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SOME DESCRIPTION OF ESSENTIAL STRUCTURED
APPROXIMATE AND DEFECT PSEUDOSPECTRUM

AYMEN AMMAR, AREF JERIBI, AND KAMEL MAHFOUDHI

ABSTRACT. In this paper, we introduce and study the structured
essential approximate and defect pseudospectrum of closed, densely
defined linear operators in a Banach space. Beside that, we dis-
cuss some results of stability and some properties of these essential
pseudospectra. Finally, we will apply the results described above
to investigate the essential approximate and defect pseudospectra of
the following integro-differential transport operator.

1. Introduction

Throughout the paper, let (X, ||.||) be an infinite-dimensional Banach
space. We denote by L£(X) (resp. C(X)) the set of all bounded (resp.
closed, densely defined) linear operators from X into X. The set of
all compact operators of £(X) is denoted by K(X). We denote by 7"
(resp. T = I ) the adjoint operator (resp. the identity operator). Let
T € C(X), the set

p(T):={AeC:X—T isinjective and (A —T)~" € L(X)}.

The spectrum of T is the set o(T") := C\p(T'). The set p(T') is open,
whereas the spectrum o(7T) of a closed linear operator T is closed. The
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approximate point spectrum of 7" is the set defined by
0ap(T) = {A € C: A =T is not bounded below }.

For the definition of bounded below we refer [9]. The defect spectrum
of T is the set defined by

o5(T) = {A € C: A — T is not surjective}.

From duality we have

0ap(T) = 05(T") and o4, (T") = 05(T).
Now, we define the minimum modulus of an operator T'

m(T) = inf{HTxH . 2 € D(T) and || = 1},

and the surjectivity modulus

q(T) := sup {r >0:rBx C TBX},
where, By is the closed unit ball of X. It is clear that

0up(T) = {)\ eC: m(A—T)= o}

e o5(T) = {)\GC: q(/\—T)zo}.

We are concerned with the following the essential approximate and defect
spectrum of a closed, densely defined linear operator T’

0en(T) = [ owp(T+K),
KeK(X)

os(T) = [\ os(T+K).
Kek(X)

Pseudospectra for unstructured perturbations have been studied in
the context of numerical analysis and fluid dynamics by L. N. Trefethen
we refer the reader for [1,12,13]. The definition of structured pseu-
dospectra of a closed densely defined linear operator 7', for every ¢ > 0
and for B,C € L(X) is given by:

0.(T.B,C) = o(T)| J {)\ eC: |BON—T)"'C| > é} .

For ¢ > 0, it can be shown that o.(T, B, C) is a larger set and is never
empty.
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Many problems arising from the most diverse areas of natural science,
when modeled under the mathematical point of view, involve the study
of unstructured pseudospectra and structured pseudospectra. We refer
to E. B. Davies [4] who defined the structured pseudospectra, or spectral
value sets of a closed densely defined linear operator 7" on X by

0.(T,B,C)= | J o(T'+CDB).

1Dl <e

The structured pseudospectra of T are a family of strictly nested closed
sets, which grow to fill the whole complex plane as ¢ — oo (see [4]). From
these definitions, it follows that the structured pseudospectra associated
with various ¢ are nested sets. Then, for all 0 < &; < &9, we have

o(T) Co.,(T,B,C) Co.,(T,B,C),

and that the intersections of all the structured pseudospectra is the spec-
tra,
()o-(T.B,C) = o(T).
e>0
In this paper, the notion of structured essential approximate and de-
fect pseudospectrum can be extended by devoting our studies to the

essential approximate and defect spectrum . For ¢ > 0, T' € C(X) and
B,C € L(X) such that 0 € p(B) N p(C) we define

Teape(T) = [\ 0we(T+K, B,C)
KeK(X)

0se(T) = () 0s(T+K,B,C)
KeK(X)

where,
welT8,C) = onMJ{ A€ €m0 - 1)5) <)
and
05:(T,B,C) = 04(T) U {)\ eC: qC'A-T)B™H) < 5}.
The subsets o4pc(+, -, ) (resp. o5(-,-,-)) are called the structured ap-

proximate pseudospectrum (resp. The structured defect pseudospec-
trum). If we take B = I = C, then the subsets 04, (-, -, ) (resp. o5(,,*))
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coincide with usual definitions of the approximate pseudospectrum oy, -(+)
(resp. the defect pseudospectrum o;.(-)) (see [2,14]).

