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A NOTE ON /-QUASI FUZZY SUBNEAR-RINGS AND
IDEALS

GAIKHANGNING GANGMEI AND O. RATNABALA DEVI

ABSTRACT. In this paper, we discuss in detail some of the properties
of the new kind of (€, € V¢)-fuzzy ideals in Near-ring. The concept
of (€, € Vgd)-fuzzy ideal of Near-ring is introduced and some of its
related properties are investigated.

1. Introduction

The notion of a fuzzy set was introduced by L.A Zadeh [17], and
since then this concept have been applied to various algebraic structure.
Rosenfeld [16] applied this concept and introduced fuzzy subgroup. The
notions of fuzzy subnear-ring and fuzzy ideals of near-rings were intro-
duced by Abou Zaid [1]. The concept of quasi-coincidence of a fuzzy
point with a fuzzy subset was introduced by P.Ming and Y.Ming [15].
Using the idea of quasi-coincidence of a fuzzy point with a fuzzy set
S.Bhakat [2] defined different types of fuzzy subgroup called («, 8)-fuzzy
subgroups. In particular, he introduced (€, € Vq)-fuzzy subgroup as the
only non trivial generalization of a fuzzy subgroup defined by Rosenfeld.
The notions of (€, € Vq)-fuzzy subrings and (€, € Vq)-fuzzy ideals of a
ring were introduced by S.K.Bhakat and P.Das [4]. A.Narayanan and
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T.Manikantan [14] defined (€, € Vq)-fuzzy subnear-rings and (€, € Vq)-
fuzzy ideals of a near-ring. Y.B.Jun and M.A.Ozturk [10] introduced
the concepts of (€, € Vqi)-fuzzy subrings and (€, € V¢))-fuzzy ideals in
a ring. In this paper, the notions of (€, € V¢))-fuzzy subnear-rings and
(€, € Vq))-fuzzy ideals of a near-ring are introduced and related proper-
ties are investigated.

2. Preliminaries

We first recall the definition of near-ring. A non-empty subset N with
two binary operation “+”(addition) and “” (multiplication) is called a
near-ring if it satisfies the following axioms:

i) (N,+) is a group;

ii) (IV,) is a semigroup;

i) (z+y)-z=x-z+y-zforall z,y,z € N.
It is a right near-ring because it satisfies the right distributive law. If it
satisfies left distributive law it is called left near-ring.
Unless otherwise stated, we shall consider only right near-rings through-
out this paper.

DEFINITION 2.1. Let N be a near-ring. A normal subgroup I of
(N, +) is called

i) a right ideal if IN C [
ii) a left ideal if n(m +1¢) —nm € [ for all n,m € N and i € [
iii) an ideal if it is both right and left ideal.

DEFINITION 2.2. [15] A fuzzy set p in a set X of the form
_fte(0,1] ify=u;
My){() if y # x.

is said to be a fuzzy point with support x and value ¢ and is denoted by z;.

DEFINITION 2.3. [15] For a fuzzy point x; and a fuzzy set p in a set
X, we say that

i) x; € p (resp. xpqp) if p(x) >t (resp. pu(x) +t > 1),
i) z; € Vau if z; € p or zyqu.
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DEFINITION 2.4. [2],[3] A fuzzy set p of a group G is said to be an
(€, € Vq)-fuzzy subgroup of G if for all z,y € G and ¢,r € (0, 1],

1) T, Yr € L= (xy)min{t,r} € Vaqu and
DEFINITION 2.5. [14] A fuzzy set p is said to be an (€, € Vq)-fuzzy
subnear-ring of N if Vz,y € N and ¢,7 € (0, 1]

1) 4, yr € 1= (T + Y)minftay € VGH-
i) oy € p= (—x); € Vqu.
111) T, Yr € 4= (xy)min{tw} € Vaqpu.
DEFINITION 2.6. [14] A fuzzy set p of a near-ring N is said to be an
(€, € Vq)-fuzzy ideal of N if

i) p is an (€, € Vq)-fuzzy subnear-ring of N,
i) z; epandy € N = (y+x —1y): € Vau,
iii) 2 € pand y € N = (xy): € Vqu,
iv) a; € pand z,y € N = (y(z + a) — yx); € Vqu Yx,y,a € N.

DEFINITION 2.7. [9] Let u be a fuzzy set of G. Then Vt € (0, 1], the
set py = {z € G; u(x) > t} is called level subset of p.

