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MORE ON REVERSE OF HOLDER’S INTEGRAL
INEQUALITY

BOUHARKET BENAISSA AND HUSEYIN BUDAK*

ABSTRACT. In 2012, Sulaiman [7] proved integral inequalities con-
cerning reverse of Holder’s. In this paper two results are given. First
one is further improvement of the reverse Holder inequality. We note
that many existing inequalities related to the Holder inequality can
be proved via obtained this inequality in here. The second is further
generalization of Sulaiman’s integral inequalities concerning reverses
of Holder’s [7].

1. Introduction

Holder’s inequality is one of the most important inequalities of pure
and applied mathematics. It was the key for resolving many problems
in social science natural science. Holder’s inequality reads :

THEOREM 1.1. Let f, g be non-negative integrable functions, let p >
1, L+ 1 =1 Then

p g

v ' F@gla)ds < (/ b fp(aa)dw)’l’ (/ b f%x)dwf |

The reverse Holder’s inequality have been explored by a number of
scientists, the famous ones are:
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LEMMA 1.2. Let p > 1, L+ 1 =1,if

f(x)

O<m<—=< M,
g()

then

@) ( / ’ f(:c)d:c>;< / bg(w)d:v>;§ (%) ab 5 (2)g (2)d.

See ([3], [4] p.126, [6] p.3).

LEMMA 1.3. Let p > 1,

then

@ ([ fp(fv>dfv>; (f g‘](sc)cz.oc)é < (¥ . [ ey

See ( [1] p.212, [2] p.9, [5] p.206).
Sulaiman proved the following important inequality:

THEOREM 1.4. [7] Let p > 0, ¢ > 0 and f, g be positive functions
satisfying

0<m§m§M forall x € [a, b],
g(x)

then

o ([ oo dxy ([ Gyt ar) 3

In this paper, by using a simple proof method, we will generalize the
inequalities above.



More on Reverse of Holder’s Integral Inequality 11

2. Main Results

In this section we give our results Theorems 2.1 and 2.6. Let —oo <
a<b<+ooand «a, f€R.

THEOREM 2.1. Leta, 8> 0, p> 1, %ﬁ = 1and f, g > 0 integrable
functions on |a,b], w a weight function ( measurable and positive ) on

la, b]. If

(5) 0<m<

< M for all z € [a, b],

then

(/ b f“(z)w(x)dx); (/ b eyt l

Proof. From the assumption (5), we get
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(a> fr=1ve (M) /
then

1 ,a B o 1 ,a B
(7) mafrge < f* < Mafrga.
Multiplying right hand side of (7) by w(x) and integrating on [a, b], we

1.e.

QE

have
(/ fa dil')) < MP(I (/ fa g )w(m)dm)
Similarly, from the assumption (5) we have
m% < f%gfg < M%
le. ,
mrg® < frgi < Mrg”
then
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Finally, we deduce that

0 (/abgﬁ<x>w<x>dx) < ([ ri <>dx);.

By multiplying the inequalities (8) and (9), we have the required in-
equality (6). O

-Q\Tb

REMARK 2.2. If we choose a« = 1, § =1 and w(z) = 1 in Theorem
2.1, then Theorem 2.1 reduces to Lemma 1.2.

REMARK 2.3. If we take a = p, = ¢ and w(x) = 1 in Theorem 2.1,
then Theorem 2.1 reduces to Lemma 1.3.

If we have
p
m < fP () <M.
9(x)
then )
mi < f+(z) < Mz,
g(z)
1 p—1 1
g9(z)

we deduce that

COROLLARY 2.4. Let p > 1, %Jr
grable functions on [a, b] satisfying

% = 1 and f, g non-negative inte-

0<m§ﬂﬂ@§M,
g9(x)
then
b FR) G MNP
(/ fp(gj)da:) (/ gq(az)da:) < (E) / f(z)g(x)dx
If we have
m< 1) M,
~ogi(x) T
then
m% f(2) < M%
g M) —

we deduce that
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COROLLARY 2.5. Let p > 1, %+% = 1 and f, g non-negative inte-
grable functions on [a, b] satisfying

0<m<

then

aw ([ fp(fv)dx); (f g(l(x)dx);

/

IN

(%) % [ @t

THEOREM 2.6. Let a, ¢, p,q,p', ¢ > 0 and let f,g be two non-
negative measurable functions on |a,b]. If

(12) 0<c<m< a/(z) <M forallz € la,b],
g(x)
then
b - b 3
</ fp(x)dx) </ gq(x)d:v)
M /anii oy o
< — | — o' +d p+d’
(13) < = ()77 (m+ o) (M + )75

i </“b (fp’ (@)g" (x)> o dx) % (/ab (fp/ e (:L')> 7 d:c) |

Proof. By the assumption (12) we have
af(z) +cg(z)

(14) m+c < <M+c
g(x)

and

(15) M+c<ozf(az)+cg(x)<m+c'

M~ af(x) - om
Integrating the left inequalities of (14) and (15), we get

m+o ([ bgq(x)dx); < ([t + cg(a:»%zx)é
o (MA} ) ( / b f”(fﬂ)dw); < ( / (af (@) + cg(m))ﬂdx)

and

B =
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Multiplying these inequalities we obtain

2 (M +0)(m + ) </b fp(x)dx); (/abgq(x)dx)é

< (]£7041x>+—cg<xnpdx); (]£7041x>%—cg<x»qu)é.

From the right inequalities of (14) and (15), we get

(af(z) + eg(a)? < (M +c)?g" (x)

(16)

and
(@f @) +eg@)” < (Sm+0)) (@),
then
(af (@) +eg(a)P+ < (%(m + c))pl (M + )7 f* (x)g" (x).
Thus, we get
(17)

/

/ /

(@f () + o)) < (Sm+0) 77 (M + 757 (7 (g ()7

From the inequality (17), we deduce that

</ab(af<x) + Cg(:r))pd:c>; (/ab(af(x) n Cg<x>)qu)3

2p,

(18) < (S(m+e)" (M + o)t

([ (erw) ™) (Aboﬂumfuﬁfb)?

Finally, by the inequalities(16) and (18), we obtain desired inequality
(13). 0

B =

REMARK 2.7. If we choose p’ = ¢ = a = 1 in Theorem 2.6, then we
get Theorem 1.4.
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