The seminal motivation behind this research comes from the papers of
A. Ammar, A. Jeribi and K. Mahfoudhi [1,2] concerned with character-
izing the unstructured approximate pseudospectra and the unstructured
essential approximate pseudospectra. The principal aim of this work
is to use the new definitions of the structured approximate and defect
pseudospectra to measure the sensitivity of the essential approximate
and defect spectrum with respect to additive perturbations of 7" by an
bounded operator D of a norm less than ¢ (Theorem 2.2) and we charac-
terize the structured essential approximate and defect pseudospectrum
by means of semi-Fredholm operators (Theorems 3.1 and 3.2). Further-
more, we establish some results for perturbation and properties of the
structured approximate and defect pseudospectra (Theorems 4.1, 4.2 and
4.3). In the end, we will apply the results described above to investi-
gate the essential approximate and defect pseudospectra of the following
integro-differential transport operator.

The contents of the paper are as follows. After this introduction where
several basic definitions and facts will be recalled, in Section 3, we de-
voted to characterize the structured essential approximate and defect
pseudospectrum of closed, densely defined linear operators on a Banach
space. In Section 4, we will prove the invariance of the structured essen-
tial approximate and defect pseudospectrum and establish some results
of perturbation on the context of closed, densely defined linear opera-
tors on a Banach space. In Section 5, we apply the results obtained to
investigate the essential approximate and defect pseudospectra of the fol-
lowing integro-differential transport operator with boundary conditions
in L-spaces.

2. Preliminaries and auxiliary results

The goal of this section consists in establishing some preliminary
results which will be needed in the sequel. For T' € C(X), we denote by
N(T) and R(T') (resp. the null space and the range of T'). The nullity
of T, a(T), is defined as the dimension of N'(T') and the deficiency of T,
B(T) is defined as the codimension of R(T) in X.
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In what follows, we need to introduce some important classes of op-
erators. The set of upper semi-Fredholm operators from X into X is
defined by

L (X):={T eC(X): a(T) < oo, R(T) is closed in X},
the set of all lower semi-Fredholm operators is defined by
d_(X):={T €C(X): B(T) < oo, R(T) is closed in X }.
The set of all semi-Fredholm operators is defined by
D4(X) = &, (X) UD_(X),
and the class ®(X) of all Fredholm operators is defined by
O(X) =, (X)NP_(X).

The index of a semi-Fredholm operator T is defined by «(T) = a(T) —
B(T), and if it is finite then we say that 7" is Fredholm. The set of
bounded Fredholm operators from X into X is defined by

P'(X) = d(X) N L(X).
The set of bounded upper (resp. lower) semi-Fredholm operators from
X into X is defined by
P’ (X) := &, (X) N L(X) (resp. D* (X) := &_(X) N L(X)).
DEFINITION 2.1. Let X be a Banach space and K € K(X).

(1) The operator K is called an upper semi-Fredholm perturbation if
T+Ked, (X)

whenever 7' € & (X). The set of upper semi-Fredholm perturbations
denote by F(X).

(1) The operator K is called an lower semi-Fredholm perturbation if
T+Ked (X)

whenever 7' € ®_(X). The set of lower semi-Fredholm perturbations
denote by F_(X).

If we replace in Definition 2.1 respectively, ®(X), ®,(X) and ®_(X)
by ®(X), @, (X) and ®_(X) we obtain respectively the sets (X ), F% (X)
and F?(X). In general, we have the following inclusions

K(X) c F2(X) c FA(X) and K(X) € F2(X) C F(X).

Before going further, let us recall the following theorem:
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THEOREM 2.1. Let X be a Banach space.
(i) [8, Lemma 2.1] Let T € C(X) and K € L(X).

(i) f T € & (X) and K € F,(X), then T+ K € ®,(X) and
(T + K)=4T).

(i) If T'€ ®_(X) and K € F_(X), then T+ K € ®_(X) and
(T + K)=4T).
(1) [8, Theorem 3.9] An operator T' € & (X) with i(T') < 0 if, and only
if, T' can be

expressed in the form T = S + K where K € K(X) and S € C(X) is
an operator with

closed range and «(S) = 0.

Let T be a closed linear operator on a Banach space X. For z € D(T),
the graph norm of x is defined by

[l = Nl + I T]].

It follows from the closedness of T' that D(T') endowed with the norm
||.||7 is a Banach space. Let X¢ denote (D(T), ||.||r). In this new space
the operator T satisfies

[T < l[zflr

and consequently, 7" is a bounded operator from X7 into X. If T denotes
the restriction of 7" to D(T"), we observe that

{ o(T) = o(T), N(T) = N(T),
B(T) =p(T) and R(T) = R(T).
DEFINITION 2.2. Let X be a Banach space. A linear operator B from

X to X is called T-compact if D(T) C D(B) and whenever a sequence
(x,,) of elements of D(T') satisfies

|znll + | T2n|| < e, n=1,2,...,

(2.1)

then (Bx,) has a subsequence convergent in X.