DEFINITION 2.8. [5] The subset @ = {x € X;u(z) >t or p(z)+t >
1} is called (€ Vq)-level subset of X determined by u and t.

Jun et al [11] generalized a quasi-coincident fuzzy point. Let ¢ € (0, 1].
For a fuzzy point x; and a fuzzy set p in a set X, we say that
e, is a d-quasi-coincident with p, written as zyqdu, if p(z) +t > 4.
o1, € Vqiu, if 7y € por xqdu.
If 9 =1, then the -quasi-coincident with p is the quasi-coincident with
[t 0y € Tgoph = Tiqp.

DEFINITION 2.9.[11] Let p be a fuzzy set of N. Then the subset
[0 ={x € N;u(xr) >tor ulx)+t> 5} is called (€ Vg)-level subset of
N.

DEFINITION 2.10. [11] For a subset A of N, a fuzzy set x4 in N
defined by
X% N —[0,6] as

1 0 otherwise.

0 ifz e A;
5<x>—{
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is called a J-characteristic fuzzy set of A in V.

3. Main Results

In this section, we defined the new kind of d-quasi-coincident with
fuzzy set u in a near-ring. The properties of (€, € V¢3)-fuzzy ideals in
near-ring are discussed and some of these characterizations are explored.
Here § and N denote an element of (0,1] and a near-ring respectively
unless otherwise specified.

DEFINITION 3.1. A fuzzy set p in N is called an (€, € Vgj)-fuzzy
subnear-ring of N if for all z,y € N and ¢,r € (0, ],

0) 2 € 1,y € 1= (T — Y)minfery € V@ and

i) & € 1, Yr € = (TY)mingtry € VL~

EXAMPLE 3.2. Let N = {0, a,b, ¢} with (N, +) as Klien 4-group and
(N, -) as defined in table by

-|0]la|b|c
0{0(0]010
al|0lalala
b|0O|b|b|b
c|0lclc]c

Then, (N, +,-) is a right near-ring. Define a fuzzy set p in N by

1(0) = 0.8, u(a) = 0.7, u(b) = 0.48, u(c) = 0.45.

Then, u is an (€, € V¢))-fuzzy subnear-ring of N with 6 € (0,0.9].
If6=095¢ (09, 1], then Qo.47 € W, b0.46 cu but

(@ = b)min{0.47,0.46) = C0.46€ ngﬂ-

Thus, p is not an (€, € Vq))-fuzzy subnear-ring of N when § € (0.9, 1].
Note that every (€, € Vq3)-fuzzy subnear-ring with § = 1is an (€, € Vq)-
fuzzy subnear-ring.

If 6, > & in (0,1], then every (€, € V¢i)-fuzzy subnear-ring of N with
§ = 4y is also an (€, € Vgd)-fuzzy subnear-ring of N with § = §,. But
the converse is not true as seen in example 3.2.

So, every (€, € Vq)-fuzzy subnear-ring is an (€, € V¢j)-fuzzy subnear-
ring, but the converse is not true.
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Analogous to result in [7],[14], the necessary and sufficient condition
for determining the fuzzy set to be (€, € Vq)-fuzzy subnear-ring is given
here.

THEOREM 3.3. For a fuzzy set pin N, u is an (€,€ Vq3)-fuzzy

subnear-ring of N if and only if u(x — y), p(xy) > min{u(z), p(y), g

Proof. Let pu is an (€, € Vq3)-fuzzy subnear-ring of N.
Suppose z,y € N such that pu(z —y) < min{u(z), u(y), 2}
choose ¢ € (0, 0] such that p(z —y) <t < min{u(z), u(y), 3
= 1y € p,y; € p but (z — y),€ Vgdu which is a contradiction.
Therefore, pu(z —y) > min{p(z), u(y), $}. for all z,y € N.

Similarly, p(zy) > min{u(z), u(y), 3}, for all z,y € N.

Conversely, let us assume that p(z —y), p(zy) > min{u(z), p(y), $}. for
all x,y € N.

Let z; € pand y, € p for z,y € N and t,r € (0, 0]

Then p(z) >t and p(y) > r.

Now, pu(x —y) = min{u(x), p(y), 5} = min{t,r, §

min{t,r} ift <%orr <9,
o > ) — 2 — Y
= ple y)_{g t>gandr>%2.

= (& = Y)minftry € VL.
and p(xy) > min{u(x), u(y), §3 > min{t,r, 5}
min{t,r} ift <

orrgg;
andr>g.

