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ZERO COMMUTING MATRIX WITH PASCAL MATRIX

Eunmr CHor*

ABSTRACT. In this work we study 0-commuting matrix C'(0) under
relationships with the Pascal matrix C(1). Like kth power C(1)* is
an arithmetic matrix of (kz +y)™ with yz = zy (k > 1), we express
C(O)k as an arithmetic matrix of certain polynomial with yx = 0.

1. Introduction

An arithmetic matrix of a polynomial f(z) is a matrix consisting of

coefficients of f(x). The Pascal matrix is a famous arithmetic matrix
n

of (x+y)" = > (Z):L‘ky”_k, in which the commutativity yzr = zy is

assumed tacitly. Asa generalization, with two ¢-commuting variables x
and y satisfying yz = qry (¢ € Z), the arithmetic matrix of (x 4 y)™ is
called a g-commuting matrix denoted by C(q) [1]. The C(q) is composed

of g-binomials H = (=g)(=g" )-(iog” 2T [7]. When ¢ = £1, C(1)
q

J (1-q)(1-¢*)--(1-¢7)
is the Pascal matrix and C(—1) is the Pauli Pascal matrix [4]. A block
7

matrix form C(—1) = i2i i | with a 2 x 2 matrix i = H 1} looks very

1
similar to C(1) [5]. In particular if ¢ = 0 then C'(0) = [Hl The
1111
n x n matrix C'(0) was studied as an adjacency matrix of relation < on
1

-1 1

{1,2,--- ,n} and its inverse C(0) " = 1 11 is a sum of nilpotent

matrix and identity matrix ([2], p.5)
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In the work we simply denote C'(0) by Z and the Pascal matrix C(1)
by P, and study Z under relationships with P. Since PF is an arith-
metic matrix of (kz + y)" with yz = zy for £k > 1 [6], we develop
interconnections of Z* with P as well as an arithmetic matrix of certain
polynomial.

For our notations, write P = [e; ;] and inverse P~! = [v; j], so v;; =
(—1)i e = (1) (;) for i > 7 > 0. As usual, M,, denotes a n X n
matrix M.

2. ZF (k=2,3) as arithmetic matrices

1
21

2 _ 3 _
1|, 2% = |397 | and Z° =
11 4321

k> 1, write Z% = [y 4| y{¥|...] where yj(-k) (7 > 0) are jth column
vectors.

Note Z =

1

11
11
11

Y11Y12Y1,3° -

— 1, ,.(2),,3) | Y2,1Y2,2Y2,3"
LEMMA 2.1. Let Y = [y{"] o7 45| -] = o nayna-..| Dea
matrix composed of 0th column vector y(()k) of each Z¥ (k > 1). Then

vij (1,5 > 1) satisfies y; j = yi—1,j + Yi,j—1. In the kth column y((]k), the
ith entry is y; p = €;4k—2k—1-

111
313 g] is a symmetric type Pascal matrix
02035

=N

1

Proof. Clearly Y = % 1
141 3

1

1
satistying vi; = ¥i—1,j + ¥ij—1 [3]. From Yo = ik Yo = 10 an

1
y(()5) _ :1))? , we notice y;3 = i(i+l) _ (z+1

! iGD(+2) _ (i+2)

Q)ayi,4: 6 3

i . k k it k—
and y; 5 = (’f’) in y(() ) (k=3,4,5). In y(() ), assume y;_1p = (14’;713) =
€i+k—3k—1. Then we have

Yik = Yi—1k T Yik—1 = €itk—3k—1 1 €itk—3k—2 = €itk—2k—1- ]
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Ck—1,k—1
Thus Z* is determined by y(()k) = [ezi’l’“gl 1] by shifting one space

down at each column. For Pascal matrix P = C(1) of (z + y)" with
yz = zy, the power P* is an arithmetic matrix of (kz + y)". Indeed
pP? =

1
3
, P3 = 22) yield expansions of (2x + y)" and

QO DN —

1 1
4 1 6 1
1261 72791
(3z + »)™. An analogy question is that how Z¥ = C(0)* is related to
polynomials (kz + y)"™ with yz = 0.