LEMMA 2.1. If T € C(X) such that |[C~'B~Y| # 0 and € > 0, then
Oapel-s, ) and o5.(-, -, ) are closed.

Proof. Let A ¢ 04,(T, B,C). Then,
§:= inf |CY A =T)B 'z|| > e.
(T)

lzl|=1,0eD
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Now, take p € C such that | p — A |< _”C = T We have
inf CYu—-T)B 'z
i 167 (= T)B™ 2
= inf C_l _)\+/\—TB_1x
el =L,c€D(T) e ) I
> inf CYN=TYB 2l = lu = \MllC~ B!
>t T A= T)B ]| — = Al u
> E.

So, the complement of o, (T, B, C) is open. By a similar reasoning, we
show that os5.(T, B, C) is closed. O

REMARK 2.1. For all € > 0 it may happen that
0.(T,B,C) # 04,.(T, B,C)
holds as the following example shows. Let «, 3,6 and v € C with a #
a 0 0 1
and 0 # 0,7 # 0. and let T' = (O 5)’3_ (’y 0) and C' =

( 00 ) . A direct computation shows that

1 0
HB()\—T)lCHZmax{ L 7_(5(1}

PREEDY

foo-mo (5 )H 15 =)l

Oap,s(TaBaO) - {)\ eC: |/\| S 58+B},

and

o.(T,B,C) = {)\GC:|)\| §5+5}U{)\€C:|)\| S’y&f—{—a}.

Moreover, if 6 = 1, we can see for all € > 0 that

0.(T,B,C)\0up:(T,B,C) = {)\ eC: |\ < 76—}-(1}.
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PROPOSITION 2.1. Let T € C(X) and € > 0.
(1) 0upe(T,C,B) = 05.(T", B, C"), for all € > 0.
(i1) If o € C and € > 0, then 0,4, (T + o, B,C) = a+ 0,4,-(T, B,C).
(i17) If o € C\{0} and € > 0, then oupja(aT, B,C) = a0, (T, B, C).

Proof. (i) Let A € 0,4,(T,C, B), then

A€ {)\GC: m(B‘l(A—T)C‘l)gs}
_ {)\E(C: o (B (A = T)C)) ge}

- [recialern-mp) <

So, A € 05.(T", B',C"). By the same way we deduce the second inclusion.
(17) Let X € 04p(T+a, B,C), then QCGD(Ti?wa”:1 ICH (A—a)-T)B 2| <
. Hence A — a € 0, (T, B, C). This yields to

A€ a+o04(T,B,C).
For the second inclusion it is the same reasoning.
(i17) Let X\ € 0gp ja)-(aT, B, C), then

inf |CY X\ —aT)B ||

z€D(T), |lzl=1

A
= inf ||C—1a(a ~T)B'z|| a #0,

zeD(T), [lz]|=1

= | inf HC’l(i —T)B 'z
o

2eD(T), ||lz]|=1
< |ale.

A

Hence — € 04p (T, B,C). S0 0g4pjaj-(T) C aoap (T, B,C). However,
o

the reverse inclusion is similar. O

Now, we give a characterization of the structured approximate and
defect pseudospectrum of linear operators on a Banach space.

THEOREM 2.2. Let T € C(X), B,C € L(X) and € > 0.
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(i) Oape(T, B,C) = | J 0up(T +CDB).
IDl|<e

(i1) 05(T, B,C) = | J 0s(T + CDB).

1 Dll<e

Proof. (i) Let A € 04p-(T, B,C). There are two possible cases:
1¥tcase : If N € 0,,(T), then it is sufficient to take D = 0.

2™ case : If A ¢ 0,,(T), then there exists xo € X such that
llzol| = 1 and ||C~H\ = T)B 'ay|| < e.

By the Hahn Banach Theorem, (see [10]) there exists 2" € X' such that
|z'|| = 1 and '(x0) = |zo||. Consider the operator D defined by the
formula

D: X —X,

x — Dz =2 (2)C~(\ — T) B~ xy.
Then, D is a linear operator everywhere defined on X and bounded,
since for x # 0 we have

1Dz = [l'()C (A = T)B~ ol < (|2 [[|2/[[|C (A = T) B~ o]

Therefore,
Dx
Hence, || D|| < e. We claim that inf |A=T—=CDB)z|| = 0. Now
||| =1,2€D(T)

take yo = B~ 'z, then
inf [\~ T—CDB)|| < (A~ T —CDBy|

|lz||=1,2€D(T)
< A =T)yo — CDxy|
= (A= T)yo — Cz'(20)C (X = T)yol|
= 0.