[SJEST NI

= (2Y)minftry € VH-
Therefore, 41 is an (€, € Vq))-fuzzy subnear-ring of N. m

COLLORARY 3.4. [7],[14] A fuzzy set p of N is an (€, € Vq)-fuzzy
subnear-ring of N if and only if w(x—y), p(zy) > min{p(zx), u(y), 0.5}V, y €
N.

DEFINITION 3.5. A fuzzy set p in N is called an (€, € Vg))-fuzzy
ideal in N if,

i) it is an (€, € Vqj)-fuzzy subnear-ring of N,

i) 2, € u,y € N = (y+x —y): € Vgou,
iii) x; € p,y € N = (zy); € Vgiu and
iv) a; € p,z,y € p = (y(r +a) — yx); € Vgipu.
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A fuzzy set with condition ), i), 744) is called an (€, € V¢3)-fuzzy right
ideal of N and if it satisfies ),ii),iv), then it is called an (€, € V¢))-
fuzzy left ideal of V.

Example 3.2 is also an example of (€, € V¢3)-fuzzy ideal for § € (0,0.9]
but not (€, € Vqj)-fuzzy ideal when ¢ € (0.9,1].
Note that every (€, € Vqi)-fuzzy ideal with § = 1 is an (€, € Vq)-fuzzy
ideal.
If §; > & in (0,1], then every (€, € V¢)-fuzzy ideal of N with § = §; is
also an (€, € V¢3)-fuzzy ideal of N with § = d,. But the converse is not
true as seen in example 3.2.
So, every (€, € Vq)-fuzzy ideal is an (€, € Vqj)-fuzzy ideal, but the con-
verse is not true.

EXAMPLE 3.6 Let N = {(a,b)|a,b € Z}, where Z is the integers.
Then (N, +, ) is a near-ring under the additive operation and multipli-
cation operation defined as follows:

(a,b)+(c,d) = (a+c¢,b+d) and (a,b)-(c,d) = (a,b) for all (a,b), (¢,d) €
N.
Define a fuzzy set pin N as

0.88 if z = (1,8),

044 ifz € A,
M) =9 033 ifren

0.22 otherwise.

where A = {(a,4b)|a,b € Z}\ {(1,8)} and

B = {(a,2b)|a,b € Z}\{(a,4b)|a,b € Z}. Then, pis an (€, € Vg)-fuzzy
subnear-ring for all § € (0,1]. It is not an (€, € V¢))-fuzzy ideal. since
(1,8)045 € 1,(1,2),(1,3) € N but

((1’ 2) ’ ((173) + (178)) - (172) ) (L 3))0.45 = ((L 2) ’ (27 11) - (172))0.45
= ((1, 2) — (1, 2))0.45 = (O, 0)0.456 \/q,ug when 0 = 0.9.

THEOREM 3.7. Let pu be a fuzzy set of a near-ring N. Then p is an
(€, € Vq))-fuzzy ideal of N if and only if

i) p(z —y) = min{u(x), wW(y), 5
i) p(ay) > min{u(z), p(y), 3

i) uly +x—y) > min{u(r),
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iv) u(zy) > min{u(z), 3}
v) pu(y(z + a) — yz) > min{u(a),} for all z,y,a € N

Proof. The proof is similar to the proof of theorem 3.3. n

Note: If u is an (€, € V¢))-fuzzy ideal of N then,
p(x) = p(—y+y+z—y+y) >min{u(y+z—y),5} [by condition iii)]
= p(z) > min{p(y +x —y), 2} for all 2,y € N.

As discussed in [7], the properties of characteristic function of subset
A of N is now replaced by the J-characteristic function of A.

THEOREM 3.8. A non-empty subset A of N is a subnear-ring(ideal)
of N if and only if X% is an (€, € Vqd)-fuzzy subnear-ring(ideal) of N.

Proof. Let A be an ideal of N, and let x,y € N, if x,y € A then
x —y,xy € A. Therefore, x5 (z —y) = & > min{x’(z), X% (y), g}
and X9 (zy) = & > min{x%(z),x%(y), 2}. If at least one of x,y & A,
then x% (v —y) = 0 = min{x}(x), x4(y), 5}
and x4 (zy) = 0 = min{x%(2), x4(¥), 5
Let 7 € A, then y+x—y € Aand so xa(y+x—y) =6 > min{\’ (), g}
and if z € A, then X% (y + = — y) > 0 = min{x(z),
Let z,u,v € N, if x € A then zu,u(v + z) — uv € A. Therefore,
oy (zu) = 6 > min{\’ (), g} and x5 (u(v+z)—uv) = § > min{x%(z), g}
If # ¢ A, then x5 (zu) > 0 = min{x%(z), {} and
Xa(u(v + z) —uv) > 0= min{x%(z), 5
Hence, \% is an (€, € Vq)-fuzzy subnear-ring(ideal) of N.