For k > 1, let A®) be an arithmetic matrix of (kz + )" with yz = 0.

THEOREM 2.2. Let diag[k’] be a diagonal matrix having diagonal
entries k' (i > 0). Then A®) = diag[k'] Z diag[k:i]_1 and ARz = Z7A®),

1 1
21 31

Proof. Observe A® = [922 1 | and A®) = [323 1 |. Now for
5201 B 31

any k, assume (kx4 y)" = k"2 + k" ta"ly 4.+ kxy" ! 4+ " Then
(ke+y)™1 = (katy)" (ka+y) = KoL pknaty - hay™ 4y,
1

k1 ) )
so AR = |2k 1 | = diag[k']Zdiag[k’]~'. Thus ZA®) = AW Z since
42 k1
sum of entries of Oth column in A%k) equals that of nth row, and all
entries of Z are 1. O
% 0
Let J = | 10 | = [ﬂ Then J* = 0 for £ > 0 by taking
10 Y_Ig

proper size matrices. Clearly .J,, is a nilpotent matrix satisfying J*¥ = 0
for k > n, and we may consider J 0=,

Turorem 2.3. Let AP = AP + 727 and 22 = — 22+ 72" Then for

IQ :0 0 IQ :0 0
any n > 4, A(2) = 72 e and Z2 = A(Z) [ A } .
L TN B/ Y R R/ e

goot:::

Proof. The transpose matrix J,fT = is upper triangular,

so with lower triangular matrices Agf) = [a;;] and Z7 = [z ;], the A,(f) =
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A T =) A T . .
aij] = A,(f) + J,f and Z,% = [Ziy] = —Zz + le satisfy a;; = a;j,
Zij = —#zjifi>j, and a;; = 2;; = 1 or 0 according to i = j + 1 or
otherwise. Indeed,
1 0 1
! 0001 2, 10l
o 2 1 2 2 1 01
(2) _ 4(2) 52T _ R )
A=A+ =22 2 1 + 1| = |9-3 ... 9101
2]{2712](}72..'1 0...0 2]@722]673... 210
0...0 i1t 3
When n = 5, simple multiplications of Ag) and Zs show that
1 1
01 I,:0] 0 -1 01 I,:00 0
Z5_2Aé2): 101 = 2(2) and AéQ) Zi=|-1 01 = 727’7 )
2101 A5 | T3z —2-1 01 Z3 |J3x2
42101 —-3—-2-101
101 s -1 0 1 —
because [210| = Agf) +J§T = Ag?) and [—2-1 0| = —Z§ —I—J%T = Z§.
421 —-3-2-1
Now we write Z2 = [Zﬁ_l ‘0} and A(Q) = Ag?zl 0 in
n n,n—1,--,2[]T n 2n—17..9Z 91
block matrix forms, and assume an induction hypothesis that
I2 : 0 0 :
_ A2 . —4 _ }
n| 4@ | -4 = Ay’ with JZ:LrL—2)><2 = 0) ns
n=2|(n—2)x2 0

01
Then Theorem 2 says

[ 1 b
T I I AR

1
28 22 2 1
Lnn—1".21d |[2n327=17-.2/1,0,1 gn=19n=2". 91
But since the (n — 1) x (n + 1) block matrix |:A512—)1 J(T;l:gl)x2:| equals
rl 0 1 ... 100 1 0 1 ... 00
2 1 01 ... |00 2 1 01... 00 —

00 0[0 A(2) .J’n74 0
on—4. .. 210100 = |[274... 210100 = n_gﬂ " (n=2)x2[" |,
2n=3on=4  210[10 2n—32n—4. . 2101[0 2077-2:10 1

[2n—227=3 . 2101 2n=2on=3 . 210[1
the block matrix multiplications show
. I,:0 :0 0
2Bt | = 4 0| a7, | = [92]
n n— n—2 Y- ’
A J(n—1)><2 n+1I,n,- 21 S 1(O 2)><2‘1 R|S
IQ . O O (2)
where H =0, S =1 and G = Z?2 4@ | n-a = A, by hypothesis.
n—2|Y(n—2)x2

And
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1

0 1

Lo 1 n—2 2
R:(n+1an7"'7372) 2 1 01 +(2 7"'72527170)