Conversely, we assume that there exists a bounded operator D € £(X)

such that || D|| < e and A € 04,(T+CDB), which means that ol infD(T) I|(A—
z||=1,x€

T—CDB)x| = 0. In order to prove that inf - |C*(A\-T)B x| <

|z||=1,2€D
e. We have
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|CT* AN =T)B x| = |C'A\—T —~CDB+CDB)B |

< |CT'AN=T —~CDB)B x|l + [|C'CDBB x|
Then,

inf |CY AN =T)B x| <e.

lzl|l=1,zeD(T)
(77) Let A € 05.(T, B,C). Using proposition 2.1 we have for all € > 0
05:(T,B,C) = 04p(T',C", B').
Then,
0upe(T'.C"\B) = |} 04,(T"+B'DC')
I Dll<e
— U oup((T + CD'B))
1D <e
= |J os(T+BDO).
I Dll<e

Hence
05:(T,B,C) C | J 0s(T + BDC).

I Dll<e

The converse is similar. O

3. Essential approximate and defect pseudospectrum

In this section, we will bring a new characterization of the struc-
tured essential approximate and defect pseudospectrum. We are now in
the position to state the main result of this section.

THEOREM 3.1. Let T € C(X), B,C € L(X) and € > 0.
(i) Oeape(T. B,B) = |} 0eap(T + CDB).

[1Dll<e

(i) ese(T, B,C) = |} 0es(T+CDB).

1Dll<e
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Proof. (i) Let X € 0eap (T, B,C), then there exists a compact oper-
ator K on X such that A ¢ 0,,.(T + K, B,C). Therefore, \ ¢ 0,,(T +
CDB + K) for all D € L(X) such that || D|| < e. Hence,

A—T—-CDB—Ke®,(X)and iA\—T—CDB—-K) <0,

for all D € £(X) such that ||D]|| < e. Using Theorem 2.1, we get for all
D € £(X) such that ||D|| < e that

A—T—CDB e ®,.(X)and iA—T — CDB) < 0.

Conversely, we assume that for all D € £(X) such that |D| < ¢ we
have

A—T—CDB € ®,.(X)and i(A\—T — CDB) < 0.

According of Theorem 2.1-(ii), A — T — C'DB can be expressed in the
form

A-T-CDB=S+K

where, K € K(X) and S € C(X) is an operator with closed range and
a(S) = 0. Then,

A—T—-CDB—-K=Sand a(A-T—-CDB—-K)=0.
By using [10, Theorem 3.12], there exists a constant ¢ > 0 such that
|(AN=T —-CDB — K)x| > ¢||z]|, for all x € D(T).
Then, zeD(TingmH:l |AN=T—-CDB —K)x| > c¢> 0. Hence, A\ ¢ o,,(T +

CDB + K). Therefore, A ¢ 0.qp(T, B, C).

(77) Statement (i7) can be checked similarly as the assertion (7). O

REMARK 3.1. Let T € C(X), B,C € L(X), e > 0.
(i) If 0 < &1 < &9, then 0,(T,B,C) C 0., (T,B,C) C 0;.,(T,B,C)
with, 7 = eap, ed.
(1) For all € > 0, then 0;.(T,B,C) C 0,.(T, B,C) with, j = eap, €d.
(iti) () 04(T, B,C) = 0;(T, B,C) with, j = eap, ed.
e>0

(iv) 0j(T + K,B,C) = 0;.(T,B,C) for all K € K(X) with, j =
eap, ed.
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THEOREM 3.2. Let T € C(X), B,C € L(X) and € > 0.
Oeape(T, B,C) = ﬂ Oape(T + F,B,0)
FeFh (X)

and
0es(T, B,C) = ﬂ 05(T + F, B,0).
FeF? (X)

Proof. Let \ ¢ ﬂ Oape(T + F,B,C), then there exists F' €
FeFb(X)
Fb(X) such that
A & 04pe(T + F,B,C). Therefore, A\ ¢ 04,(T + F + CDB) for all
D € L£(X) such that ||D| < e. Therefore,

A—T—-F-CDBe® (X)and iA—T—F—CDB) < 0.