Conversely, Let x% is an (€, € Vg))-fuzzy subnear-ring(ideal) of N.
Let 2,y € A, Now \’(z —y) > min{x%(z), x%(y), g} = mz’n{é,g =

S £0

2

so, z—y € A. Similarly, we can show that u+z—u, zu, u(v+z)—uv € A
for all z,y € A and u,v € N. Therefore, A is an ideal of V. O

The level sets have important aspects in respect to the connection of
the fuzzy sets and crisp sets. As discussed in [5], the (€ Vq)-level set fiy
is a generalized level set of p;. It was found that y, is subnear-ring(ideal)
if t € (0,0.5) and fi; is subnear-ring(ideal) if ¢ € (0, 1). Here we attempt
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to develope this kind of connections in regard to the level set fi{ as well.

THEOREM 3.9. A fuzzy set u in N is an (€,€ Vq))-fuzzy subnear-
ring(ideal) of N if and only if the (€ Vq))-level subset i is a subnear-
ring(ideal) of N for allt € (0,6] and § € (0,1].

Proof. Let p1 be an (€, € Vg))-fuzzy subnear-ring(ideal) of N and
let x,y € i for t € (0,5]. Then, z; € Vgiu or y; € Vaou
that is, u(x) >t or u(z) +t > 6 and p(y) >t or u(y) +t > 0.

Since p is an (€, € Vgd)-fuzzy subnear-ring(ideal) of N, we have
p(x —y) > min{u(z), u(y), 5}-

Case 1. pu(x) >t and u(y) > t.

a) if t > &, then p(z —y) > min{u(z), u(y), 3} > min{t,$} =4
thus, p(z —y) +t > 6 = (v — y)g3p.

b)if t < g, then pu(x —y) > min{pu(z), u(y), g} > min{t,g =t
= (z —y): € p.

Case 2. Let p(x) >t and p(y) +t > 6 or p(x) +t > 0 and pu(y) > t.
a)if t > &, then p(z—y) > min{u(z), p(y), 3} > min{t,0—t,$} = 5—t.
= plr—y)+t>06= (- yhgp.

b) if t < &, then p(z —y) > min{u(x), u(y), 2} > min{t,6 —t, 4} =t
= (r —y): € .

Case 3. p(x) +t >0 and pu(y) +t > 6.
a)if t > 2, then pu(z —y) > min{p(z), u(y), 5} > min{é —t, 8} =6 — ¢t
= p(r —y) +t >0 = (x—y)gpp.

b) if ¢ <2, then p(z —y) > min{u(z), u(y), 3} > min{d —t,2} =2 > ¢
= (z—y); € p. Thus, in all cases, we have (v —y); € Vgou. = v—y € ji.

Similarly, we can show that a + z — a,xa,a(b + x) — ab € 0 for all
a,b,r € N.

Thus, fi0 is a subnear-ring(ideal) of N for all ¢ € (0,8] and d € (0, 1].

Conversely, let i is an ideal of N.

Suppose, p(z —y) <t < min{pu(z), p(y), 3}, then p(z) >t and p(y) >t
=2 €W,y E =2,y €1 = x —y € il [since i is an ideal],

which is a contradiction to pu(z —y) <t <2

Hence, pu(x —y) > min{p(z), u(y), 5}

Similarly, we can show that
p(xy) > min{p(x), u(y), 5}
ula+ o — a) > min{u(z), 3
p(zy) > min{pu(z), §
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p(a(b+ x) — ab) > min{pu(z), g} for all a,b,z,y € N.
Hence, p is an (€, € V¢j)-fuzzy subnear-ring(ideal) of N. O

COLLORARY 3.10. [11] A fuzzy set u in a group N is an (€,€ V¢))-
fuzzy subgroup of N if and only if the (€ Vq])-level subset il is a subgroup
of N for all t € (0,0].

COLLORARY 3.11. [5] A fuzzy set p in a group N is an (€,€ Vq)-
fuzzy subgroup of N if and only if the (€ Vq)-level subset fi; is a subgroup
of N for allt € (0,1].