2n=49n=5...1010
2n=3gn=4...2101

n—3 ) n—4 . n=>5 .
=(n+1+ X (n-1-0)2n+ Y (n—2-i)2,n—1+ ¥ (n—3-10)2,
=0 =0 =0

74+ 2(2_Z)227372> +(2n72’_“ 727170)
=0

n—2 n—3 n—4

=(n+1+ X (n-1-0)2n+ Y (n—2-i)2,n—1+ ¥ (n—3-10)2,
i=0 i=0 i=0
1 .
AT (2 4)2@,4,2).
i=0
Thus the first few entries in R from right are 2,22,23,24, ..., So as an
n—3 )
induction hypothesis, we assume n+ Y. (n — 2 —4)2' = 2”1, Then
i=0
n—2 . n—2 .
m+D)+>m—-1-i)2=Mn+1)+n-1)+ > (n—1-14)2"
i=0 =1
n—3 )
=2n+2> (n—2-9)28 =2n+2(2" 1 —n) =
o, =
1 3 92 2 Lp:0] 0 )
So R = (2",2"",---,22,2%,2), thus Z; 4O | -3 = Ay
n—1|Y(n—1)x2
And the second identity can be proved similarly. O

We now go on Z3 and the arithmetic matrix A®) of (3z + y)" with
yr = 0.

p—

THEOREM 2.4. Let Al(f’) = (3 — Jk)A,(f) + J,fT and ég' = —3I —

L:0] 0 L:0 0
T 3 3
TNZE+TE. Then A = 23| "Gy [0 ]anng:AT(z) 7@ |t ]
n—2|Y(n—2)x2 n—2|"(n—2)x2

for n > 4.
Proof. When k =5, Theorem 2 shows Z5Aé3) = AéS)Z5 and

) 301
= [%9%} with X = [8 30].
0 3x2 2483
1

1
0 1
734 = 13 0
5 5 S 3
248
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3 00 001 T 3 00
Clearly X = [8 30} + [ooo] =Y +J2 withY = [8 30], But
2483 000 2483
3
since YA = APy and 4;®y = [1 ?3] = 3T — J, we have

X=Y+J2"=AP@1-0)+ 73" =31 -0)AP + 27 = AP,

I,:0] 0
SO Z5_3Aé3) = [ 2

elr ] . For some n > 0, we assume
3 3IxX2

1 1
. 3 1 0 1
AB) _ 3 12(?;)0 O _|_l6 31 3 0 1
n n—4 -
nlAP), J(;_2)X2 10 6 31 8 3 01
(n;rl) (721) . 31 233n—4 233n—5 T 23 301
We note that
AP = 31— AP + 27
1 3 0 10
3 1 0889 8 3 0 1
=BI-J)[3 3 1 + SOl = 00
8 233n=32337-4...3 010
3n~t3n—2 31 233n—29337-3...923301
1 /(-3\ n—3
so the block matrix |:An—1 J(nq)xz] equals
3 0 1 0 00 3 0 1 0 0|0
8 3 0 1 00 8 3 0 1 0|0
233n74’233n757“_ ’3’ 0717010 - 23371—4,23317,—5’._. ,3, 071701
2337—3 933n—4 ... 93.30,1/01 | 233773233771 ... 23,3,0,10]

0
1
/3\ n—
_ Aﬁllz 0 AN 1 )
1273772, ,2%,3,0: 1,0 1
Thus the block matrix multiplications yield

I :0 :0 0
Z3 IQ :0 0 - Zﬁ ‘0 /(3)\ )
n+1 A(3) Jn—3 - (”+2) ("‘H) R Ay :J(n—2)><2 0
n—1|Y(n—1)x2 2 /0820 ’ 233n—37.._ ’2373: 1,0 ‘1
| G|H
= |7 ,
I:0 0 3)
where G = Z3 43 | gn-a =A,’, H=0,%x1 and S = 1. And for
n—2|"(n—2)x2

R,

n+2 n+1 5:0 0
R:(( 2 )7( 2 )v ,6,3) A®) | gn—4

n—2"(n—2)x2

+ (233“737 e 7237 37 07 17 0)
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1
0 1
12\ (n+1 3 0 1 B
:((n2 )’(n2 )’ ’6’3) 8 3 01 +(233n 37"' 73707170)