Using Theorem 2.1, we conclude that for all D € £(X) such that || D|| <
g,

A—T—-CDBe€®,(X)and (AN—T—-CDB) <0.
Finally, Theorem 3.1-(7) shows that A ¢ 0.4, (T, B,C). For the second
inclusion, it is clear that

ﬂ UGP1E(T+F7B7C) C m O-ap,e(T+FyB7C):O-eap,a(TaBac)7
FeFb(X) Fek(X)

because, K(X) C F2(X). The proof of the second part of this theorem
is of the same way that the first part. m

REMARK 3.2. Let T € C(X), B,C € L(X) and € > 0.

(1) From Theorem 3.2, we obtain
Ocape(T + F,B,C) = 0¢ap (T, B,C) for all F' € ff’r(X)
and 0.5.(T+ F, B,C) = 0.5.(T, B,C) for all F € F°(X).
(17) Let Z(X) and V(X) be subsets of L(X).
(4i1) If K(X) C Z(X) C F4(X), then
Oeape(T,B,C) = (| Oupe(T+ M, B,C).
MeZ(X)
(iig) If K(X) C V(X) C F°(X), then
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0es(T.B,C) = (] 0s:(T+M,B,C).

MeV(X)

4. Some stability result of o4, (-, -, ) and o5.(-, -, )

In this section, we have also the following useful stability result for
the structured essential approximate and defect pseudospectrum.

THEOREM 4.1. Let T and A be two elements of C(X) and € > 0.
Assume that for D € L(X) such that |D|| < € and A is (T + CDB)-
compact,

(1) Oeape(T, B,C) = Oeqpe(T+ A, B, C).
(i4) 005(T, B,C) = 0,5.(T + A, B, )

Proof. (i) Let A & 0eap (T, B,C), then for all D € £(X) such that
| Dl < e, we have

A—T—CDBe®,(X)and i\ —T — CDB) < 0.
Since, A is (T'+CDB)-compact and applying [11, Theorem 3.3], we get
AT —A—CDBe®,(X)and i(A—T — A— CDB) <0.
Then, A ¢ 0eop (T + A, B,C). We conclude that
Geape(T + A, B,C) C Gra(T, B, C).

Let us prove now the converse inclusion, let A\ ¢ 0.4, .(T + A, B, C).
Then for all D € £(X) such that || D|| < e, we have

A—T—A—CDBe®, (X)and iA—T —A—CDB) <0.

On the other hand, A is (T+C D B)-compact. Using [11, Theorem 2.12],
we deduce that A is (T'+ A + C'DB)-compact, then

A—T—CDB €&, (X)and iA—T — CDB) < 0.

Therefore, A ¢ 0eap (T, B, C). This proves that 0ep (1, B, C) C Oeape(T+
A, B,C).

(77) The proof of (ii) can be checked in a similar way to that in (7). O
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THEOREM 4.2. Let ¢ > 0 and T, A € C(X) such that 0 ¢ 0eq,(T) U
Oeap(A). Assume that there exist two operators Ty and Ay € L(X) such
that

(4.1) TTy = I-F,

(4.2) AAy = - F.

(i) If Ty — Ay € F(X), i(T) = i(A) and F; € Fo(X) with i = 1,2, then
Oeape(T, B,C) = Oeape(A,B,C).

(13) If Ty — Ag € F_(X), (T) = i(A) and F; € F_(X), withi = 1,2,
then

Ued,E(Ta B7 C) = 065,8(147 B7 C)

Proof. (i) Using Egs. (4.1) and (4.2), we can show for any scalar A
the relation

(A\—T — CDB)Ty — (\— A— CDB)A,
(4.3) = Fy— F+ (A= CDB)(T, — Ay).

Let A € 0eop(T, B,C), then for all D € £(X) such that |D|| < e we
have that,

A—T —CDB € ®,.(X) and i(A\—T — CDB) < 0.

Since T'+ CDB is closed and D(T + CDB) = D(T') endowed with the
graph norm is a Banach space denoted by X7, ppc. we can show that

A—T—CDB € 0 (Xryopp, X).

Moreover, Fy € Fi(X) and using Eq. (4.1) and [6, Theorem 2.1] we
infer that,

To € % (X, X1y p).
So,
(4.4) A\-T—-CDB)T;, € @ (X).

Next, if the difference Ty — Ay € F(X), applying Eq. (4.3) we obtain
that,

(A=—T—-CDB)Ty — (A= A—-CDB)Ay € F.(X).
Also, it follows from Eq. (4.4) and Lemma 2.1-(7) that

(A\—A—CDB)Aj € . (X)
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and

(43)  dA—A-CDB)A) = i(A—T - CDBT.

Since A € C(X), proceeding as above, Eq. (4.2) implies that
Ay € ¥ (X, Xp.p).

