cause those can be derived easily using the same technique or with some
easy reasoning with the help of Remark 1 and therefore left to the read-
ers.

v Ty (f5 ) = max {(

THEOREM 10. Let f, g and h be any three entire functions of several
complex variables such that 0 < ,, pn (f, ) < 00 and0 <, pn (9) (= v, n (9))
< 00. Then

(’L}nah (f’ (p)) vnpll—,,(g) <

v, Oh (g)

< min (M) vnplh(g) (M) m
< on0h (9) ’ o on (9)

vmOh (g)

o M)";’*’”
< b0y (frp) < ( 5 () )

REMARK 2. In Theorem 10, if we will replace the conditions
“O0 < pon(f,p) <ocand 0 < 4, pn(9) (= v, An(g)) < o0” by “0 <
onPh (f:0) (= 0, A0 (fip)) < 0o and 0 < ,,pp(g) < 00" respectively,
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then Theorem 10 remains valid with ,, 7, (f, ¢) and ,, 7, (f, ¢) replacing
wn0g (fo) and ,, 0, (f, p) respectively.

THEOREM 11. Let f, g and h be any three entire functions of several

complex variables such that 0 < ., pn (f,¢) (= v, \n (f,)) < oo and0 <
o\ (g) < 00. Then

(m (f, s)0>)” < 07, (fr0)

'UnTh (g
vn>\1h(9) ( Th (f’ @) vnmq)
vn Th (g)

\]

min Un?h (f) @)
= { ( vn?h (g)

|
o (2552) 7 (2) ™)

onTh (f, 30)) )
S Uno-g(fagp)g ( vn?h(g) .

REMARK 3. In Theorem 11, if we will replace the conditions “ 0 <
vn Ph (f7 90)

(: Un/\h (fa 90)) < ooand 0 < vn/\h (g) < 007 by “0< Un/\h (fa ()0) <0
and 0 < 4, pn(9) (= »,An(g)) < o0” respectively, then Theorem 11
remains valid with ,, 7, (f, ) and ., 7, (f, ) replacing ,, 7, (f,») and
wn0g (f, @) respectively.
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