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FIXED POINTS FOR SOME CONTRACTIVE MAPPING
IN PARTIAL METRIC SPACES

Cuanc I KiMm AND GILJUN HAN*

ABSTRACT. Matthews introduced the concepts of partial metric
spaces and proved the Banach fixed point theorem in complete
partial metric spaces. Dukic, Kadelburg, and Radenovic proved
fixed point theorems for Geraghty-type mappings in complete par-
tial metric spaces. In this paper, we prove the fixed point theorem
for some contractive mapping in a complete partial metric space.

1. Introduction and Preliminaries

Metric spaces has been generalized in many ways. Among others, the
notion of a partial metric space was introduced in 1992 by Matthews [5]
to model computation over a metric space. His goal was to study the
reality of finding closer and closer approximation to a given number and
showing that contractive algorithms would serve to find these approxi-
mations.

DEFINITION 1.1. Let X be a non-empty set. Then a mapping d :
X x X — [0,00) is called a partial metric if for any x,y,z € X, the
following conditions hold:
(pml) d(x,z) < d(z,y),
(pm2) d(z,y) = d(y, ),
(pm3) if d(x,z) = d(z,y) = d(y,y), then = =y, and
(pm4) d(x, 2) +d(y,y) < d(x,y) +d(y, 2).
In this case, (X, d) is called a partial metric space.

EXAMPLE 1.2.
(1) Let X =[0,00) and d(x,y) = max{x,y} for allz,y € X. Then (X,d)
is a partial metric space.
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(2) Let X = {[a,b]la,b € R,a < b} and d([a,b],[c,d]) = max{b,d} —
min{a, c}. Then (X,d) is a partial metric space.

Let (X, d) be a partial metric space. For any = € X and € > 0, let
Bd(fL‘,E) = {y eX | d(ﬂf,y) - d(I,l’) < 6}'

LEMMA 1.3. [6] Let (X,d) be a partial metric space. Then we have
the followings:
(1) {Bi(z,¢€) | = € X,e > 0} is a base for some topology T4,
(2) (X, 1q) is a Ty-space, and
(3) asequence {xy} converges tox in (X, 74) if and only if lim, o d(zp, ) =
d(z,z).

Let (X,d) be a partial metric space. A sequence {x,} in (X,d) is
called Cauchy if limy, m— o0 d(Tm, zy) exists and is finite and (X, d) is
called complete if every Cauchy sequence {z,} in (X, d) converges to x
in (X, 74) such that

nl;ngo d(xp,z) =d(z,x) = n}ﬁgloo d(Tpm, Tp).

LEMMA 1.4. [8] Let (X, d) be a partial metric space. Then a sequence
{zn} converges to x in (X,74) with d(z,x) = 0 if and only if for any
y € X, limp o0 d(n,y) = d(,y).

There exist many generalizations of the well-known Banach contrac-
tion mapping principle in the literature. In particular, Matthews [5],
[6] proved the Banach fixed point theorem in partial metric spaces and
after that, fixed point results in partial metric spaces have been studied
by many authors([1], [3], [7]).

First, the well-known Banach contraction theorem [2] is stated as
follows.

THEOREM 1.5. Let (X,d) be a complete metric space and let f :
X — X a contraction mapping, that is, there exists A\ € [0,1) such
that

p(Tz, Ty) < Ap(z,y)
for all x,y € X. Then f has a unique fixed point.

Matthews [6] proved the Banach fixed point theorem in partial metric
spaces as follows:

THEOREM 1.6. [6] Let (X,d) be a complete partial metric space and
let f: X — X a contraction mapping, that is, there exists A € [0,1)
such that

p(Tz, Ty) < Ap(z,y)
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for all z,y € X. Then f has a unique fixed point u € X with p(u,u) = 0.

Now, let ¥ be the set of all functions S : [0,00) — [0,1) which
satisfies
lim S(t,) =1 implies lim t, = 0.
n—oo n—oo
Dukic, Kadelburg, and Radenovic [4] proved the following fixed point
theorem for Geraghty contractions :

THEOREM 1.7. [4] Let be a complete partial metric space and f :
X — X a mapping. Suppose that there is a 8 € % such that

(1.1) d(f(x), f(y)) < Bld(z,y))d(z,y)
for allz,y € X. Then f has a unique fixed point u € X with d(u,u) = 0.