Thus, since (A — A — CDB)Ay € ®,(X), the use of [9, Theorem 6]
shows that

A

A—A—-CDB e @ (Xp,p, X).

This implies that

A—A—-CDBe o, (X).
On the other hand, 0 ¢ 0¢qp(T) U 0cqp(A). Then,

i(T) =14(A) <0.
Therefore, from Eqgs. (4.1), (4.2) and using Atkinson Theorem we have
that
—i(Ty) = (T) and — i(Ag) = i(A).
This together with Eq. (4.3) shows that
i\—T —CDB) =i(A\— A— CDB) <0.

Hence, A ¢ 0cqp (A, B, C). This proves that oeqp (A, B, C) C Oeqp (T, B, C).
The proof of the opposite inclusion follows by symmetry.

(27) Similarly, we can prove the statement
Oebe (Ta B7 C) = O¢ebe (Aa B7 C)

THEOREM 4.3. Let T, A € C(X), B,C € L(X) and € > 0.
(1) f T(A+ CDB) € F.(X) for all D € L(X) such that |D|| < ¢, then
Oeape(T + A, B, C)\{0} C [0cap(T) U 0cape (A, B, C)\{0}.
Moreover, if (A+ CDB)T € F,(X), then
Oeape(T + A, B, C)\{0} = [0cap(T) U Oeap (A, B, C)]\{0}.
(i7) If T(A+CDB) € F_(X) for all D € L(X) such that |D|| < €, then
Oese(T+ A, B,C)\{0} C [0es(T) Uoes(A, B,C)\{0}.
Moreover, if (A+ CDB)T € F_(X), then
Oes (T + A, B,C)\{0} = [065(T) Uoese(A, B,C)\{0}.
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Proof. (i) Let A € C. We can write,
(48)-T)AN—A—-CDB) = T(A+CDB)+AXAN—-T—-A—-CDB)
and
(4X-A—-CDB)AN-T) = (A+CDB)T+XAN-T—-A—-CDB).

Let A & 0eap(T) U Ocape(A, B,C)\{0}, then A =T € &, (X) and for all
| Dl < e, we have

A—A—CDBec®,(X).

From, [10, Theorem 7.32, p.175] we deduce that,
A=T)AN—A—-CDB) e ®,(X)and i(A—T)A\—A—CDB)) <0.
Since, T(A+ CDB) € F,(X), and using Eq. (4.6), we infer that,

A—T—-A—-CDBed, (X)
and

iAN—T —A—CDB)<0.
Then, A ¢ 0eop (T + A, B,C) and so this proves the inclusion
(48) GeapelT+ A, B,ONO} € [00apl(T) U Grape(A, B, N0}

Now, it remains to prove the inverse inclusion of Eq. (4.8). Let A ¢
Oeape(T + A, B,C)\{0}. Then, for all |D|| < e we have

A—T—A—CDBe®,(X)andiA—T — A—CDB) <0.

Since, T(A+ CDB) € F.(X), (A+ CDB)T € F(X) and using Egs.
(4.7) and (4.6) we obtain that

(A\=T)(A\—B—CDB) € &, (X) and (A— A— CDB)(A—T) € &, (X).

It is clear from [9, Theorem 6] that A—7T € ¢, (X) and for all || D|| < e
we have

A—A-CDBe®, (X)andi(A—A—-CDB)<0.
Therefore, A ¢ 0eqp(T) U 0eap (A, B, C). This proves that,
Oeap T+ A, B, O\{O} = [00ap(T) U G (A, B, CINO}.
The proof of (ii) is a straightforward adoption of the proof of (7). O
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5. Application to transport equation

In this section, we will apply the results described above to in-
vestigate the structured essential approximate pseudospectrum of the
following integro-differential operator:

a¢ ’ / !/ /
(e, €) = ~€50(,6) — o, 0w &) + [l €0, €

= Txp + By

with the following boundary operator :

b
€0(0,6) = p / k(€. €0 (1,€)E e,

where z € [0,1], &, & € [a,b] with 0 < a < b < 00, p > 0 denote the
medium number of daughter cells which are descended from mother cells
and the kernel of correlation «(., .) satisfies the normalisation’s condition

b
[ wieerie =1

for ensuring the cells flow’s continuity when p = 1. Our general assump-
tions are

o(x,&) € L1(]0,1] x [a, b)),
B e L(L(]0,1] x [a,b])),

where B is the partially integral operator with kernel x(z,&, ). Let us
introduce the functional setting of the problem:

Q=10,1] x [a,b], (0 <a<b< ),
Qo = {0} x [a, ],
0 = {1} x [a,b].

