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GABOR FRAMES IN /2(Z) FROM GABOR FRAMES
IN L(R)

JINEESH THOMAS, MADHAVAN NAMBOOTHIRI N M, AND
ELDO VARGHESE

ABSTRACT. In this paper we discuss about the image of Gabor
frame under a unitary operator and derive a sufficient condition
under which a unitary operator from L?(R) to [?(Z) maps Gabor
frame in L?(R) to a Gabor frame in [2(Z).

1. Introduction

To date, Hilbert space frame theory has gained applications in vast
areas of pure mathematics, applied mathematics and engineering. In
1946, it was first initiated by D.Gabor [11] in his Theory of Communica-
tion, and formulated a fundamental approach to signal decomposition in
terms of elementary signals. His approach has become the archetype for
the spectral analysis associated with time-frequency methods and further
uses are being found for the theory in areas such as, optics, filterbanks,
signal detection and many more. The vital works of Janssen [14], along
with the theoretical foundation of communication theory and signal pro-
cessing, using time frequency analysis by Gabor made frame theory an
independent topic of mathematical investigation in 1980’s. Frames and
their relatives are most often considered in the discrete case, for instance
in signal processing [7]. Traditionally, frames were studied for the whole
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space or for the closed subspace. The importance of the beautiful theory
of frames in modern signal processing and time frequency analysis is now
ingrained (see [13], for example).

The concept of frames in Hilbert spaces were introduced in 1952 by
Duffin and Schaeffer [7] for studying some profound problems in non
harmonic Fourier series. With the intensity of research on frame the-
ory, various generalizations of frames have been proposed; frame of sub-
spaces [1], [2], pseudo-frames [16], oblique frames [5] and so on, in which
Gabor frames or Weyl-Heisenberg frames bagged a prime position. These
frames are generated by translations and modulations of a single element
in the space. Gabor analysis took a new spin with the fundamental works
of Daubechies, Gross- mann and Meyer in 1986 [6] and put forth the idea
of combining Gabor analysis with frame theory. Systematic utilisation
of time shifts (translations) and frequency shifts (modulations) lie at the
heart of modern time-frequency analysis. Gabor analysis aims at rep-
resentating functions(signals) f € L*(R) as superpositions of translated
and modulated versions of a fixed function g € L*(R). Gabor systems
in L*(R) have the form {e*™g(x — na)},, ez for some g € L*(R)
and a,b > 0. Using operator notation, we can write a Gabor sys-
tem as {EmpTnag}tmnez. We will not go into a detailed explanations
of Gabor analysis and its role in time-frequency analysis, but just refer
to [13], [4], [8], [9], [10].

One can consider frames in the sequence space [*(Z) with a Gabor
like structure without referring to frames in L*(R). The theory for these
frames is very similar to the Gabor theory in L?(R). Janssen showed
in [15] that there is a natural way to obtain discrete Gabor frames using
Gabor frames for L*(R) through sampling. We are interested to get
Gabor frame in [*(Z) as image of Gabor frame in L*(R) via a suitable
unitary operator. In this paper, section 2 is just recalling of basics in
general frame theory and basics of Gabor frames in the spaces L*(R) and
[>(Z). In Section 3, we explain a method to construct Gabor frames in
[?(Z) from Gabor frames in L?(R) via a unitary transformation. Theory
about frames in finite dimensional spaces are available in [3], [12].

In this paper, H will denote a separable Hilbert space with inner
product (-,-). Our main references for frame theory and the proofs of
the statements in this article are [13], [4].
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2. Preliminaries

A sequence {fi}72; of elements in a Hilbert space H is a frame for
‘H if there exist constants «, 8 > 0 such that

allfIP < DYWL < BIfIP YV feH.
k=1

If a sequence { fx}72, satisfies atleast the upper frame condition, then it
is called a Bessel sequence. We say that { fx}72, is a frame sequence, if it
is a frame for span{ fi}2,. The numbers «, § are called frame bounds.
If a = (3, then the corresponding frame is called a tight frame and in
particular a tight frame with @ = 8 = 1 is called a Parseval frame or
normalized tight frame.

