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ON STABILITY OF A GENERALIZED QUADRATIC

FUNCTIONAL EQUATION WITH n-VARIABLES AND

m-COMBINATIONS IN QUASI-β-NORMED SPACES
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Abstract. In this paper, we establish a general solution of the
following functional equation
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where m,n, t, it ∈ N such that 1 ≤ t ≤ m < n. Also, we study
Hyers-Ulam-Rassias stability for the generalized quadratic func-
tional equation with n-variables and m-combinations form in quasi-
β-normed spaces and then we investigate its application.

1. Introduction

The stability problem of functional equations concerning the stabil-
ity of group homomorphism was proposed by Ulam in 1940. In 1941,
Hyers [4] partially solved the stability of the linear functional equation
for the case when the groups are Banach spaces. Hyers’s theorem was
generalized by Aoki [2] for additive mapping and Rassias [10] for linear
mapping by considering unbounded Cauchy differences. During the last
two decades, a number of papers and research monographs have been
published on various generalizations and applications of the generalized
Hyers-Ulam stability to a number of functional equations and mappings
in various spaces[1, 2, 3, 8, 10, 12, 13].
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Let X and Y be vector spaces and let f : X → Y be a mapping. The
functional equation

(1.1) f(x+ y) + f(x− y) = 2f(x) + 2f(y)

is called the quadratic functional equation. Every solution of the equa-
tion (1.1) is said to be a quadratic mapping. The Hyers-Ulam stability
theorem for the quadratic functional equation was proved by Skof [14]
and Czerwik [3].

Before we present our results, we introduce some basic facts concern-
ing quasi-β-normed space. We fix a real number β with 0 < β ≤ 1 and
let K be either R or C. Let X be a linear space over a field K. A quasi-
β-norm ‖ · ‖ is a real-valued function on X satisfying the following:
(1) ‖x‖ ≥ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0;
(2) ‖λx‖ = |λ|β · ‖x‖ for all λ ∈ K and x ∈ X;
(3) there exists a constant K ≥ 1 such that ‖x+ y‖ ≤ K(‖x‖+ ‖y‖) for
all x, y ∈ X.

The pair (X, ‖ · ‖) is called a quasi-β-normed space if ‖ · ‖ is a quasi-
β-norm on X. In fact, a quasi-β-Banach space is a complete quasi-β-
normed space. A quasi-β-norm is called a (β, p)-norm (0 < p ≤ 1) if
‖x+ y‖p ≤ ‖x‖p + ‖y‖p for all x, y ∈ X.

In this case, a quasi-β-Banach space is called a (β, p)-Banach space.
In this paper, we will introduce a generalized quadratic functional equa-
tion with n-variable. The purpose of this paper, we establish a solution
of

(1.2)
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where m,n, t, it ∈ N such that 1 ≤ t ≤ m < n and 1 ≤ it < n. We

note that the order of i1, i2, · · · , im does not have to be the order of the
positive integers and i1, i2, · · · , im do not have to equal. Also, we study
Hyers-Ulam-Rassias stability for the generalized quadratic functional
equation with n-variables and m-combinations form in quasi-β-normed
spaces and its application.
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2. Main theorem

Throughout this section, X is a normed space and Y is a quasi-β-
Banach space. In this section, we will establish a general solution of
the equation (1.2) and then we will point out the Hyers-Ulam-Rassias
stability results controlled by approximately mappings for a quadratic
functional equation with n-variables and m-combinations form in quasi-
β-normed space.

Theorem 2.1. A mapping f : X → Y satisfies the functional equa-
tion (1.2) if and only if the mapping f satisfies the functional equation
(1.1).

