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CHARACTERIZATION OF
TEMPERED EXPONENTIAL DICHOTOMIES

Luis BARREIRA, JOAO R1JO, AND CLAUDIA VALLS

ABSTRACT. For a nonautonomous dynamics defined by a sequence of
bounded linear operators on a Banach space, we give a characterization
of the existence of an exponential dichotomy with respect to a sequence
of norms in terms of the invertibility of a certain linear operator be-
tween general admissible spaces. This notion of an exponential dichotomy
contains as very special cases the notions of uniform, nonuniform and
tempered exponential dichotomies. As applications, we detail the conse-
quences of our results for the class of tempered exponential dichotomies,
which are ubiquitous in the context of ergodic theory, and we show that
the notion of an exponential dichotomy under sufficiently small parame-
terized perturbations persists and that their stable and unstable spaces
are as regular as the perturbation.

1. Introduction

We give a characterization of the existence of an exponential dichotomy with
respect to a sequence of norms for a nonautonomous dynamics defined by a
sequence of bounded linear operators on a Banach space in terms of the invert-
ibility of a certain linear operator. We note that this notion of an exponential
dichotomy contains as very special cases the notions of uniform, nonuniform
and tempered exponential dichotomies.

More precisely, let (A, )mez be a two-sided sequence of bounded linear op-
erators acting on a Banach space X. It induces the dynamics

(1) T = Ap_1Zm_1 for m € Z,

on the space X. Our main aim is to give a characterization of the existence of
an exponential dichotomy for this dynamics or, more precisely, of the existence
of an exponential dichotomy with respect to a sequence of norms (see Section 2
for the definition), in terms of the invertibility of a linear operator T between
appropriate Banach spaces of two-sided sequences in X. These Banach spaces,
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172 L. BARREIRA, J. RIJO, AND C. VALLS

usually called admissible spaces, belong to a large class of spaces introduced by
Coffman and Schéffer in [4] for discrete time. For simplicity of the exposition
we refrain from introducing them here in detail. Nevertheless, they include for
example all ¢P spaces with p € [1,+00] as well as many others (see Section 2
for details and examples).

Given two admissible spaces Y and Y’ of two-sided sequences in X, we define
the operator T: D(T) CY' = Y by Tx =y, where

X = (Im)mEZ and y = (:Em - Am—lxm—l)mEZv

on the domain formed by all x € Y’ such that y € Y. For x € D(T) we
consider the graph norm

Ixllz = lIxlly + 17|y
and the linear operator
T: (D(T),[I-lr) = (Y3 [I-lIv),

which from now on we denote simply by 7. It is in terms of the invertibil-
ity of this operator that we shall characterize the existence of an exponential
dichotomy for the dynamics in (1).

Here we formulate only a particular case of our results when Y = Y”.

Theorem 1.1. WhenY =Y, a sequence (An)mez of bounded linear operators
has an exponential dichotomy if and only if the operator T is invertible.

Theorem 1.1 is an immediate consequence of Theorems 3.1 and 3.2 below for
general spaces Y and Y’. The formulation of these results is left for the main
text since it requires introducing much additional material. Theorem 1.1 is a
version of work in [11] that considers a one-sided dynamics with discrete time
and a constant sequences of norms (and thus uniform exponential dichotomies).
A simple consequence is that the notion of an exponential dichotomy with re-
spect to a sequence of norms persists under sufficiently small linear perturba-
tions.

We emphasize that the notion of an exponential dichotomy with respect
to a sequence of norms already occurs naturally in the study of a dynamics
on a smooth manifold, in which case the derivative of the trajectory travels
along tangent spaces, each with its own norm induced from the Riemannian
metric. Another main motivation for the notion is given by ergodic theory.
Namely, almost all linear variational equations with nonzero Lyapunov expo-
nents obtained from an autonomous differential equation =’ = f(x) with a
measure-preserving flow have a tempered exponential behavior (see Section 4
for details). In its turn, this exponential behavior can be expressed in terms of
a sequence of Lyapunov norms (see Proposition 4.1 below). These are appro-
priate norms that transform the tempered exponential behavior into a uniform
one and vice-versa, although possibly at the expense of having a ratio between
these norms and the original norm that may diverge subexponentially when



CHARACTERIZATION OF TEMPERED EXPONENTIAL DICHOTOMIES 173

time goes to infinity. On the other hand, as noted above, a uniform exponen-
tial behavior corresponds to consider a constant sequence of norms. We refer
the reader to the book [1] for details and references.

The characterization of the existence of an exponential behavior of the type
considered in the present paper (such as in Theorem 1.1) goes back to work of
Perron in [10] and referred originally to the existence of bounded solutions of
the equation

2= At)z + y(t)

on R” for any bounded continuous perturbation y: Rf — R™. A relatively
simple modification of Perron’s work yields the following statement for discrete
time: given a sequence of nxn matrices (A4,,)men, if for each bounded sequence
(Ym)men in R™ there exists zo € R™ such that the sequence

(2) Tm = Am_1Tm_1+Yym formeN,

is bounded, then any bounded sequence A,, --- A;x tends to zero as m — oo.
In other words, under the former assumption stability leads to asymptotic
stability. This is a first step towards showing that the dynamics has contracting
and expanding directions, and ultimately an exponential dichotomy. From this
point of view, our work can be seen as a far reaching generalization of Perron’s
work for a two-sided dynamics, also considering much more general spaces in
which we take the perturbation (¥, )men and look for a solution (2, )men of
problem (2).