Recently, Altun and Sadarangani [1] proved the following fixed point
theorem for Geraghty contractions :

THEOREM 1.8. [1] Let (X,d) be a partial complete metric space.
Suppose that f : X — X is a mapping such that there is a § € ¥ with

d(f(x), f(y)) < B(A(z,y)) max{d(z,y), d(x, f),d(y, fy)}
for all x,y € X, where
Ala,y) = mas {d(e, ), d(, f2), d(y, fy), 5ld, fy) +d(fr,p)]}
Then f has a unique fixed point u in X.

In this paper, we will prove a fixed point theorem for some contractive
mapping in a complete partial metric space.

2. Fixed point theorem for some contractive mapping in a
complete partial metric space

Now, we will prove a fixed point theorem for some contractive map-
ping in complete partial metric spaces.

THEOREM 2.1. Let (X,d) be a complete partial metric space and
f X — X a mapping such that there is a § € 3 such that

(2.1) d(f (@), f(y)) < B(A(z,y))A(z,y)

for all x,y € X, where

Alw,y) = max {d(z,y), d(z, f2),d(y, f9), 5ld(z, fy) + d(fz )]}

Then there is a unique fixed point u of f with d(u,u) = 0.
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Proof. Let x € X and for any n € N, let f*"*lz = ff"z and z,, = f .

Suppose that d(xm,, xm+1) = 0 for some m € N. Then we have
Ty = Tmt1, that is, x,, is a fixed point of f and d(z,, x,,) = 0. Hence
one has the results.

Suppose that d(x,,x,+1) > 0 for all n € N. For any n € N, let
ap, = d(xp, Tpy1). By (2.1),

d(CL‘n, xn) < 6(14(1'7171, xnfl))A(l‘nfla xnfl) < /B(A(-Tnfla fL‘nfl))anfl
for all n € N. Then by (2.1),
(2.2)
Qn+1

< ﬁ(A(CUnJrla xn))A(fEn+1a fl:n)
< ﬁ(A($n+1a xn)) max {am Ap+1, % [d(l'nJrl, xn+1) + d($n+27 xn)} }

for allm € N. If max {an, Qpil, % [d(wnﬂ, Tpt1) +d(Tpo, xn)] } = Qpa1

for some n € N, then by (2.2), we have a;,+1 = 0, because a,,1+1 # 0 and
0 < B(A(xpy1,xn)) < 1, which is a contradiction. Hence we have

1
(2.3) Qp+1 < max {an, Qpil, 5 [d(an, Tpt1) + d(Tnt2, mn)} }

for all n € N. Henc by (2.2) and (2.3), we get
(2.4)

1
apt+1 < B(A@fn—i-h xn)) max {anu 5 |:d(-77n+17 xn—&-l) + d(xn—I—Q; xn)] }

for all n € N.
Suppose that there is an n € N such that

1
(2'5) Qp < 5 [d($n+17 :L'nJrl) + d(mn+2y xn):| .
Then by (2.5) and (pm4), we have
1
ap < 5 [d($n+17 xn—l—l) + d(xn—&-% xn)}
(2.6) 1 1
< 504”4—1 + ian
and so
(27) oy < Op+1-
By (2.6) and (2.7), we have
1 1 1
B [d($n+1793n+1) + d(2n42, $n)] < 5 Ont1 + 50n < o1
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and thus

1
Qp41 = Max {Oém 5 [d($n+17 IL"n+1) + d(l’n+2, $n>:| }7

which is a contradiction. Hence we have

1
(2.8) >3 [d(xn+1,a:n+1) + d(xm,xn)]
for all n € N. Thus by (2.4) and (2.8), we have
(29) Qnt+1 < ﬁ(A(xn—i-hxn))an < ap

for all n € N and so {ay,} is a bounded below real decreasing sequence.
Thus there is a non-negative real number o with lim, . a;,, = .

Suppose that a > 0. Letting n — oo in (2.9), we get limy, 00 B(A(Zn41,%n)) =
1. Since g € ¥ and A(zp41,Tn) = Qn,

0= lim A(zpy1,2,) = lim o, = a,
n—oo n—oo
which is a contradiction. Thus o« = 0 and so

(2.10) lim d(xy,zp4+1) = 0.

n—oo

Now, we claim that {z,} is a Cauchy sequence in (X, d). Enough to
show that limy, ;00 d(Zm, 2r,) = 0. Suppose that limy, ;00 d(Ty,, Tr) #
0. Then there is an € > 0 and there are subsequences {Z, &)}, {Tn(k)}
of {zy,} such that m(k) > n(k) > k and

for all k& € N. Moreover, for any k& € N, we can choose m(k) in such
a way that it is smallest integer with m(k) > n(k) and satisfies (2.11).
Then