Proof. Let f be a solution of the functional equation (1.2). Setting
x2 = x3 = · · · = xn−1 = 0 in (1.2), then we get

m [f(x1 + xn) + f(x1 − xn)] = 2m [f(x1) + f(xn)]

for all x1, xn ∈ X. Thus f satisfies (1.1).
Conversely, assume that the mapping f satisfies the functional equa-

tion (1.1). Then we have the following n− 1 equations ;

f(x1 + x2 + · · ·+ xn) + f(x1 + · · ·+ xn−1 − xn)

= 2 [f(x1 + · · ·+ xn−1) + f(xn)] ,

f(x1 + x2 + · · ·+ xn) + f(x1 + · · ·+ xn−2 − xn−1 − xn)

= 2 [f(x1 + · · ·+ xn−2) + f(xn−1 + xn)] ,

...

f(x1 + x2 + · · ·+ xn) + f(x1 − x2 − · · · − xn)

= 2 [f(x1) + f(x2 + · · ·+ xn)] .

for all x1, · · · , xn ∈ X. Summing up m of the above n− 1 equations, we
obtain the equation (1.2). This completes the proof of the theorem.

Now, we investigate the generalized Hyers-Ulam-Rassias stability prob-
lem for the functional equation (1.2). Define

Df(x1, · · · , xn) :=mf
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for all x1, · · · , xn ∈ X.

Theorem 2.2. Let ψ : Xn → [0,∞] be a function such that

(2.1) ψ̃(x1, · · · , xn) :=
∞∑
j=1

(
K

4β

)j
ψ
(
2j−1x1, · · · , 2j−1xn

)
<∞

for all x1, · · · , xn ∈ X and K ≥ 1. If f : X → Y is a mapping satisfying
f(0) = 0 such that

(2.2) ‖Df(x1, · · · , xn)‖ ≤ ψ(x1, · · · , xn)

for all x1, · · · , xn ∈ X, then there exists a unique generalized quadratic
mapping Q : X → Y satisfying the equation (1.2) such that

(2.3) ‖f(x)−Q(x)‖ ≤ 1

mβ
ψ̃(x, 0, · · · , 0, x)

for all x ∈ X.

Proof. Letting x1 = xn = x and x2 = x3 = · · · = xn−1 = 0 in (2.2)
and dividing by (4m)β, we have

(2.4)

∥∥∥∥f(x)− 1

4
f(2x)

∥∥∥∥ ≤ 1

(4m)β
ψ(x, 0, · · · , 0, x)

for all x ∈ X. Replacing x by 2x in (2.4) and then dividing by 4β, we
get ∥∥∥∥1

4
f(2x)− 1

42
f(22x)

∥∥∥∥ ≤ 1

(42m)β
ψ(2x, 0, · · · , 0, 2x)

for all x ∈ X. Adding (2.4) and the above inequality, we have∥∥∥∥f(x)− 1

42
f(22x)

∥∥∥∥
≤ K

(
1

(4m)β
ψ(x, 0, · · · , 0, x) +

1

(42m)β
ψ(2x, 0, · · · , 0, 2x)

)
for all x ∈ X. Continuing in this way, one can obtain that
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for all l ∈ N and all x ∈ X. Now, for k ∈ N, dividing the inequality (2.5)
by 4kβ and then substituting x by 2kx, we see that∥∥∥∥ 1

4k
f(2kx)− 1

4l+k
f(2l+kx)

∥∥∥∥
≤ 1

mβ

l∑
j=1

(
K

4β

)j+k
ψ(2j+k−1x, 0, · · · , 0, 2j+k−1x)

for all x ∈ X. Taking l → ∞ and k → ∞ in the previous inequality,
by (2.1) we conclude that

{
1
4l
f(2lx)