There exists an extensive literature on the relation between the stability or
exponential stability of a dynamics and the invertibility properties of certain
linear operators as the one described above (these properties are often called
admissibility properties). For some of the most relevant early contributions in
the direction initiated by Perron in [10], we refer to the books by Massera and
Schiéffer [9] (that culminates the development started in [8]) and by Dalec’kii
and Krein [5]. Related results for discrete time were first obtained by Li in [7]
and then by Coffman and Schéffer in [4]. We also refer to [6] for some early
results on infinite-dimensional spaces.

2. Basic notions

In this section we introduce what is strictly necessary for the formulation of
our main results. This includes the notions of an exponential dichotomy with
respect to a sequence of norms and of an admissible space. The proofs require
additional material that will be introduced only later on.

Let X = (X, ||-||) be a Banach space and let L(X) be the set of all bounded
linear operators acting on X. Given a sequence (A;;)mez in L(X), we define

Ay A, ifm>n,

‘A(man) = . N
Id ifm=n
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for each m,n € Z with m > n. Now let ||-|lm, for m € Z, be norms on X
that are equivalent to the original norm ||-||. We say that (A, )mez has an
exponential dichotomy with respect to the norms |||, if:

1. there exist projections P,,: X — X, for m € Z, satisfying
(3) P,A(m,n) = A(m,n)P, for m >n,
such that, writing @,, = Id — P,,, the map
(4) A(m,n)‘Qn(X)l Qn(X) — Qm(X)
is onto and invertible;
2. there exist constants A\, D > 0 such that for each x € X we have
(5) A (m, 1) ol < De™ 2 |z,
and
(6) 14, m)Qmalln < De™ ]|,
for m > n, where A(n,m) denotes the inverse of A(m,n)q, (x)-

We also introduce the class of admissible spaces. Let R” be the set of all
sequences s = (8, )nez Of real numbers and denote by x4 the characteristic
function of a set A C Z. A Banach space B = (B, ||-|g) C R? formed by all
sequences s € RZ such that ||s||p < +oc is called an admissible space if:

1. Xqny € B for all n € Z;
2. if 8’ = (s),)nez € B and |s,| < |s,| for all n € Z, then s € B and
Isllz < lIs'lls;
3. there exists N > 0 such that for each s = (s, )nez € B and m € Z the
sequence 8™ = (Sp4+m)nez 1S in B and satisfies ||s™]|z < N||s|| 5.
Examples of admissible spaces are the following:
1. the set

0 = {s €R”%: suplsy,| < —|—oo}
mez

with the norm ||s|| = sup,,,cz|sml;
2. for each p € [1,4+00), the set

P = {s €RZ: Z\smF’ < +oo}

mEeZ

with the norm |[s|| = (Zmez\smV’)l/P;
3. taking ¢(t) = fot ¢(s) ds for some nondecreasing left-continuous func-
tion ¢: RT — (0, +oc] and defining M(s) =3, o, ¥(|sn|), let

B ={seR”: M(cs) < +oo for some ¢ >0}
with the norm

[sl| =inf{c>0:M(s/c) <1}.
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Finally, we introduce a class of Banach subspaces of X%. Namely, given an
admissible space B, let

Vg = {x= (Zn)nez € X”: (||zn|ln)nez € B} .
Moreover, for each x € Yp we define
Ixllve = [[(lznlln)nez]| 5-
Proposition 2.1. Y = (Y3, |||lys) s a Banach space.

Proof. Given a Cauchy sequence (x¥)pey in Y3z, there exists a subsequence
(x**)pen such that

(7) b+ — x|y, <27F for k € N.

Writing x* = (2%),,cz we define

—+oo m
Un =D llag+t —agt |l and oyt = flagtt - gt

k=1 k=1
for n € Z and m € N. Since B is a Banach space, it follows from (7) that
Y = (Yn)nez and y™ = (y")nez belong to B for m € N. Moreover, y™ — y
in B when m — +o0.

Now observe that
k 1 k !

for k,1 € N and n,m € Z, and so it follows from the properties in the notion
of an admissible space that

N
25, = 2 lln < T X" = %[y,
X103l B
Since the norms ||| and ||-||, are equivalent, we conclude that (xF)ey is a

Cauchy sequence in X for each n € Z. Let

z, = lim 2F forn € Z,
k—o0

and write X = (2, )nez. It follows from the identity

+oo
Ty — 2l =Y (e — k)
k=m
that
(8) [2n = 20 0 <y — oy

Since y,y™~! € B, we find that x — x‘» = (z,, — 2% ),z € Y5 and so also
x = (x —x') +x' € Yp.
Moreover, by (8) we conclude that

I = xlys < [ly =y™ 5 =0
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when m — +oo. This shows that the sequence (x*)reny has a convergent
subsequence in Yz and since it is a Cauchy sequence in fact it converges. [

In the following section we shall consider an admissibility property with
respect to a pair of spaces Yz and Yg obtained from some admissible spaces
B and B'.

3. Main results

In this section we formulate our main results relating admissibility and hy-
perbolicity. More precisely, we shall give a characterization of an exponential
dichotomy for a sequence (A;;)mez in terms of the invertibility of a certain
linear operator. In its turn this invertibility can be expressed in terms of an
appropriate admissibility property.