233n—4 2337=5 "-.3 0,1
- (917 927 e 79n7 9n+1) +(233n_37 e 723737 07 ]-7 0)7

Where
("3%) +3(5) +22("51) +2%3("%) + -+ 283774 (3),
("3 +3("51) +23("57) +233("0) -+ 23870 (5),
eng— 80) 1 6.3+3-2%, 6, = ”+39 =6, 01 =3

So the last few entries in R are 0,41 = 3, 0,, +3 = 32, 0,,_1 + 23 = 33
and 6,,_o + 23 - 3 = 3%, We now assume 3" 1 = 05 + 23374, Then

3l = ((”‘2“) +3("N) +28(") + 233("°) + - + 2337175(2)) n
23371—4.

Hence

01 + 233773

= (757 +36) + 203 + 258057 44 29I ) 4 290

= ("5 +3(5) 12 (1) 4322 () 4300 4480 () +3)
= ("7 +3(3) + 25" +3(3 " - @“%%W?D

—3n 4 <(n+2) +3( )+23(n 1) _3(n+1 32 n— 1)) _
by induction hypothesis. Thus R = (3",3"~!,. ,3), so we have
3 IQ :0 0 GlH
Z = = =
n+1 A(J) J(Tfn 31)><2 |:R S:| |:3n 3n— 1 . ’3 :| n—l—l
Similarly for the second identity, we have
1
1 501 I : 00 55 0
3)"tp3 | — _ |22 : — | =8—
AT =1 R 5 01 | = [ X ]} with X = [—15—8—3]'
—-15-8-301
r—=3 00 0 01 300
But since X = 7}§:§7g + 8 88] = -V + 72 withy = 1?%% ;
73

we have Y73 = [ 13 ] =31—J. SoY = Z33I - J) = (3] — J) 23

s I:0 0
and X = —(31—J)Z%+ J*" = Z3. Thus Z3 = A} [sz, Jo ] -
n—2Y(n—2)x2
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Connections of A®) and Z* (k = 2,3) are further explained by .J.

—1
TueOREM 2.5. (1) Z72AY = I, + 2AQ and AP 72 = 1, - J2 Z2.

-1
(2) Z3AY = I, + J2(3L, — J)AY) and AD 73 = I, — J2(31, —
Jn)Z3.
—1 -1
(3) AP =772 J2 and AP = 23— J2(31, — J).

Proof. With A,(f) = A,(f) +J QT, Theorem 3 shows

12 : 0 0 0

Z—QA@):[ > [ne ] = I+ -3

" " Ast)Q J(n742)><2 ! An2—2

= I, + J2AD.
Similarly with Z2 = —Z,f + J,?T, we also have
010

AP g2 [122: S } = ) 0 = I+ [ﬁfg ]

" " Zn72 ‘](n—2)><2 _2. _10110 " 7Zn—2

—€p_21—€p_3,1 ...[01

=1,—J2Z}.

On the other hand, with A% = (31, — J,)A® 1 72T Theorem 4
shows

1 0 0
0 1 0
A SA(3) |:12 -0 0 :| % g (1)1 I 8
_ _ - - _ .
n Y EEYION
mor AP, J(n742)><2 24 8 301 " ler-0A?,

00
233n—4239n=5 101
= Iy + J2(31, — J,)AY.

-1 Li:0 0
Moreover A VAR [Z22 gn—4

(n—2)x2

] =1I,—J2(31-J)Z3. And also

-1 -1
772 =AY 4 72and ;3 = AP + 7231, J,) by (1) and (2). O
1 0 1
21 | Jo |_|-21
1-2 1 ] [100 ] - [ -2 1
1-21 100 —21

3. 7% as an arithmetic matrix

In fact, 72 — J? = — A

0
—9 4(2 2
Theorem 5 says Z,, 2412 = I, + Xn%rl] =1, + JTQLAS1 ),
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0
_ 3 3
Z3AY) = I + G . e ] = I+ J2(3, — J) A,
n—2 = Jn—-2 ,—2