COLLORARY 3.12. [8],[12]. A fuzzy set pu of N is an (€, € Vq)-fuzzy
subnear-ring(ideal) of N if and only if the (€ Vq)-level subset fi; is a
subnear-ring(ideal) of N for allt € (0,1].

THEOREM 3.13. A fuzzy set p in N is an (€, € Vq))-fuzzy subnear-
ring(ideal) of N if and only if the (€ Vq)-level subset fi; is a subnear-
ring(ideal) of N for all t € (0,2] and § € (0,1].

’ 2

Proof. Assume that y is an (€, € Vq3)-fuzzy subnear-ring(ideal) of N.
Let z,y € ;. Then, z; € Vqu or y; € Vqu
that is, p(xz) >t or p(z) +¢t>1and u(y) >t or p(y) +t > 1.
= p(z) >t and p(y) >t [since if p(z) <t <2 <05 = plz)+t <1
and pu(y) <t <2 <05 = puly)+t <1= a2,y ¢ My, which is a
contradiction].
Since p is an (€, € Vgd)-fuzzy subnear-ring(ideal) of N, we have
w(z —y) >min{p(z), u(y), 3} > min{t,$} =t. =z —y € [, and
p(xy) > min{pu(z), w(y), 33 > min{t, §} = t,= zy € fi.
Therefore, [i; is a subnear-ring of N for all ¢ € (0, g] Let a,b € N.
Then,
pla+z —a) > min{p(z), 3} > min{t, 3} =t
(za) > min{u(z), 3} > min{t, §} =t and
p(a(b+z) — ab) > min{u(z), §} > min{t, 5} = t.
Therefore, a + x — a,za,a(b+ x) — ab € f1; for all a,b € N and for all
T € [y
Hence, fi; is an ideal of N for all ¢ € (0, 3].
Proof of the converse part is similar to theorem 3.9. O]
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THEOREM 3.14. A fuzzy set p in N is an (€, € Vq))-fuzzy subnear-
ring(ideal) of N if and only if the set py = {x € N|u(z) > t} is a
subnear-ring(ideal) of N for all't € (0,%] and § € (0,1].

Proof. 1t is similar to the proof of theorem 3.13. O]

REMARK 3.15. The above theorem 3.14. may not be true if ¢ € (£, 1].
In the example 3.2., u is an (€,€ Vq))-fuzzy subnear-ring of N for
d €(0,0.9].
Take § = 0.9 and let ¢ = 0.46 € (£,1]. Then p; = {0, a,b}.
Now a,b € puy but a—b = ¢ & p;. Therefore i, is not a subnear-ring of N.

COLLORARY 3.16. [11] A fuzzy set ju of a group N is an (€,€ V¢)-
fuzzy subgroup of N if and only if the set py = {x € Nlu(x) >t} is a
subgroup of N for all t € (0,3].

REMARK 3.17. [3],[14] A fuzzy set p of a group N is an (€, € Vq)-
fuzzy subgroup of N if and only if the level subset p; = {z € N|u(z) > t}
is a subgroup of NVt € (0,0.5]. But the level set p,t € (0.5, 1] may not
be a subgroup of N.

THEOREM 3.18. Let A be a non-empty subset of N and py be a fuzzy
set in N defined by

5 .
_ 5 dred
pa(z) { t, otherwise.
for all x € N and t < g. Then ua is a (€,€ Vq)-fuzzy ideal of N if
and only if A is an ideal of N.

Proof. Let p4 be an (€,€ Vq))-fuzzy ideal of N and let z,y € A,
Then
pale —y) > min{pa(r), pa(y), 3} =§ =r—yec A
pa(ry) > minfpa(e), pa(y), 5} = § = 2y € A,
Let x € A, Now pas(y +z —vy) > min{,uA(x),g = g and
pa(zy) > min{pa(x), 5} = g foranyy e N. = y+x—y,zy € A.
Let z € A and u,v € N. Now, pa(u(v +z) — uv) > min{pa(z), $} = 2
= u(v+ z) — uv € A. Therefore, A is an ideal of N.
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Conversely, Let A is an ideal of N. If z,y € A then z — y,zy € A