Let (Ap)nez be a sequence of linear operators in L(X) and let (B,|||5)
and (B', ||||g’) be two admissible spaces. We denote by N the maximum of
the corresponding constants given by property 3 in the notion of an admissible
space. For simplicity of the notation, we shall denote Yz and Yp:, respectively,
by Y and Y’. Now we consider the linear operator T: D(T') C Y’ — Y given by

(9) (TX)mt1 = Tmt1 — ATy, for m € Z,

on the domain D(T") formed by all sequences x € Y’ such that Tx € Y. For
x € D(T') we consider the graph norm

[l = lIx[ly + [[Tx]ly

The linear operator T is closed (see Proposition 5.2) and so (D(T), ||-]|7) is a
Banach space. Moreover, the operator

(10) T: (D(T), [I-llr) = (Y, Illv)

is bounded and we denote it from now on simply by 7.

We can now formulate our main results. The first one shows that the exis-
tence of an exponential dichotomy with respect to a sequence of norms yields
the invertibility of the operator T" in (9) whenever B C B'.

Theorem 3.1. Let (A )mez be a sequence of linear operators in L(X) such
that (Am)mez has an exponential dichotomy with respect to the norms ||-||m. If
B C B', then the operator T in (10) is invertible.

Theorem 3.1 is proved in Section 6.

The next result can be seen as a partial converse of Theorem 3.1 (although
not necessarily assuming that B C B’). Given an admissible space B, we define
sequences apg, 3g: Ng — R by

(11) ap(n) =[x, 5
and
(12) BB(n):inf{ﬁ>0:Z|sk|§5||sB forseB}.

k=0
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Theorem 3.2. Let (An)mez be a sequence of linear operators in L(X) such
that the operator T in (10) is invertible. If

(13) lim 76“3(”)@3/(”) =0,
n— o0 n
then (Ap)mez has an exponential dichotomy with respect to the norms ||| m,.

Theorem 3.2 is proved in Section 7.
Condition (13) holds, in particular, when any of the following conditions is
satisfied:
1. B = B’ (see Proposition 5.3);
2. B=/(? and B’ = {? with p,q € [1,+0o0] such that 1/p —1/¢q < 1;
3. the sequence apg(n)Bp:(n)/n? has 0 as a sublimit;
4. the sequence ap(n)Bp(n) diverges.
See the remarks at the end of Section 5 for details.
The following result is an immediate consequence of Theorems 3.1 and 3.2.

Corollary 3.3. Let (Ay)mez be a sequence of linear operators in L(X). If
B C B’ and property (13) holds, then the following properties are equivalent:

1. the sequence (A )mez has an exponential dichotomy with respect to the
norms |||lm;
2. the operator T is invertible.

As noted above, when B = B’ condition (13) holds automatically and so a
sequence (A, )mez has an exponential dichotomy with respect to some norms
[Ilm if and only if the operator T with Y = Y” is invertible.

4. Tempered exponential dichotomies

In this section we apply Theorems 3.1 and 3.2 to the notion of a tempered
exponential dichotomy. First we introduce the notion of an upper tempered
sequence: a two-sided sequence (¢, )mez of positive real numbers is said to be
upper tempered if

lim sup 1 log ¢, <0.
n—+oo n|
Now let (Anm)mez be a sequence of linear operators in L(X). We say that
(Am)mez has a tempered exponential dichotomy if:
1. there exist projections Py,: X — X, for m € Z, satisfying (3) such that
the map in (4) is onto and invertible;
2. there exist a constant A > 0 and an upper tempered sequence (D,,)nez
such that for m > n we have

[A(m, n) Py < Dpe=Am=m)
and
[ A(n, m)Q|| < Dype= 7=,
where Qy, =Id — P, and A(n,m) = (A(m,n)0, x)) "
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The following proposition establishes an equivalence between tempered ex-
ponential dichotomies and exponential dichotomies with respect to a certain
sequence of norms. The proof follows along the lines of the proof analogous
results in [2] for nonuniform exponential dichotomies. So, we outline only the
differences.

Proposition 4.1. The following properties are equivalent:
1. (An)mez has a tempered exponential dichotomy;
2. (Am)mez has an exponential dichotomy with respect to some norms
Il satisfying
(14) 2] < [|z]lm < Conll]|
form € Z, x € X and some upper tempered sequence (Cp,)mez-

Proof. Assume that the sequence (A;,)mez has a tempered exponential di-
chotomy. For each n € Z we define a norm ||-||,, on X by

2]l = sup ([A(m,n)Pyz|ler™=™) + sup (A (m, n)Qu||eMm=™).
One can easily verify that the norm is well defined and that (14) holds taking
Cp = 2D,,. Since (Dp,)mez is upper tempered, the same happens with the
sequence (Cy,)mez. One can also show that for m,n € Z with m > n and
x € X, we have

MA(m, ) Pozlm < e |, A, 1)Quelln < e ||

Hence, (A;,)mez has an exponential dichotomy with respect to norms ||| .

Now we assume that the sequence (A;,)mez has an exponential dichotomy
with respect to some norms |||, satisfying (14) for some upper tempered
sequence (C,)mez. Then

IA(m, n) Pazl] < DCre= 0"

and

A, m)Qmal] < DCye ™=z
for z € X and m > n. Since (C,)nez is upper tempered the same happens
with (DCp)nez. Hence, the sequence (A,,)mez has a tempered exponential
dichotomy taking D,, = DC,. O

Combining Theorems 3.1 and 3.2 with Proposition 4.1 yields a corresponding
result for tempered exponential dichotomies.

Theorem 4.2. For a sequence of linear operators (Am)mez in L(X) and for
some norms ||:||lm on X satisfying (14) for m € Z, v € X and some upper
tempered sequence (Cp,)mez:
1. if (Am)mez has a tempered exponential dichotomy and B C B’, then
the operator T in (10) is invertible;
2. if the operator T in (10) is invertible and property (13) holds, then
(Am)mez has a tempered exponential dichotomy.
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5. Admissible spaces: additional properties

In this section we describe some additional properties that are needed in the
proofs of Theorems 3.1 and 3.2.
The following proposition collects some properties of admissible spaces.