Qo and ; represent respectively the outgoing and the incoming bound-
ary of the phase space ).

X = Ly(Q, dxd§).
We consider the boundary spaces:
X0 = Li(Qo, [€]d8),
and X' := L;(Qy, |€]d€),
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equipped with their norms. Let W, the space defined by:
0
Wy ::{goenga—“oex}.
x

It is well-known that any function v in W, possesses traces on the spatial
boundary {0} and {1} which respectively belong to the space X° and
X! Let K be the following boundary operator :

K X'—X°
b
P
v — 7 [ eena e
REMARK 5.1. [5] If k(.,.) is positive, then the operator K is positive
and [ K[| = p.
We define the bounded collision operator B by
B : X—X

b
o — B(x,£) = —o(z, )(x,€) + / o, 6,6 V(. €)dE

where the kernels & : [0, 1] x [a,b] X [a,b] — R is assumed to be mea-
surable. In the following we will make the assumption:

The function B(.) is strongly measurable. i.e., there is a compact subset
(H) O C L(L1([a, b], dy)) such that B(z) € O , i.e., on [0,1], and B(z) € K(L1([a, b], dy))
where, K(L1([a,b],dy)) denotes the set of all compact operators on L1 ([a, b], dy).

DEFINITION 5.1. The operator B is said to be regular if it satisfies
the assumption (#).

Each operator T is defined by
Tc:D(Te) CX — X

0
b Tedp(a,€) = €22

%(ZE,S)
D(Te) = {eWr: ¢’ =Ky, }.

where ° = ¢(0,€), ¥' = ¢(1,€) and € € [a,b].
Let o € X, XA € C and consider the resolvent equation for Tx

A=T)b =
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where ¢ is a given element of X and the unknown ¢ must be sought in
D(Tk).
Let A*, be the real defined by

A :=1lim inf o(x,§).
(z,6)—(0,0) (,¢)

For Re\ + A* > 0, solution is formally by

x Ua:/, 2! 1 x xz —(Ao(7,€))dT
e, €)= (0, H T [l e g
0

and therefore

1 (/\+<7(ac E))dac

B(LE) = (0,6 / ol SO ) gt

In order to clarify our subsequent analysis, we introduce the following
bounded operators:

P)\ XO_>X1
b (Pa)(0,6) 1= (0, £) =1 225522

and

QA X0 — X,

¥ = (Qa)(0,€) :=1(0,8) e
Let II, and R) the following operators :

_ [z (A to(z!,8)da’
Jo H]

M : X — X
1 1 1 —(Ato(r,6)dr
wﬁammaa:gfebﬁ¢W¢Mf
0

and

R)\ X — X
1 (% (2 —Oto(re)dr
Y — (Rap)(0,€) == g/ N o(a', &) da’
0

The operators Py, @\, II, and R, are bounded on their respective

spaces. In fact, their norms are bounded above, respectively, by eb(R;AlH*) ,
[ReA+A*]71) 1 and [Rel + A1
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It follows from estimate of Py that, for ReA > \*, ||[PAK|| < 1 and
consequently

(5.2) Y0 =) (PK) .

n>0
On the other hand, Eq. (5.1) can be rewritten in the form
¥ = Qx\KyY® + Ryp.

Substituting Eq. (5.2) into the above equation we get

v =Y QK(PK)"TLe + Rag.

n>0

Finally, the resolvent set of the operator T contains {\ € C such that Re\ >
A*} and for ReA > A\* we have

(5.3) A =Te) ™" = QAK(PK)" Iy + Ry,

n>0

In view (5.3) we have

(5.4) B\ —Te)'B=>_ BQ\K(P\K)"TI\B + BR,B.

n>0

It will know from [8, Lemma 3.2]) that
O, = {)\ €C:ReX < —)\*} = Oeap(Trc)-

THEOREM 5.1. Let € > 0 and k(.,.) be positive. Then there exists
0 > 0 such that

O)\ C O-eap,a(77€a87 B) - @)\
and

OACUe6,€(77C7878) - 6)\

where, O, := {/\ € C: ReX < —)\* +¢||B|? (1%5 + 1)}
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Proof. Let A\ € C such that Re\ > A\*. By using Eq. (5.4) we have

[Tl
1 —[[PK]]

I1B]* ( 1<l +1)
Red+ A \1— [R[[IK]

1B]I* 1Kl
— +1].
ReA + X\ 1 _ comeaar K|l

1
But, there exists 6 > 0 such that e?@3+x < §, then we get

2
g - BP0
IBA=Te) Bl = poxw \Topmw 71

1
Now, let A € geap(Tic, B, B). Since ||B(\ — Tx) ' B|| > o

2
LB (e
3 Re\+ X \ 1 —pd

Reh < —)\*+5\|B\|2(1_pp5+1).