Since a frame {f;}3°, is a Bessel sequence, the operator T : [*(N) —

H defined by T{cx}32, = Z ¢k fr is bounded and T is called the syn-
k=1
thesis operator or pre-frame operator. The adjoint operator of T is the

operator  T* : H — [*(N) given by, T*f = {{f, fx)}32, and is called
the analysis operator. By composing T' and T™ we obtain the frame op-
erator

StH—oH, Sf=TT [ = (f,fi)fs
k=1

Note that since {f;}72, is a Bessel sequence, the series defining S con-
verges unconditionally for all f € H. It can be seen that, frame operator
of a tight frame is a scalar multiple of the identity operator and that of
a normalized tight frame is the identity operator.
Following are some important properties of frame operator S associated
with a frame in a Hilbert space.

Let {fx}72, be a frame in a Hilbert space H with frame operator S
and frame bounds «, §. Then the following hold.
(1) S is bounded, invertible, self-adjoint and positive. In fact af < .S <
BlI.
(2) {S71fx}5o, is a frame with frame bounds 87!, a~; if @ and 8 are
the optimal frame bounds for {fx}72,, then the bounds 57!, a~! are the
optimal frame bounds for {S™ f}22 ;.
(3) The frame operator for {S™! fi}22, is S~
(4) {S~Y2£.} is a normalized tight frame.
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The frame {S™! f;}22, is called the canonical dual frame of { [}, be-
cause it plays the same role in the frame theory as the dual of a basis in
functional analysis.

Next we state a prime result in frame theory namely the frame de-
composition. It says that if { 5}, is a frame for H, then every element
in H has a representation as a superposition of the frame elements. Fur-
thermore, it says that all information about each f € H is contained
in the sequence {(f, S™'f)}?2,. The numbers (f, S f;) are called the
frame coefficients of f.

THEOREM 2.1. Let {f;}:>, be a frame in a Hilbert space H with a

frame operator S. Then for all f € H, f= Z(f, S~ ) fr and
k=1
f =Y {f, fr)S~ ! fr. Both series converge unconditionally for all f € H.
k=1

Among several classes of frames in frame theory, Gabor frames or
Weyl-Heisenberg frames in L?(R) have received remarkable role as they
are generated by a single element in the space. We now come out with
some basics of Gabor frame analysis in L?(R). The theory for Gabor
analysis in L?(R) is based on two classes of operators on L?(R), namely
the translation and modulation operators. For a,b € R, the translation
operator T, on L*(R) is defined by (T, f)(z) = f(z —a), v € R, and the
modulation operator Ej on L*(R) by (E,f)(z) = ™ f(x), z € R.

DEFINITION 2.2. A frame in L*(R) of the form {E, ;709 }mnez for
some g € L*(R) and a, b > 0 is called a Gabor frame or Weyl-Heisenberg
frame.

Gabor analysis aims at representing functions f € L*(R) as superpo-
sitions of translated and modulated versions of a fixed g € L*(R).
It is well known that if {E,pT1h09}mnez is a Gabor frame, then there
exists a function h € L*(R) such that
f=Y . ETuah)EmToag Vf € L*(R).

m,nEL

The classical choice of h is h = S~!g, where S is the frame operator.
The function h = S™1g is called the canonical dual generator.

PROPOSITION 2.3. For each pair of translation and modulation pa-
rameters a, b satisfying the condition 0 < ab < 1, there exists a g € L*(R)
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such that (g, a, b) is a normalized tight Gabor frame which, therefore has
the identity operator as its frame operator.