Proposition 5.1. Let B be an admissible space.
1. If s = (8p)nez and s’ = (s!)nez belong to R% and s, = s!, for all but
finitely many integers n € 7, then s € B if and only if s’ € B.
2. If s — s in B when n — oo, then s} — s, when n — oo, for all
ke Z.
3. Given's € B and A € (0,1), the sequences v = (pn)nez and w =
(Qn)nez deﬁned by

—+oo +oo
Pn = Z /\’msnfm and qn = Z )\msn+m
m=0 m=1
belong to B and satisfy
N
IVls < == lslls and [wls < = sl

One can use Proposition 5.1 to show that the operator T" in (9) is closed.

Proposition 5.2. The operator T is closed, that is, if (x*)ren is a sequence
in D(T) converging tox € Y' such that Tx* converges toy € Y, thenx € D(T)
and Tx =y.

Proof. Let (x*)ren be such a sequence. It follows from property 2 in Proposi-
tion 5.1 that

Tmt1 — AmTm = kEToo(wﬁl"'l - Amxfn) = kETm(Txk)rrﬁl = Ym+1
for each m € Z. Hence, x € D(T) and Tx =y. O

Now we consider the sequences ap(n) and Sg(n) given by (11) and (12).
One can show that both sequences are nondecreasing. Moreover,

m—+n

" Jsil < NBa(n)lsllz

k=m
for all s € B, m € Z and n € Ny. The following proposition can essentially be
found in [11] (see also [4]). For completeness we give a short proof.

Proposition 5.3. If B is an admissible space, then
n+1<agn)bfp(n) < N2n+1) foralln € Ny.

Proof. For the lower bound we note that taking s = xyo
equality

sy} yields the in-

> [sel < Be(m)lsllz andso n+1< Bp(n)an(n).
k=0
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For the upper bound, take n € Ny, s € B and consider the sequence s =
> h—o X{k}|sk| € B. Then ||s]|p < ||s|s. Using the notation in property 3 in
the definition of an admissible space, we obtain

n

> ¢

k=—n

On the other hand,

< D IS <N DY 8le < N@n+1)|sl5.
B k=—n k=—n

Z sl > Z Isk|Xt0,..m}|| = Z |sklap(n)
k=—n g k=0 B k=0
and so
= N(2n+1)
Z |sk| < WHSHB
k=0 B
Hence,
N(2n+1)
n) < ———=
Bp(n) < on(n)
which concludes the proof of the proposition. O

Now we show that condition (13) holds when any of the four conditions
formulated after Theorem 3.2 is satisfied.

Remark 5.4. When B = B’ it follows from Proposition 5.3 that the sequence

ap(n)Bp(n)/n = ap(n)Bp(n)/n
is bounded and so condition (13) holds.

Remark 5.5. Tt follows by direct computation that
n+DYP if p < oo,
agn (n) = (n+1) if p
1 if p=o0

and
ﬁ(r’(n) _ (n + 1)1*1/p 1fp < 00,
n+1 if p= 0.

In fact, writing 1/00 = 0 one could simply write
ap(n)=m+DY" and Bw(n) = (n+ 1)1/

for p € [1,400]. Using these formulas, one can easily verify that condition (13)
holds for B = ¢ and B’ = ¢% with p,q € [1,+o0] such that 1/p—1/q¢ < 1.

Remark 5.6. It follows from Proposition 5.3 for B and B’ that
n+1<ag(n)Bp(n) < N(2n+1)

and
n+1<ap(n)Bp(n) < N(2n+1).
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Hence,
(n+1)2 < ap(n)pp(n) < N?(2n +1)*
n2ap (n)Bp(n) = n? ~ n?ap(n)Bp(n)
and so
1 ap(n)fp (n) 9N?
(15) ap (B = 2 " ap()Ba()

for all n. It follows from (15) that if the sequence ap(n)Bp:(n)/n? has 0 as
a sublimit, then ap/(n)Bp(n) has co as a sublimit. But since both sequences
ap/(n) and Bp(n) are nondecreasing, in fact their product converges to oo.
Hence, it follows again from (15) that condition (13) holds.

Remark 5.7. Alternatively, if we assume from the beginning that the sequence
ap (n)fp(n) diverges, then it follows from (15) that condition (13) holds.

6. Proof of Theorem 3.1
We need to establish the injectivity and the surjectivity of the operator 7.
Step 1. Injectivity of T. We first show that the operator T in (9) is one-to-one.

Take x = ()nez € Y/ with Tx = 0. Then 2,11 = Apz, for n € Z. Moreover,
it follows from (3) that

Poi1tpi1 = ApPrz, and  Qpi1Tpi1 = AnQnan

for all n € Z. For k > 0, we have
Py = A(mym — k)P kT —k
and so
| Prnmlm = [[A(m, m — k) Pk Tk | m
< De || @m—pllm—k
DN

ap(0)
Letting £ — +o00 we obtain P,,z,, = 0 for m € Z. Similarly, since

QmTm = A(m, m+ k)Qerkmerk

<

e xly-.

for k£ > 0, we have

Qmzmllm = [A(m,m + k)QumikTmikllm

< De || @ik i

Letting £ — +o00 we obtain @Q,,z,, = 0 for m € Z. Therefore, x,, = 0 for
m € Z and so x = 0.
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Step 2. Surjectivity of T. Now we show that the operator T is onto. Take
Y = (Yn)nez €Y. Since B C B’, we have Y C Y’ and so y € Y'. For each
n € 7, let