50, pra(z —y) = § = min{pa(x), pa(y), 3}

palry) = § = min{pa(z), pa(y), 3}
If at least one of x and y does not belong to A, Then
pa(r —y) >t =min{pa(z), pa(y), 3} and

palzy) >t = min{pa(x), pay), 33

Let x € A and u,v € N then v+ z — u, 2u, u(v + x) — uv € A. so,
pa(u+x—u)= % = min{pa(z), %}

palew) = & = min{pa(x). 3

and pa(u(v +z) — uv) = $ = min{pa(z), paly), 3}.
If o & A, then pua(u+x —u) >t = min{ua(z), s},
pa(zu) >t =min{pa(z), 3

and pia(u(v + x) — uv) > t = min{pa(z), pa(y), 3}

Hence, p4 is an (€, € Vq3)-fuzzy ideal of N. ]

COLLORARY 3.19.Let A be a non-empty subset of N and pa be a
fuzzy set in N defined by

ot ifre A
par) = { 0, otherwise.

forallx € N with t € (0, %], Then 4 is a (€, € Vq3)-fuzzy ideal of N if
and only if A is an ideal of N.

Let z € N be such that p(z) > 2, then
u(0) = p(x — ) > min{p(z), p(z), 3} = 5.
= p(0) > g. Again if u(0) < g, then p(x) < ng € N then p is fuzzy
subgroup in the sense of Rosenfeld. In order to see a nontrivial general-
ization of fuzzy subgroup, we assume that p s # {0}.
Henceforth, unless otherwise mentioned by (€, € Vqd)-fuzzy subnear-

ring(ideal) of N, we shall mean an (€, € V¢)-fuzzy subnear-ring(ideal)
of N with g # {0}.

LEMMA 3.20. Let p be an (€, € Vq))-fuzzy subnear-ring of N.
Let .y € N be such that p(z) < p(y), then

o i) p(z +y) = ply + ) = p(r) if p(z) < 3.
o i) p(xy), plyx) > § if plx) > §.
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Proof. i) Let 2,y € N be such that u(z) < pu(y) and p(z) < 2.
Then, p(z +y) = p(x — (=y)) = min{p(x), p(—y). 3
> min{p(z), n(y). 5+ = @) = plx +y) = p(x).
and p(z) = p(x +y —y) > min{u(z +y), p(y), 5} = p(z +y)[ since it
is given pu(z) < p(y) and p(z) < 4.
= p(z) > p(x 4+ y). Therefore, p(x +y) = p(x).

Similarly, we can show that u(y + x) = u(z).

Hence, pu(z +y) = py +z) = p(x).

ii) Let z,y € N be such that pu(z) < u(y) and p(z) > .
Then, u(ry) > min{u(z). ply), 3} — 2

and p(ye) = minip(y), plx), sH=3

Hence, pu(zy), p(yz) > § if p(z) > 3.

[]

LEMMA 3.21. Let u be an (€, € Vq))-fuzzy ideal of N. Then g =
if and only if p(a —b), u(b— a) > SVa,b € N.

Proof. Suppose that u(a —b), u(b —a) > 2.
Let x € N, then p1,(z) = min{u(z—a), $} = min{u((z—b)—(a—b)), $}
> min{pu(z — b), pu(a —b), 2} > min{u(z — b),2} = py(x) for all z € N.
= lg > Mp. Similarly, we can show that pp > pg, thus p, = .

Conversely, suppose that p, = . Then p,(a) = pp(a)

= min{u(0), §} = min{p(a — ), 3

= & =min{pu(a—1b),3} = pla—1b) > 3.
And piq(b) = p15(b) = min{u(b — a), 3} = min{u(0), 5}
= min{p(b—a), 3} =2 = pb—a) > 3. O

4. Quasi 0-fuzzy cosets

In this section, we introduce and discuss about quasi d-fuzzy cosets of
a (€, € Vq))-fuzzy ideal in a near-ring N and prove fundamental theorem
under isomorphism between two near-rings with respect to the structure
induced by quasi d-fuzzy cosets.

DEFINITION 4.1. Let pu be an (€, € Vg))-fuzzy ideal in N. Given
a €N,
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a fuzzy set p, in N defined by p,(2) = min{u(z — a),} is called the
(€, € Vg3)-fuzzy coset of 1 in N determined by a and p.

DEFINITION 4.2. Let u be an (€, € Vg3)-fuzzy ideal of N and
N} = {pusla € N} is the set of all (€, € Vg3)-fuzzy cosets of p in N.
We provide two operations € and () into N} as follows

fz D 1y = poty and piy O pry = pigy for all pg, p, € Ny
We first show that the compositions are well defined.

Let a,b,z,y € N be such that u, = p, and py = py,

now, p(a+b—y—z)=p(-r+a+b-y)=p((-r+a) - (y—b)
> min{p(—z + a), p(y — b),§} > min{ula — x), uly — b), 3

> 2. [By lemma 3.21.]