}
is a Cauchy sequence in Y for all

x ∈ X. Because of the completeness of Y , we can define a mapping
Q : X → Y by

Q(x) := lim
l→∞

1

4l
f(2lx)

for all x ∈ X. By (2.2) and (2.3), we obtain that

‖DQ(x1, · · · , xn)‖ = lim
l→∞

1

4l

∥∥∥Df(2lx1, · · · , 2lxn)
∥∥∥

≤ lim
l→∞

1

4l
ψ(2lx1, · · · , 2lxn) = 0

for all x1, · · · , xn ∈ X. Hence the mapping Q : X → Y satisfies (1.2).
Taking l→∞ in (2.5), we get the inequality (2.3). To prove the unique-
ness of the generalized quadratic mapping Q, we assume that there exists
another quadratic mapping Q′ : X → Y satisfying (2.3). We have

∥∥Q(x)−Q′(x)
∥∥ ≤ K (∥∥∥∥Q(2lx)

4l
− f(2lx)

4l

∥∥∥∥+

∥∥∥∥f(2lx)

4l
− Q′(2lx)

4l

∥∥∥∥)
≤ 2K

(4lm)β
ψ̃(2lx, 0, · · · , 0, 2lx)→ 0 as l→∞

for all x ∈ X. Therefore Q is unique.

Corollary 2.3. Let θ, p be real numbers such that θ ≥ 0 and 0 <
p < 2β − log2K. Suppose that a mapping f : X → Y satisfies

‖Df(x1, · · · , xn)‖ ≤ θ(‖x1‖p + · · ·+ ‖xn‖p)
for all x1, · · · , xn ∈ X. Then there exists a unique generalized quadratic
mapping Q : X → Y satisfying (2.1) such that
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‖f(x)−Q(x)‖ ≤ 2θK

mβ(4β − 2pK)
‖x‖p

for all x ∈ X.

Proof. Taking ψ(x1, · · · , xn) := θ(‖x1‖p + · · ·+ ‖xn‖p) and applying
Theorem 2.2, one can obtain the result.

Corollary 2.4. Let θ be real number such that θ > 0. Suppose
that a mapping f : X → Y satisfies

‖Df(x1, · · · , xn)‖ ≤ θ
for all x1, · · · , xn ∈ X. Then there exists a unique generalized quadratic
mapping Q : X → Y satisfying (2.1) such that

‖f(x)−Q(x)‖ ≤ θ

3mβ

for all x ∈ X.

Proof. Taking ψ(x1, · · · , xn) := θ and applying Theorem 2.2, one can
obtain the result.

3. Application

LetX be a normed linear space and R0 be a non-negative real number.
We define H : R0

n → R+ and ϕ0 : R0 → R+ such that

ϕ0(λ) > 0, for all λ > 0,

ϕ0(2) <
4β

K
ϕ0(2λ) ≤ ϕ0(2)ϕ0(λ), for all λ > 0,

H(λt1, · · · , λtn) ≤ ϕ0(λ)H(t1, · · · , tn), for all t1, · · · , tn ∈ R0, λ > 0.

We take in our theorem

ψ(x1, · · · , xn) = H(‖x1‖, · · · , ‖xn‖)
Then

ψ(2j−1x1, · · · , 2j−1xn) = H(2j−1‖x1‖, · · · , 2j−1‖xn‖)
≤ ϕ0(2

j−1)H(‖x1‖, · · · , ‖xn‖)

≤ (ϕ0(2))j−1H(‖x1‖, · · · , ‖xn‖),
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and because K
4β
ϕ0(2) < 1 we have

ψ̃(x1, · · · , xn) ≤
∞∑
j=1

(
K

4β

)j
(ϕ0(2))j−1H(‖x1‖, · · · , ‖xn‖)

=
K

4β − ϕ0(2)K
H(‖x1‖, · · · , ‖xn‖)

and the inequality (2.4) becomes

‖f(x)−Q(x)‖ ≤ 1

mβ
ψ̃(x, 0, · · · , 0, x)

≤ K

mβ(4β − ϕ0(2)K)
H(‖x‖, 0, · · · , 0, ‖x‖)

or

‖f(x)−Q(x)‖ ≤ K

mβ(4β − ϕ0(2)K)
ϕ0 (‖x‖)H(1, 0, · · · , 0, 1).
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