+o0 too
vy, = Z A(n,n —m)Pp_mYn—m, Wp= Z A(n,n 4+ m)QntmYntm-
m=0 m=1
It follows from (5) and (6) that
+oo +o0
S MA@ = m) Pamnmlln <Y De™ ™|y —mln—m
(16) m=0 m=0 .
DN 7A
< ' e~ \m
< aml 2
and
+oo +oo
Z ”‘A(nv n+ m)QnerynerHn < Z Dei)\m”ynerHner
(17) m=t m=1 .
DN 2
< , e M,
< ¥ 2

This shows that v, and w, are well defined. Moreover, it follows from (16)
and (17) together with Proposition 5.1 and property 2 in the definition of an
admissible space that v and w belong to Y’. Now let x = v —w € Y’. One
can easily verify that

Tpy1 — AnTyn = yne1 foralln € Z,

and so Tx = y. This completes the proof of Theorem 3.1.

7. Proof of Theorem 3.2

Again we divide the proof into steps.

Step 1. Invariant subspaces. For each n € Z, let Z,, be the set of all x € X for
which there exists a sequence x = (&, )mez € Y’ with x,, = 2 and

(18) Tmt1 = ATy for m > n.

Moreover, let W,, be the set of all x € X for which there exists a sequence
X = (Tm)mez € Y/ with z, = x and

(19) T = Ap—1Tm—1 for m < n.
Note that Z, and W,, are subspaces of X.
Lemma 7.1. For each n € Z we have

(20) X =Z,® W,
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Proof. Take v € X and define a sequence y = (Y )mez by

v ifm=mn,
Ym = 0 ifm#n.

Clearly, y € Y and since T is invertible, there exists x € Y’ such that Tx =y,
that is,

(21) Ty — A 1Tp1 =0
and
(22) Ty = Ay 1Ty—1  for m # n.

It follows from (22) that
Tmt1 = AmTm  for m > n,
and
Ty = Am_12m_1 form <n—1.

Hence, z, € Z, and z,_1 € W,,_1. Then A, _1x,_1 € W, and it follows
from (21) that v € Z,, + W,.
Now we show that Z, N W,, = {0}. Take v € Z,, NW,, and let x = (2, )mez

and x' = (x},)mez be sequences in Y’ with =, = z], = v satisfying (18)

and (19), respectively. We define a sequence y = (Y )mez by

T i m>n,
Ym = , .
if m < n.

Then y € Y/ and T'y = 0. Since T is invertible, y =0 and so y, = v =0. O

We denote by P,,: X — X and @, : X — X the projections associated with
the splitting in (20).

Lemma 7.2. Property (3) holds.
Proof. Let n € Z and note that it suffices to show that
A(m,n)Z, C Z,, and A(m,n)W, C W,,

for m > n. It is clear from the definition that if € Z,, then A(m,n)x € Z,,
for m > n. Now given z € W,, and m € Z with m > n, let x = (T )mez
be a sequence in Y’ with z, = z satisfying (19). Consider a new sequence

Y = (Ym)mez given by

{A(k‘, n)x ifn<k<m,
Y = .
Tk otherwise.

Theny € Y’ and yp = Ag—1yx—1 for k < m. So y,, = A(m,n)x € W,,. O
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Step 2. Invertibility along the spaces Q,(X). Now we establish the invertibility
of the dynamics along the spaces Q,(X).

Lemma 7.3. The map Ay|q, (x): Qn(X) — Qni1(X) is invertible for n € Z.

Proof. Take x € Q,(X) = W,, such that A,z = 0. Then A(m,n)z = 0 for all
m >n and so x € Z,. Hence, x € Z,, N W,, and so x = 0. This shows that the
map in the lemma is one-to-one.

To show that the map is onto, take z € Q,41(X) and let x = (Zm)mez
be a sequence in Y with z,,1 = z satisfying (19) for m < n + 1. Clearly,
ZTpn € Qn(X) and A,x, = x,41 = x, which shows that the map is onto. O

Step 3. Bound for the projections.

Lemma 7.4. There exists L > 0 such that | Py, < L||z|, for alln € Z and
zecX.

Proof. Take n € Z and v € X. Using the same notation as in the proof of
Lemma 7.1 we have P,v = x,, = (T_ly)n. Now we observe that since the
operator T in (9) is invertible, its inverse

T4 (Y|l lly) = (D), [-llr)

is a bounded linear operator. Therefore,

N
Pn n — T_l nlln < T_l ’
1Pl = HT5)alla € Iyl
N NQOLB(O)
< 7Y - P < =T ||v][n
< T Iyl < SR
This establishes the desired inequality. O

Finally, we establish the exponential bounds in (5) and (6).
Step 4. Bounds along the spaces P, (X ). We first obtain two auxiliary results.

Lemma 7.5. There exists M > 0 such that for eachn € Z and x € P,(X) we
have

(23) A(m,n)z||m < M||x||,  for m > n.
Proof. Given n € Z and v € P,(X), let
v if m=n, A(m,n)v if m >n,
Ym = ) and x,, = .
0 ifm#n 0 if m <n.

Clearly, y = (ym)mez € Y and since v € P,(X), the sequence x = () mez
belongs to Y’. Moreover, x = T~ 'y and

(24) [y < Iz < 177 - flylly-

Using the properties of an admissible space we obtain

N
A m = mlm £ ——= !
0ol = il < =l
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for m > n and
lylly < Nap(0)[[v]ln.
Combining these inequalities with (24) we find that

NQOzB(O) -1
A(m,n)v|, < ———=||T Nl
[A(m, n)v]| anr(0) 1T - [lll
for m > n. This establishes the bound in (23). O

Lemma 7.6. There exists p € N such that forn € Z, m > p and x € P,(X)
we have

1
(25) MA@ +m, 1)z |psm < 5 ll2lla.