= u((a+b)— (@+y) >

Therefore, by lemma 3.21., foip = faty- = fta D 1o = 11z D 1y
Again, p(ab — xy) = p(ab — xb + xb — xy) = u((a — )b — (vy — xb)
> min{p((a—o)b), plwy—b), £} > min{u(a—z), p(x(b—bry)—b), 3}
> min{p(a —x), u(—b+y), 3} > 2. [By lemma 3.21]

Therefore, by lemma 3.21., piop = flay. = fta O o = 1z © fy-
Hence, the composition are well defined.

THEOREM 4.3. For any (€, € V¢))-fuzzy ideal pn of N, the set of all
(€, € Vad)-fuzzy cosets of u in N i,e NY = {u,la € N} is a near-ring
under operation @ and ().

The Proof of Theorem 4.3 is straight foward.

For a fuzzy set p in N, we define a fuzzy set i1 in N by
f(py) = p(x) for all x € N.

THEOREM 4.4. If u is an (€, € Vq))-fuzzy ideal of N, then fi is an
(€, € Vq))-fuzzy ideal in NY.

Proof. Suppose p is an (€, € Vq))-fuzzy ideal of N. Let a,b € N.

Now,
(1) = pas) = pla—b) = min{a). 1), §) = min () ). 5
(0] = () = pla) > min{(@)p0),£) = min{ o). ). 5}
(1op=pe) = F{tess-o) = plat—a) 2 min{(), 3} = min ().
(1 ) = plab) > min{p(a), £ = min{ji(a), 3}

( ( a® Mb)) /’l/(l'lla O Upte © Mab) - ﬂ(/vba(b-‘rc) S luab) -

fi
fi

tl 7;\ = =T

O (1w @ pe) ©
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(Hatpre) o) = 1(ab + ¢) — ab) = min{u(c), £} = min{a(u.), 3}.
Therefore, i is an (€, € Vq))-fuzzy ideal of NY. ]
DEFINITION 4.5. Let N and N’ be near-rings. A map 6 : N — N’

is called a near-ring homomorphism if #(x + y) = 6(z) + 6(y) and
O(zy) = 0(x)0(y) for all z,y € N.

THEOREM 4.6. If u is an (€, € Vq))-fuzzy ideal of N, then the map-
ping f: N — N} as f(x) = p, is a homomorphism with ker f = i

Proof. Let x,y € N, now
f(@+y) = pory = pa @ py = f(2) @ f(y) and
f(@y) = pay = 112 © 1y = f(2) © f(y).
Therefore f is a homomorphism. And
kerf ={xz € N|f(z) = f(0)} = {z € Nlus = po} = {z € N|p(z) =

po() }
= {z € Nimin{u(0), §} = min{u(z), §}} = {z € N|§ = min{u(r), 5}}
= {z € Nlp(x) > 3} = pus.

O

THOEREM 4.7. For a near-ring homomorphism f : N — N’, Let
pand v be (€,€ Vq))-fuzzy ideals of N and N’ respectively. Then the
mapping ¢ : N — N§¥ as ¢(1s) = Vy(z) for x € N is a homomorphism.

Proof. Let x,y € N, now

Pz © pty) = Pfoty) = Viwry) = Vi@rri) = Vi@ © V1) ¢(ha) ©
P(py) and dpy © py) = GHay) = Viwy) = Viwiw) = Viw © Vi) =
¢<Mx) O] ¢(Ny)-

Therefore, ¢ is a homomorphism.
O

THEOREM 4.8. If u is an (€, € Vq)-fuzzy subnear-ring(ideal) of N,
then the fuzzy set v : N — [0,0] as v(z) = ji(u,) is an (€, € V¢))-fuzzy
subnear-ring(ideal) of N.

Proof. Let i is an (€, € Vq3)-fuzzy subnear-ring(ideal) of N,
Then by theorem 4.4., fi is an (&€, € Vq})-fuzzy subnear-ring(ideal) of
NE.
Let z,y € N. now

v(e—y) = ilta—y) = [ilpaOpy) = min{jip.), ﬁ’(:uy)vg} min{v(z), v(y), 3}.

v(xy) = iay) = BpaOpy) > mind i(ps), i(py), 31 = min{v(z), v(y),
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vy +x—y) = Gliyra—y) = iy & pae © py) > min{i(pa), 5} =
min{v(z),}.

v(wy) = ilftay) = itz © p1) > min{fi(,), 53 = min{v(z), 3}.