(2.12) ATy (k) =15 Tn(r)) < €

for all £ € N. By (2.10) and (2.13), we have

(2.14) i d(@m k), Tngr)) = €
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and
ATy (k)—15 T(k)—1)
< d(Tr(k)—15 Tmk)) + ATm(k), Tnk)) + ATk Tnky—1)
for all k € N. Letting k — oo in the last inequality, by (2.10), we get
2.1 li <e.
( 5) ki{go d('xm(k)—la xn(k)—l) > €

Since
ATy (k) Tn(k))
< d( Tk, Tm(k)=1) + ATmk)—15 Tngk)—1) + ATnk)—1, Tn(k))
for all k € N,

. < 1 .
(2 16) € > klggo d(xm(k)—la xn(k)—l)
By (2.15) and (2.16), we have
(2.17) kliﬁgo d(xm(k)fla mn(k)fl) =€
By (2.10) and (2.12), we have
€< d(xm(k)’xn(k ) ﬁ( ( Tm(k)— (k)—l))A(mm(k)—bxn(kz)—l)
< BA(Ty(k)—1) Tn(k)—1)) MmaX {d(ﬂ?m(k)—hxn(k)—1),d(fﬂm(k)—bwm(k)),

1
AZn(k), Tn(r)-1), 5T mE) 15 Tnr) + d(Zmar), fﬂn(k)—1)]}
< BA(T (k)= 1) Tn(k)—1)) Max {d(wm(k)qa%(k)q),d(éﬂm(k)qawm(k)),
1
AL k), Tn()-1)s 5 l€ + AZmr), Tngry) + d(@n(r), wn(k)q)]}
and by (2.14) and (2.17), we get
m B(A@m k) -1, Tn)-1)) = 1.

Hence limy,_, o A(mm(k)_l, Tp(ky—1) = 0 and so

lim d(zy, k) Tn(k)) =0

n—oo
which is a contradiction to (2.11). Thus
(2.18) lim d(zm,z,) =0
n,M—00

and so {z,} is a Cauchy sequence in (X,d). Since (X,d) is a complete
partial metric space, there is an v in X such that

nll)nolo d(zp,u) = d(u,u) = n,TlrlLIEoo d(ZTp, Tm)-
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By (2.18), we get
(2.19) lim d(z,,u) = d(u,u) = 0.

n—00

By Lemma 1.4 and (2.19), we have
(2.20) nh_}n;O d(xn, fu) =d(u, fu) =0
and by (pml) and (2.20),

d(u,u) = d(u, fu) = d(fu, fu).

Hence fu = w and thus u is a fixed point of f.
To prove the uniqueness of u, let v be another fixed point of f with
d(v,v) = 0. Then we have

d(u,v) = d(fu, fv) < B(A(u,v))A(u, v) = B(A(u, v))d(u, v).
Since 0 < B(A(u,v)) < 1, u =v. O

Using Theorem 2.1, we have the following corollary :

COROLLARY 2.2. Let (X,d) be a partial complete metric space and
f: X — X a mapping . Suppose that there is a 8 € ¥ with

d(f(z), f(y) < B(A(z,y))B(z,y)

for all x,y € X, where
B(z,y) = d(z,y), B(z,y) = max{d(z,y),d(z, fz),d(y, fy)},
or Bla,y) = ld(z, fy) +d(fz,y)]

Then f has a unique fixed point u € X.

In particular, if B = max{d(z,y),d(x, fz),d(y, fy)} in Corollary 2.2,
its result is Theorem 1.8.

EXAMPLE 2.3. Let X = [0,1] and define a pratial metric d : X X
X — [0,00) by d(x,y) = max{x,y}. Then (x,d) is a complete partial
metric space. Define a mapping f : X — X by f(x) = % and define a

3
mapping (3 : [0,00) — [0,1) by

10 — .
B(t) _ me t, if t > 0,
3 if t=0.

Then clearly, 8 € . Since d(f0, f1) = £ > £ = 5(d(0,1))d(0,1), (1.1)
in Theorem 1.7 does not satisfied.
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For any z,y € X with x > y and x > 0, A(x,y) = x and since

B(t) > 4L forallt € X,

10z

T > g =d(fz, fy).

Hence all conditions of Theorem 2.1 are satisfied and thus f has the
unique fixed point u € X with d(u,u) = 0.

1]
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