We now record some basics of Gabor frame analysis in the sequence
space [?(Z). Most of the numerical calculation with elements in L?(R)
will involve a discrete structure, where all calculations are done with
sequences in [*(Z). Hence it is important to know that certain conditions
on a Gabor frame {E,,;T,.g9 : m,n € Z} in L*(R) in fact imply that we
can construct a frame for [?(Z) having a similar structure.

For each b € R, the modulation operator E, : 12(Z) — 1*(Z) is
defined by, Eyg(j) = e2™ig(5), for all g = (..., g(—1), g(0),g(1),.....) €
I?(Z), where the j coordinate of ¢ is denoted by g(j). Similarly for
ecach n € Z the translation operator T}, : 12(Z) —» [2(Z) is defined by

T.9(j) = g(j —n), for all g = (..., g(=1),9(0), g(1), ....) € I*(Z).

Even though the definition of Ej, makes sense for all b € R we will only

use modulations of the form Em /v, where M € N is fixed and m € Z.
In the language used for Gabor systems in L?(R) this corresponds to
having the modulation parameter equal to 1/M. There is, however, one
major difference between the two settings. In L*(R)-setting modulation
operator with different parameters are necessarily different, but this is
not the case in discrete setting. In fact with the above definition,
Ek = E%+k, for all kK € Z. Therefore {Em/Mg :m € Z} can not be a
Bessel sequence in [*(Z) unless g = 0. For this reason we will consider
modulations Em/M withm =0,1,2, ..M — 1.

The discrete Gabor system generated by a sequence g € [(Z) with

the modulation parameter ﬁ and translation parameter N, (M, N € N)

is now defined as the family of sequences {E’m/MTnNg :m=20,1,....M —
1,n € Z}. Specifically , E’m/MTnNg is the sequence in [*(Z) whose j- th
coordinate is Em/MTnNg(j) = 2= N)5r g (5 — nN).

For more detailed results about frame theory in the spaces L*(R) and
I>(Z) one may refer [4].

3. Construction of Gabor frames in [*(Z)
from Gabor frames in L*(R)

From Proposition 2.3, there exists an element g € L?(R) such that the
collection {Em T,,ng : m,n € Z} is a Gabor frame in L*(R) for any two
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positive integers M, N with % < 1. In this section, we focused on the
construction of a Gabor frame {E%TnNg :m=0,1,2.M —1,n € Z}
in [(Z) from a Gabor frame {E=T,yg : m,n € Z} in L*(R) for any two
positive integers M, N with % <1

The following lemma which is available in [4] is useful in our discus-
sion and it ensures the existence of pseudo inverse for a bounded linear
operator on a Hilbert space with closed range.

LeEMMA 3.1. Let U be a bounded linear operator from a Hilbert space

‘H to a Hilbert space IC with its range set Ry is closed. Then there exists
a bounded operator UT from K to H such that UUTf = f for all f € Ry.
Moreover UU' is the orthogonal projection of H onto Ry .

THEOREM 3.2. Let {f}2, be a frame in K with bounds A and B
and let U : K — H a bounded linear operator with non trivial closed

range. Then {U f}3, is a frame sequence with bounds A || UT ||~2 and
BIU|*
Proof. First observe that, > o7, | (£, Ufi) = > pey | ({U*f, fi) |7
SBIUfIP<BIU PN fIP=BIUIPN I
Thus {U fi}72, is a Bessel sequence in ‘H with upper frame bound B ||
U ||2. For h € Span{U f.}32,, there is f € Span{f.}3, with h = U f.
Since UUT is the orthogonal projection onto Ry, it is self adjoint and

hence,
h=Uf = (UUYUS) = U TUS).

* * )12 oo *
Thus, | A P<| (U1 PN UUT P < S35 S5, [(U°U S fi) P
= S [ U

Since U : K — H is of non trivial closed range, the remaining assertions
follow. O

REMARK 3.3. Let {f;}32, be a frame in K with bounds A and B and
U : K — H a bounded linear surjective operator . Then {U f;}72, is a
frame in H with bounds A || U |72 and B || U ||*.