Proof. Given n € Z and = € P,(X), let z,,, = A(m,n)z for m > n and assume
that there exists b > n such that ||zp|lp > ||Zn]|n/2. It follows from (23) that

2
for n < m < b. Therefore,

<llzplle = [lAD, m)zmllo < Ml|zm [|m

1
(26) m”wnun < zmllm < Ml|znlln

for n <m <b. Now let

0 if m <n,
W = § T/ |Tm|lm 0 <m<b,
0 if m > 0.

Clearly, w = (wm)mez € Y. We define a sequence v = (U )mez by

0 if m<n,
m 1 .
Um — zmzk:nm 1fn§m<b,
T SV L i m >,

k=n |z |k
Since x € P,(X), we have v € Y’ and so v = T~'w. We obtain

b—1

D llokllk < NBgi(b—n —1)[|v]ly

k=n
S NBp/(b—n—1IT7 - [wly
and since |w|ly < Nag(b—n—1),

b—1
Y Mol < N2T ™ lap(b—n —1)Bp (b —n —1).

k=n
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On the other hand, by (26), we have

b—1 b—1 k e 16 ] bl ok
= ].
Sl =3 e LSS
k=n k=n j=n k=nj=n
1 (b—n)(b—n+1)>(b—n)2
- 2M?2 2 4M?
Therefore,
aglb—n—1)pp(b—n—-1) S 1
(b—n)? AM2NZ|| T

Since the right hand side of this inequality is positive, it follows from (13) that
there exists p € N such that b — n < p. This shows that inequality (25) holds
for m > p. O
Lemma 7.7. There exist A\,D > 0 such that for each n € Z and x € P,(X)
we have

(27) [A(m, n)z|m < De” =z, for m > n.

Proof. Take m,n € Z with m > n and write m —n = kp + r, with & € Ny and
0 <r < p. By (23) and (25), for z € P,(X) we obtain

[A(m,n)z|[m = [[A(n 4+ r + kp,n) 2| ntrirp
= |[A(n+r+kp,n+r)An +r,n)z||ntrtip

IN

1 M
A6+ 7 m)allngr < S el

Since 0 < r < p, we have k > (m —n)/p — 1 and so 1/2F < 2/2(m=n)/p,
Therefore,

A (m, n)a|m < 2Me™ M OB2/P ||z,
Hence, property (27) holds taking D = 2M and A = log2/p. This completes
the proof of the lemma. O

Step 5. Bounds along the spaces @, (X). Now we consider the spaces @, (X).
Again, we first obtain two auxiliary results.

Lemma 7.8. There exists M > 0 such that for eachn € Z and x € Q,,(X) we
have

(28) A(m, )|l < M|zl for m < n.
Proof. Given n € Z and v € Q,,(X), let
—v ifm=n, A(m,n)v if m <mn,
Y = . and 2, = .
0 ifm#n 0 if m > n.

Clearly, y = (ym)mez € Y and since v € @, (X), the sequence x = () mez
belongs to Y’. Moreover, x = T'y and

(29) [y < lIxlle < 177 - lylly-
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Using the properties of an admissible space we obtain
N
[A(m, n)vllm = [|2m|lm < MIIXIIW

for m < n and
lylly < Nag(0)[[v]ln-
Combining these inequalities with (29) we find that
N2ap(0)
A < —Z
[ A(m, n)vlm < ap (0)
for m < n. For m = n we obtain A(m,n)v = v and so taking

M= max{]mHT_lH,l}

I [l

we obtain inequality (28).
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O

Lemma 7.9. There exists p € N such that forn € Z, m > p and z € Q,(X)

we have

1

Proof. Given n € Z and x € Q,(X), let x,,, = A(m,n)x for m < n and assume
that there exists b < n such that ||zp||p > ||zn]|n/2. It follows from (28) that

[EZ 1
Wl )l = 1A )l < Ml
for b < m < n. Therefore,
1
(31) m”xnun <|#mllm < M|zp||n
for b < m <n. Now let
0 if m <,
W = —Tp/||Zn|ln i b<m < n,
0 if m > n.

Clearly, w = (W, )mez € Y. We define a sequence v = (0, )mez by

n 1 .
Tm, Zk:b+1 W ifm < b,
_ n 1 .
Um = § Tm Zk:m+1 Terlle ifb<mc< n,
0 if n > m.

Since z € Q,(X), we have v € Y/ and so v = T~ 'w. We have
n—1

ZHUk”k < NBp/(n—b—1)[v]y

k=b
< NBp(n—b=1)|T7 - [wlly
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and since |w|ly < Nag(n —b—1),

n—1

D lvelle < NIT 7 lap(n —b—1)8p(n —b—1).
k=b

On the other hand, by (31), we have

n—1 n—1 n n—1 n
>l =32 3 s E e 2

k=b j=k+1 5115 k=b j=k+1
1 (n—b)(n—0b+1) N (n — b)?

2M?2 2 4aM?2 -

Therefore,
ag(n—b—1)pp(n—>b—1) 1

(n— b2 ~ NI
Since the right hand side is positive, it follows from (13) that there exists p € N
such that n — b < p. Hence, inequality (30) holds for m > p. O

Lemma 7.10. There exist \, D > 0 such that for each n € Z and x € Q,(X)
we have

(32) [A(m, 1)z < De™@=™)||2]|,,  for m < n.