4 -1
AP Z2 =1, - 222 and AV 728 = I, — J2(3L, — J,) Z3.
In order to generalize the identities, first consider k = 4,5,6. Then

we have
0

Z7kAP = o = I, + J2S® (1)
10 15
20 6 40 10 70 15
with S@ = |81 206 205 40 10 | and S(® = [435 70 15
32481200 10242054010 26044357015
Also 0
AP gk — 1, | 0 | =1, — J27® (2)
T k
6 10 15
20 6 40 10 70 15
with 7® = [45206 |, 7() = 10540 10 | and 7(®) = |21070 15
84 45206 2241054010 5042107015
Now by means of the kth row (v, - ,vkx) of P71, we define a
matrix
k) 2 f—j—2
X = ZOU,CJJ =2, (3)
]:

TueoreM 3.1. For 2 < k < 6, X{P AP = xP AP ana xP zk =
—1

7k xF) - Moreover Z75AY = 1, + 72X AY) and AP " zk = 1, —
J2X\P 7k,

Proof. Clearly X® =T and X® =3I — J, so Theorem 5 implies

I+ 22X AY = 1, + J2AD = 2,245

In + 22X AP = 1, + 231, — J) AP = 77349

—2XPAP = AP 7 22 and I, + 22XP AP = AP 28,
Now from Z,; kA( V=1, + J2S®) in (1), we have

6
- 4 6
AD T GW — |71 ] 6 | =61 — 4T + J2 = SWAWD!
1-46
- 10
516 _ | 510 10 2 3 al5) 4(5)-1
ABTgE) = | 5=10 20 = 1011045723 = S©)A®)
-1 51010
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15
_ —-20 15
AOTISO) = |15 90 15 | =151 — 200 + 15J% — 6.J% + J*4,
—6 15—'2.0'15
Since each coeflicients in expressions of AR~ g k) correspond to el-
ements in kth row of P~!, we have AR g — gk 471 = X®) 5o
(1) gives
7 AP = 1, + 7250 = 1, + 722xP AP
Similarly each T™®) in (2) satisfies Z~*T*) = 7k) 7=k — AW~ gk) =
X®) 8o we have A, ¥ zk = 1, — j270) = 1, — j2xF) 7k O

k-2
THEOREM 3.2. Let = Y. kv ; for k > 2. Then X®) A% js equal
—

j
to -
Vk,k—2
Vk,k—3 + KUk k—2,Vk k—2
k-2 k=2 k-2
]{;j—lka, 3 k‘J_QUk,j, 3 ]{;J—%kd,. ..
j=1 j=2 i=3
k-2 k-2
1% Z kj_zvk,ja Z kj_kat,ja' T
j=1 j=2
k-2
kp L Z k]_lvk,j,"'
j=1
k2 kp [
Liman knkp Sy Uk k=3 + KUk k—2,Vk k2 |
Proof. We note that the first few X*) in (3) are
i ? Y g 6
XW=0y0J?% +v41J +v49l = 11 -4l |+6| 1| =] 1-4 6
Lo 1 1o
10
1848 10
XO)=v50J3 +vs51J% +vsaJ +vs3l = | -1 5-10 10 and also,
-1 5-10 10
S0
Uk k—2
3 15 Ukio—3 Dk =2
X = E%f%g_%é 15| SoX® = |G e ones
1 -6 15-20 O UhauRT e
1
31

for any k. Then since AB) = 3§ 32 1 | and pu = v30 + 3v3,1, we have
3°3° 31
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U3,1
U3,1 ’
’ H V3,1
v30 +3v31 V31 3 ’ ,
3 ; ) ) )7 M V3,1
X(g)A%) = | 3v3,0 + 3%v3,1 V3,0 + 33,1 V3,1 =132y 3u [ v
32/0370 —+ 31)371 s U371 e ’

3n72u73n73ﬂ’ My, U3
2
Similarly A® and p= > 4 v4,; imply

j=0
V4,2
V4,1 + 4v4,2,04 2

I V4,1 + 4V4,2,V4.2
X®H AW = [4pu 1 V4,1 + 442,042
42M 44 I V4,1 + 4v4,2,04,2
4"’3;1 4"’4/1 4"75u oo o vg1 +4vs2,040

Thus for any k£ > 1, it follows that
XKk AR = (Uk70Jk_2 + Uk71Jk_3 + -+ ’U]@k_gJ + Uhk_gI)A(k)

0 0
= Uk O}kQ + Uk 1 O}ks + -+ Vg3 [Ozzy} + Uch,QA(k).