THEOREM 3.4. Let M, N be natural numbers with % < 1. Suppose
that the collection {EmT,ng : m, n € Z} is a Gabor frame in L*(R)
for some g € L*(R). Then for any surjective bounded linear operator
U : L*(R) — I*(Z) with the property that UEm T,y = EA%TAHNU for
m, n € Z, the sequence {E%TnNUg :m=0,1,2.... M —1,n€Z} is a
Gabor frame in I*(Z).
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Proof. Let g € L*(R) and M, N be two natural numbers such that
N

37 < 1 and assume that the collection {EmT,ng : m,n € Z} is a
Gabor frame in L*(R) and U be a surjective bounded linear operator
from L*(R) to [*(Z) with the property that UEm T,y = E%TRNU for
m, n € Z. Then by Remark 3.3 {U(EnT,ng) : m,n € Z} is a frame
in [?(Z). Since U satisfies UEnT,n = E%TnNU for m,n € 7Z, and

E%+anNg = E%TnNg for any k € 7Z, we see that {UE%TnNg tm, n €

Z}:{E%TnNUg:m, nEZ}:{E%TnNUg:m:O, 1, 2, ..., M—
1, n € Z} and hence the frame {E’%TnNUg :m=20,1,2, ..., M-

1,n € Z} is a Gabor frame in [*(Z).
[l

It is important to know that what kind of conditions on a Gabor
frame {Em T, ng : m,n € Z} really imply that we have a frame for I*(Z)
having a Gabor like structure. The relevant conditions were discovered
by Janssen [15]. He proved that there is a natural way to obtain discrete
Gabor frames via Gabor frames for L*(R) through sampling. A detailed
discussion of these theories are available in [4]. We consider a Gabor
system for L*(R) of the form {EmT,xg : m,n € Z}, where g € L*(R)
is the window function or generating function and M, N € N. In
searching a Gabor like system in [?(Z) the natural question arising is,
“which type of linear transformations maps a Gabor frame in L?(R) to
a Gabor like frame in [*(Z)”.

Let h = x(0,1], the characteristic function on [0, 1]. Then the collection
{ExT;h : k,j € Z} is an orthonormal basis for L?(R) [4].

Let g € L*(R) then, g = Z ag; ExT;h, where ay; = (g, EyT;h).
kjEZ

DEFINITION 3.5. Let ¢ € L*(R), then for each m,n € Z and for
each pair of positive integers M and N, there is a sequence of complex
numbers {(, s} such that EnT,Ng = Z GrsErTsh. This sequence is

r,SEL
called window sequence of g with respect to the quadruple (m,n, M, N)
and each terms of this sequence are called window constants.

PROPOSITION 3.6. Let {(.s} be the window sequence of g € L*(R)
with respect to the quadruple (m,n, M, N) where m,n € Z and M, N
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are positive integers . Then for J; ¢ Z

M
Cr,s = Z Qp_p, s—nNme

PEZL

and for % €z

QWi%S(QQNi% _ 1)

C'r,s - ar—%, s—nN

where ay; = (9, ExTix[0,1])-

Proof. For each m,n € Z, the elements EnT,ng in the Gabor frame
{EmT,ng :m, n € Z} for L>(R) takes the form

E%Tn]vg = E akjE%TnNElejh

k.jeZ

= E akjE%TnN€2ka’1}Ekh
k,jEZ

= E OékjE%TnN—f—jEkh
k,jEZ

= E aijZWZW(nN+])TnN+jE%Ekh
k,jEZ

B 2™ (nN 4]

_ 2 :akje migr(n J)TnN+jEk(E%h)
k,jEZ

Note that, Exh =Y B,E,T;h, where

P,QEZL
Bpg = (E%h,Equm

= /00 Emh(z)E,T,h(z)dz

oo

= / eQm%gjh(I)e_%ip(z_q)h(x—q)dm

[e.o]