Proof. Take m,n € Z with m < n and write n — m = kp + r with k£ € Ny and
0 <r < p. By (28) and (30), for z € @Q,,(X) we obtain

H‘A(m7 n)me = ||‘A(n -Tr-= kp7 n)an—’l‘—kp
= ||A(n—r —kp,n—r)A(n —r,n)z|n—r—kp

1 M
< el = r)ells < Sl

Since 0 < r < p, we have k > (n —m)/p — 1 and so 1/2F < 2/2(n=m)/p,
Therefore,

A, )zl < 2Me™ TSP g,
Hence property (32) holds taking D = 2M and A = log2/p. This completes
the proof of Lemma 7.10. O

8. Robustness under perturbations

In this section we describe an application of the characterization of an expo-
nential dichotomy given by Theorems 3.1 and 3.2 to robustness. More precisely,
we show that the notion of an exponential dichotomy under sufficiently small
parameterized C™% perturbations (more precisely, by C* maps with Holder
continuous kth derivative with Holder exponent «) persists and that their sta-
ble and unstable spaces are as regular as the perturbation. To the best of our
knowledge the case of C! perturbations for the discrete time was first consid-
ered in [3], although with an unrelated approach using fixed points problems.
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Let (Am)mez be a two-sided sequence of bounded linear operators acting
on a Banach space X. It induces the dynamics in (1). Now we consider a
perturbation (B, (A))mez given by continuous functions By,: I — L(X), for
m € Z, on a Banach space I. Thus we consider the perturbed dynamics

T = (Am—1+ Bm—1(A\)xpm—1 for m € Z,

on the space X. For simplicity of the exposition we introduce the following
notations. For each m € Z we write
[ B (A) 2|41

[ Bm(MI" = sup
a0 |2

Moreover, when the maps A — B,,,(\), for m € Z, have derivatives up to order
k€N, foreachmeZandi=1,...,k we write

' BO N (s 1) m
1B = sup sup - -« sup IZm WL )T
e#0m#0 A0 el llpall - 12 ]m

)

where the multilinear maps
BW(\): I' - L(X)

are the derivatives of order i. We shall also write B, (\) = B,(S)()\).
Given an integer k € NU {0}, we say that the perturbation (B,,(A\))mez is
of class C* if:

1. all maps A — B,,()\), for m € Z, have derivatives up to order x (when
% = 0 this means that they are continuous, which is already assumed
from the beginning);

2. the derivatives up to order x are continuous uniformly on m € Z, that
is, given A € I and € > 0, there exists § > 0 such that

(33) 1B (A) = BRI W) <&
foreach i =0,...,xk and all m € Z and X € I with |A — X| < 4.

Moreover, given k € NU {0} and a € (0,1], we say that the perturbation
(Bm(A))mez is of class C™® if it is of class C* and the derivatives of order
are locally Holder continuous with Hélder exponent « uniformly on m € Z,
that is, given A € I, there exist §, L > 0 such that

(34) IBE(A) — BN < LA = X

for all m € Z and X € I with ||]A — )| < §. Of course, the perturbation is of
class "1 if it is of class C'* and the derivatives of order s are locally Lipschitz
continuous uniformly on m € Z. We shall also write C* = C*0.

The following theorem is our robustness result.

Theorem 8.1. Assume that the sequence (Ay)mez has an exponential di-
chotomy with respect to the norms ||-||m and that (B, (A))mez is of class C*®
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for some k € NU{0} and o € [0,1]. If

(35) ¢ := sup sup || B, (M|
meZ \el

is sufficiently small, then:

1. for each A\ € I the sequence (Apy + Bum(N))mez has an exponential
dichotomy with respect to the norms ||-||m;
2. for the corresponding projections Py, » onto the stable spaces, if

d; := sup sup ||BON)||" < 400 fori=1,...,k,
meZ el

then each map A\ — Py, \ is of class C™“.

Proof. We divide the proof into steps.

Step 1. Existence of an exponential dichotomy. Given an admissible space
B = (Ba H”B)a let

Y = {x = (zn)nez € XZ: (||zn|ln)nez € B}

be the associated Banach space equipped with the norm

Ixlly = [|(Iznlln)nez|| 5
Moreover, we consider the linear operator T: D(T) C Y — Y given by
(TX)mt1 = Tmt1 — ATy, for m € Z,
on the domain D(T') formed by all sequences x € Y such that Tx € Y. For
x € D(T) we consider the graph norm
[l = lIxlly +1Tx]y

Since (An)mez has an exponential dichotomy, by Theorem 3.1 the operator T'
is invertible. For each A\ € I, we consider the sequence (A, + B, (A))mez and
the associated operator T) given by

(T)X)m+1 = Tm41 — (Am + Bm(A))2y  for m € Z,
on the domain D(T)) formed by all sequences x € Y such that Tx € Y. By (35)
we have
[(Tx = Tax)m+1llm+1 = [ Bm (N Zmllm+1 < cl|@mllm
for each x € Y, m € Z and A € I. Therefore, Tx — Thx € Y and thus
D(T) = D(T)), for each A € I. Moreover,
(T = Ty)x|ly < eNlx|ly < eNx||z

for x € D(T) and so Th: (D(T), |I|lr) = Y is bounded for each A € I. When
c is sufficiently small, the operator T, is also invertible and it follows from
Theorem 3.2 that the sequence (A, + B, (A))mez has an exponential dichotomy
with respect to the norms ||-||,,.
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Moreover, for each m € Z, A € I and v € X it follows from the proof of
Theorem 3.2 (see the proof of Lemma 7.1) that the associated projections Py, »
are defined by

(36) Ppv = (T5'Y)m,

where y = (yn)nez is given by

(37) _Jv iftn=m,
n = 0 ifn#m.