A(k) Ak)
k-2
So with u = Y- kv j, X (8) A() holds the required form in Theorem
=0
7. O

We are ready to generalize Theorem 6 to Z* and A®) for all k > 2.

THEOREM 3.3. Z FA® = [ + J2XWA® and A® ' zk = |
J2X k) 7k,

Proof. 1t is Theorem 6 if 2 < k < 6. For any k, consider A,(lk) and

k _
Xr(L ) = Uk70JT]f 244 Uk,k—4<]q% + Uk,k—SJn + Uk’k_QIn.
Let n = 3. Since the nilpotent matrix J! = 0 for t > n, we have

(b) > ez 00
X3 = vp sty + Uk p—3Jn +Vpp—2] = | —€kk-3 Erk—2 1.
€k k—4 —€k k-3 €k k-2
) 1 1 00
So with Ay” = |k 1 | and Z§ = |k 10| in Lemma 1, we
k2 k1 er+1,k—1k1
have
® 400 _ [899 (0 40y _ |4
I+ J2X3V Ay = |0 10| and ZE(I3+J2X37 A7) = |k 1 | =
erk—201 k?k1
AP
Now for some n, as an induction hypothesis, we assume
I>:0 | 0
(k) _ 7k 2y (k) 4(k)y _ k 2
An - Zn<In + Jan An ) - Zn |:X7(lk_)2A£]k_) + J721_2TJ(T:L_—42)><2:| .

By Lemma 1 we note that
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1
€k,k—1 1 ok 0
Zk = e . CL k— 1 = n—1 ‘ 4
n k+1,k—1 Ch k=1 |:ek+(n—2),k TG (4)
€ht(n—2)k—1"""  Ckk-11
Then

I : 0 0
k (k) A(R) \ _ 7k 2
Zn+1( n+1 + J2+1Xn+1An+1) =Zn1 [X,(f)lAik)l +J2, ‘J" 3 }

(n—1)x2
7+ I : 0 0
k) 4k e
= [7‘“] X’r(L )2A’EL )2 +Jn s " J(n742)><2 0 (5)
X 1
where bottom rows Z’ and X’ are from (4) and Theorem 7 that
Z" = (€t (n—1)k—1> Cht(n—2) k—15" " > €kt 2k—1, Cht1h—1,Chk—1),
k=2 k=2
X' = (knik:uv knikil,uv e 7klu'7 K, Z k"jilvk,ja Z kin,Uk,]H
j=1 j=2
k=2
> KT F g v, 0). (6)
j=k—3
Therefore the block matrix multiplications in (5) yield
k G|H
Zvl’erl( ntl +J, +1X7(z-i21A7(1-i)-1) ~ RIS
with B =0, S = 1 and G = Z} |05 | = A®
’ L P GHEOV. R ‘J(T:L 2)x2 no

induction hypothesis. Now we claim R = (k™, k"1, .- k). If so, we get

k) 4k G|H AP 0 k
Z7]§+1( n+1+J2+1X7(1421A7(1+)1) [ﬂ?} = |:k", kn—l) k(1 A7(14217

12 :0
as required. Now write R = Z' | 55 (%) T 7n= +X'b
q [X“An2 Iy [T e y
R:(017927"'70n)+X/:(X17X27”'7Xn)a (7)

with some 6;, x; € Z. Due to Theorem 7, the multiplication
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_1 -
0 1
Vk,k—2 0 1
Vi k—3 + kUL k—2Vkk—2 O 1
k-2 k-2
SR T oy X Ko
=1 j=2
(917 7077,) = Z/ k=2 ; k22
1 Kuog; > kog,;---0 1
j=1 j=2
k-2
ku I > kv 01
j=1
ku ku I e 0 1
_knfkflu kn7k72,u/ - ""Uk,k720 1]