=8

o0
— / eQMM:”e_Qmp(I_Q)X[o,1}m([071]+q)(I) z

oo

when g = 0, we have 8,y = fol e~ 2m(P=51)2dx and hence

e
P 1 if p=

SESE
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Also for ¢ # 0, Bpy =0

Hence,
0 if ¢#0
Bra = smepmle TR —1] i ¢=0 and p# 3
1 if ¢q=0 and p=3;
M 2mi
Therefore for % ¢ Z, E%h = Z m(e M — ].)Eph
mi(m —p
Thus for any m € Z with 77 ¢ Z we have En T ng
M
miq (RN+5) 2w
=) e J TnNﬂEkZ Sl D) _pM>(e i —1)E,h
k,jEZ
M
_ z L (nN+j) QWZM - 1T B E h
Zake (e )Tt kZZm’(m—pM) P
k.jeEZ PEZ
m s m M
2mi g (nN+j5) 2m— o . _
pEZ k,jEL
o 27r7,f(nN+ ) (2w .
=D D 4 oi(m — pM) pM) e = 1) EgypTonysh
pEZ k,jEL
Take r =k +p and s =nN + 7. Then
M 2mi s 2mwi
E%TnNg = Z Qp_p, s—nNme M (e MM — 1) ETh
r,8,pEL
- Z Cr,sErTsh
r,sEZL
M m
h s e sen 2migrs (L 2migp 1
where, ;a b N Y — oA pM)e (e )

Now for any m € Z with §; € Z , we have EnT,ng

= Z Oé]q@Qﬂ'i%(nN—i_j)TnNJrjEkE%h
kj€Z
= Z i LN+ j Egymh
kj€EZ
Take r =k +p and s = nN + 7. Then,
EgTvg = ) CrsBTih
r,SEZL

Where, (rs O‘r—ﬁ s—nN - O
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The following theorem gives a sufficient condition for a unitary operator
U from L*(R) to I*(Z) which maps a Gabor frame (g, +;, N) in L*(R)
to a Gabor frame (Ug, 17, N) in I*(Z).

THEOREM 3.7. Let g € L*(R) and N, M are positive integers such
that & <1, {EmT,.ng : m,n € Z} is a Gabor frame in L*(R). Assume
¢ is a bijection from Z x Z — 7 such that, for each r,s, m,n € Z if the
window sequence of g with respect to the quadruple (m,n, M, N) given
by {(s} satisfies Grs = Qy-1(4(r,5)4n N)ez’”M‘b(T ) where ag; = (g9, ExT;h),
h = Xp.), then there is a unitary operator U : L*(R) — [*(Z) so that
{E TonUg:m=0,1,2..M —1,n € Z} is a Gabor frame in 12(Z).

Proof. Define U : L*(R) — [*(Z) by
U[EnTunETjh) = En Taves,))

where {e;} is the standard orthonormal basis for 1*(Z).

Note that U(E,T;h) = egr,j). Hence U is a unitary linear map since
U maps the an orthonormal basis of L?(R) to an orthonormal basis for
2(2).

Also we have g = kjez Wi ExTih, where ag; = (g, ExT;h).

Therefore, U(g Z QkjCg(k,j) SINCE U(EyT;h) = Ch(k,j)-
kjEZ
Hence, Em nNU Z ak]EanN%(kj)
k,jeZ
= Y O ey
kjez
= Z Oé¢*1(¢(r,s)+n]\/)62mﬁ¢(r’s)6¢(r7s) .......... (1)
r,SEL

Now by definition of the window sequence {(, s},
EnTung =Y GeEToh. Therefore,

r,SEZL

U(EzTung) = Y GrsCoirsymme(2)

Since (s = Wg1(g(rs)4nn €27 %) Eq(1)and (2) follows that

UBnTong = EnTonUg
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Hence by Theorem 3.4 {E%TnNUg :m=0,1,2.M —-1,n€Z}isa

Gabor frame in [*(Z). O
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