V(y(l’ + a) - yw) = ﬂ(”y(x+a)—yx) = ﬂ{ﬂy © H(z4a) O ﬂyw}

= [1{py © (1 @ pta) = pty @ pio} > min{i(pea), 3} = min{v(a), §}.
Therefore, v is an (€, € V¢))-fuzzy subnear-ring(ideal) of N. O

DEFINITION 4.9. [15] If p is a fuzzy set in N and f is a function
defined on N, then the fuzzy set v in f(N) defined by

v(y) = sup p(z)
z€f(y)

for all y € f(N) is called the image of p under f. Similarly, if v is a
fuzzy set in f(N), then the fuzzy set u = fowr in N (that is, the fuzzy
set defined by p(z) = v(f(z)) for all z € N is called the preimgae of v
under f.
We say that a fuzzy set p in N has the sup property if for any subset 7'
of N, there exists ty € T" such that

f1(to) = sup p(t).

teT
THEOREM 4.10. A near-ring homomorphic preimage of an (€, €

V@d)-fuzzy ideal is an (€, € Vq3)-fuzzy ideal.

Proof. Let § : N — N’ be a near-ring homomorphism.
Let v be an (€, € V¢})-fuzzy ideal of N’ and p be the preimage of v
under 0. Let z,y,a € N. Now
wla —y) =v(0(z —y)) = v(0(z) — 0(y)) = min{v(0(x)),v(0(y)), 3}
= min{u(z), p(y), 3
plzy) = v(0(zy)) = v(0(2)0(y)) > min{v(0(x)),v(0(y)), 3}
= min{u(z), p(y), 3
u(y+x{—gJ))=6 v(0(y+z—y)) = v(0(y)+0(x) —0(y)) > min{v(d(z)), 3}
= min{pu(r), §
ulay) = v((zy)) = v(0()0(y)) > min{v(0(z)), §} = min{p(z), 3}
py(e +a) —yx) = v(0(y(r + a) —yx)) = v(0(y(z +a) — 0(yx))
= v(0(y)(0(z) + 0(a) — 0(y)0(x)) > min{v(8(a)), 3} = min{u(a), 3}

Therefore, 4 is an (€, € Vq))-fuzzy ideal. ]

THEOREM 4.11. A near-ring homomorphic image of an (€, € Vqj)-
fuzzy ideal having the sup property is an (€, € Vqi)-fuzzy ideal.
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Proof. Let 8 : N — N’ be a near-ring homomorphism and u be an
(€, € Vq3)-fuzzy ideal of N having the sup property and v be the image
of p under 6.

Let 6(x),0(y) € O(N) and xo € 07(0(x)),y0 € 67(0(y)) be such that

p(zo) = sup  p(t), ulyo) = sup  p(t)
tef—1(0(x)) ted=1(0(v))

respectively. Then,

v(0(z) —0(y)) = sup p(t) > p(wo — yo)[by sup property]
t€0-1(6(z)—0(y))

> min{u(eo), wlun). 3} = mind _sw u6), sw u(0), 5}

te0-1(0(x)) te0-1(0(y)) 2

. )

= min{v(0(z)), v(0(y)). 5 }-

v(0(z)0(y)) =  sup  p(t) > p(zoyo)
t€0-1(0(2)0(y))

. ) . 1)
> man{p(xo), (o), s+ = min{ sup p(t), sup p(t), 5}
2 t€0-1(0(x)) te0-1(0(y)) 2

|

= min{v(0(z)),v(0(y)),

v(0(y) + 0(z) — 0(y)) = sup H
te0=1(0(y)+0(x)—0(y))

1.

t) > p(yo + o — Yo)-

~—~

> man{u(xo), g} = mm{te;}l(lg(z))u(t), g} = min{v(6(z)), g}

v(0(x)0(y)) =  sup  u(t) > p(zoyo)
t€0-1(0(z)0(y))

> min{u(zo), g} = min{teeélll(%(x)) u(t), g} = min{v(0(z)), g}

and v((0(x) + 6(a))0(y) — 0(x)0(y)) = sup
t€0=1((0(x)+0(a))0(y)—0(x)0(y)
. ) _ )
> p((xo + ao)yo — xoyo) > min{p(ag), 5} =min{ sup pu(t), 5}
te0=1(6(a)

= min{v(0(a)), g}

Therefore, v is an (€, € V¢))-fuzzy ideal.
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