with Z' in (6) satisfies

01 = €ht(n—1)k—1 T Chi(n—3),k—1Vk k—2 T €t (n—a) k—1 (Vi k—3 + KV —2)
k—2

k-2
j—(k—4 j—1
terrmosh1 2o K TE Dy ey S Ry
j=k—4 Jj=1

ten—1 k1t en—ak-1kpt-tepprh—1 k" Rt e o1 k"R,
02 = €ht(n—2) k—1 €l (n—4),k—1Vk k2 €t (n—5) k=1 (Vi k—3 + KV k—2)
k-2 k-2
+ et (n=6)k—1 2 kji(kill)vk,j o tepr g1 > Ky
j=k—4 J=1
+ enak—1p+ €ngp_1hkp+ -+ epp1 k"2,
On—2 = €pt2k—1 + €k k—1Vk k-2, On—1 = €41 k-1, and 0, = ep j—1.
Then (x1, - ,Xn) = R= (01, ,6,) + X' in (6) and (7) satisfies
Xn = Qn + 0= €k,k71 = k‘,
Xn—1 = On1 + Uk 2 = €11 + enp2 = (1) + (y) = K2,
and Xn—2 = (ex+2k-1 + €k k-1Vkk—2) + (Vkk—3 + kvgr—o) = k.
Assume y2 = k"', Then the proof is complete if we show x; = k".
X1= 01+ k" p
= (Cht(n—1),k—1 T Cht(n—3),k—1Vk,k—2 + €y (n—a) k—1 (Vk k-3 + KV k—2)
o tenop 1kt en_gp 1k 4+ e po1 k"R n) +kn Ry
= A+ k(enop 1p+ensp1kp+ -+ epr 1 k" F2u+ knR1y),)

where A = epy(n-1)k-1 T Cht(n-3)k—1V% k-2 T Chi(n—a)k—1(Vk k-3 +
k—2
i—1
kvgg—2) +--+enp—1 >, K7 0k + et k1
Jj=1

On the other hand, the induction hypothesis shows
knfl =g = 02 4 knfkflu
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=B+ (en2p1p+en3p1kp+--+ ek,k—lkn_k_Q,LL + kL),
where B = €4 (n—2) k-1 + Cht(n—a)k—1Vkk—2 T Cht(n—5)k—1(Vk k-3 +

k—2 k—2
) i1
kvggp—2) +- - +enp—1 > K v+ en_1h—1 >, K v
= =1

Therefore

1 =A+k(enop_1p+en_sp1kp+- - +epr_1k" P 2u+ k")
= A+ k(k" ' - B)=k"+(A—kB).

But we have

A— kB

= <6k+(n—1),k—1 + €l (n—3) k—1Vkk—2 T+ Chp(n—a) k—1(Vk,k—3 + kU k—2)

k—2

i1

+denp—1 >, KT o + €n71,k71/i)
i=1

—k <€k+(n—2),k—1 €t (n—d) k—1Vk k—2F €kt (n—5) k-1 (Vk k—3+ K0k k—2)

k—2 k=2
+ e _|_ en,k‘—l Z kj_Q’Uk;J‘ + en—l,k—l Z kj_lvkvj)
j=2 Jj=1

= €t (n—1)k—1 — Cht(n—2)k—1F t €kt (n—3) k—1Vk k-2
+ ekt (n—a),k—1 (Ve k-3 + kvpk—2) — kvg o) + -+

h—2 k-2 k-2
tenp-1(> K og; — S K o) +enm1p—1(p— Y Kok )
j=1 =2 j=1

= €t (n—1)k—1 — Ckt(n—2)k—1K t €kt (n—3) k—1Vk k-2
+ €kt (n—4)k—1Vk k-3 T+ €nk—1Vk1 + €n—1k—1Vk,0

k
= D Uk k—iChi(n—i—1)k—1-
i=0
It means A — kB is a multiplication of kth row in P~! and (k — 1)th
column in P, so A — kB = 0 and we have x1 = k™, as required. O

0
: —k _ Ae)7L _ g2y (k)
Therefore it follows that Z A =J° X" = [XO’“ ]
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