1B =Te) Bl < IBIFllAllIK] +IBI[I R

We obtain that

Ueap,s(%;B,B) C {/\ € C: Re) < —\* + 8”8”2 (1 —pp(S + 1) } .

On the other hand, from [8, Lemma 3.2|, we have
{)\ € C: Re)\ < —)\*} = Oeap(Tc) C Ceape(Tic, B, B).
The proof of the second part of this theorem is of the same way that the
first part. [
THEOREM 5.2. Let € > 0 and 0 € p(B).
(1) Oape(Tic, B™', B) C 0ap (A, B, B).
(ii) 05 (T, BY,B) C 05.(Ax, B!, B).

Proof. (i) Let A € 04pc(Txc, B~1, B). Then, exists a sequence (¢, )nen €
D(Tx) such that

[all =1 and [|[B=H(A — Ti) B < e.
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Put @, (7, &) = ¥ (2, €)e”*. We claim that ||[B™ (A—~Tx—B)Boni(z,€)|| <
e. Indeed,

IB™H (X = Tic = B)Beoni| IB=H (X = Tic)Beon |l + 1B~ BBy il

<
< et [[Bongll-

Let us prove that, ||By,x|]| = 0 as k — oco. Since B is regular, B can be
approximated, in the uniform topology by a sequence B, of finite rank
operator on Lj([a, b],dv) which converges, in the operator norm, to B.
Then it suffices to establish the result for a finite rank operator, that is

m

Fn(2,6,6) =) () £i(£)gi()

where «; () € Loo([a, b],dv), fi(§) € Li([a,b],dv) and g;(§') € Loo([a,b], dv).

||690n,k|| = HBQOn,k - Bm‘zpmkH + HBmSOnkH
= ||B = Bull + | Bnpnxl

It is sufficient to prove that ||B,,pnk|| — 0 as k& — oo. According to
Riemann-Lebesgue Lemma and the Dominated Convergence Theorem,
it is not difficult to see that

IBrm@nil| = 0 as k — oo.

1
In particular, there exists (ky,)neny C Z such that ||Bynk, || < —. There-
n

fore
IB=' (A = Tk = B)Ben, | < 1B~ (A= T)Benk, |l + 1 Bonk,|

1
< €4+ ——>casn— oo.
n

Then, A € 0,,-(Txc + B, B, B).

(77) The proof of (ii) is the same way by noting that the dual of a regular
collision operator is still regular. O]

COROLLARY 5.1. Let € > 0 and we assume that the collision operator
is regular.

(Z) O-GP,E(,FC’I? ]) C O-tlp,a(-AlC’LI)-
(ZZ) 0'5,5(77@], I) C 0'5’5(./4]@], I)
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THEOREM 5.3. Let € > 0 and we assume that the collision operator
is regular.
(1) Oeape(Tic, B1, B) C 0eape(Aic, B, B).
(i1) Oese(Tic, B™Y, B) C 0es(Axc, B7, B).

Proof. (i) Using Theorem 5.2 we have for all compact operator S

Tape (T +S = 8, B71,B) C 04pe(Tx + B+ S — S, 871, B).
Then,
Ocape (T + S, B71, B)
= [\ GupeTk+S-8.87",B)

—Sek(X)

C () CupeTc+B+S =8B B)=0cup:(Tc + B+S,B7,B).

—SeK(X)

From Remark 3.1-(iv), we deduce that oeup (T, B, B) C Ceape(Tc +
B,B71.B).

(73) The proof of (i7) is similar to (7). O

COROLLARY 5.2. Let € > 0 and we assume that the collision operator
is regular.

(Z) Ueap,s(’]kajaj) - Ueap,s(AlCa [71)
(1) Oese(Tic, I, I) C 0es (A, 1, 1).

6. Final remarks

One of the fundamental ideas investigated in this paper is that of pro-
viding conditions under which the structured essential approximate and
defect pseudospectrum of closed, densely defined linear operators in a
Banach space. has a relationship with Fredholm theory and perturbation
theory. This paper shows the relation between structured approximate
(defect) pseudospectrum and structured approximate (defect) spectrum
also between structured essential approximate (defect) and structured
approximate (defect) pseudospectrum. As future research we are trying
to extend this concept of structured approximate (defect) pseudospec-
trum and structured essential approximate (defect) pseudospectrum to
the case of multivalued linear relations.
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