We want to show that each map A — P, » is of class C"™“. We start by showing
that the map A +— T is of class C*.

Step 2. Continuity. First take K = 0. By (33), given A € I and € > 0, there
exists § > 0 such that

[Brn(X) = Bn(N)| < €
for all m € Z and X € I with ||A — )| < 4. Since
(Thx — T X)mi1 = —(Bm(A) — Bi(N))zy,  for m € Z,

we obtain
I(Ty — Ta)xlly < eN|xlly < eNxllr
and so
Ty — Tw|| <eN whenever [|A— X[ <é.
In other words, the map A — T} is continuous.
Step 8. Construction of linear maps. Before proceeding we define maps
Gi: I — L(I', L(D(T),Y))
fori=1,...,k by
([GiMwilX)mi1 = —[BS Nwilzm

for m € Z, where v; = (u1, ..., u;) € I'. We have

||([Gi()‘)l’i]x)m+1Hm+l = ||[Bv(v?(/\)’/i]xm|‘m+l
<dillpll - Nwall - Nzmllm

and so indeed [G;(\)v;]x € Y for x € D(T'). Moreover,
IG:Mwilxlly < diN[jpall - - llpall - [1x[|
and so
[Gi(Mvill < diN|lpall-- - [|pall - and |Gi(A)]| < diN.
Therefore,

Gi(\Nvi € L(D(T),Y) and  Gi(\) € L(I*, L(D(T),Y)).
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Step 4. C" regularity. Now take k > 0. We proceed by induction on . Namely,
assume that the map R(A) = T has derivatives up to order i < r given by
AR =G;(\) for j=1,...,i. We have

([(d\ R — d\R)v; — Gipa (N (v, X' = N)]x),
= [(BRO) = BRI+ BEDN)(wi, X = )] @

1
- |( [ B0 = ) = BED L dt) 18 = )]
0
for m € Z. By (33), given A € I and € > 0, there exists ¢ > 0 such that
([ ([(d5 R = d\R)vi — Giga (N (vi, ' = N)]x)
< ellpall- - pall - 1N = Al l2mlm

for each m € Z and X' € I with ||A — X'|| < 4. Therefore,
[(dy R — d\R)vi — Gzt (N (vi, X' = M| < eNflpall - il - (1IN = Xl - 1]y
< eNlpall - Nl - [IA = Al - [1x]lz

m+1||m+1

for x € D(T) and X € I satisfying |\ — N|| < 6. Hence, the map diR is
differentiable, with derivative d"' R = Gi1()).

This shows that R has derivatives up to order . In order to show that it
is of class C* it remains to show that d§R is continuous. By (33), given A € [
and € > 0, there exists § > 0 such that

IBS (N = BN <e
for all m € Z and X € I with ||[A — X|| < 4. Since
((d5R — d5 R)vX)my1 = —(BY(\) = BN ) wea,, formeZ,

we obtain
|[dXR — dY/ R|| < eN whenever |[A — )\ <&

and so d5 R is continuous. This readily implies that A\ — T, 1 s of class C*.

Step 5. C™% regularity. Finally, we show that when a > 0 the xth derivative
of the map S(\) = Ty ! is locally Holder continuous with Hélder exponent a.
By (34), given A € I, there exist d, L > 0 such that

IB&(O) = BOW)I < LA - X
for all m € Z and X € I with ||A — X| < 4. Since
((d5R — d5, R)vX)m+1 = — (B (N) — BY(N))veay, form € Z,
we obtain

(38) |d5R —d5 R|| < LN||A—X||* whenever [|[A — X[ <.
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On the other hand, since the derivatives dj R are continuous for i = 1,...,k,
each map df\_lR is locally Lipschitz, that is, given \ € I, there exist §, M > 0
such that

(39) |diR — di, R|| < M||IXA— )| whenever |[X— )| <6,

fori=1,... k.
Now observe that since R(A)S(A) = Id, we have

S(A) = S(X) = S(R(N) = R(A)S(X)

and so it follows readily from (38) that the map S is locally Holder continuous
with Holder exponent «. That is, given X € I, there exist §, M’ > 0 such that

(40) IS(A) — S(N)|| < M'||A — N[|®  whenever |A— X[ < 4.

For the derivatives we first observe that it follows from R(X)S(A) = Id that

3 (;) dSRAT*S =0 andso diS =-S5\ (;) dyRdy ™S

k=0 k=1

for i =1,..., k. Therefore,

dyS —dy, S = — (S(A) = S(N) > (,i) dyRdy "8
k=1

—S(\) (k> (SR — d5, R)d\*S
k=1

- S(\) (;) d5, R(dTFS — di k)
k=1

and so it follows readily from (39) and (40) by induction on ¢ that the map
di S is locally Lipschitz continuous, for i = 1,...,x— 1. Finally, it follows from
(38) and (40) by induction on ¢ that the map d5S is locally Hélder continuous
with Holder exponent a.

Step 6. Regularity of the projections. Note that the projections P,,  in (36)
can be written in the form
Pm,)\ = CmT)Tlea

where D,,: X — Y is the linear map v — y (see (37)) and C,: D(T) — X is
the projection x = (2, )nez — Tm. Since both C,, and D,, are bounded, the
map A — Py, » is of class C"™*. This completes the proof of the theorem. [
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