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Abstract

Seven techniques widely used in the geodetic transformations have been reviewed and compared to figure
out their theoretical characteristics. A series of numerical tests were performed about four data sets. This was
followed by result analyses in terms of transformation residuals and accuracies together with some hypothesis
testings based on the student-t distribution to confirm the statistical significance of the techniques. In the case
of the transformation between the geodetic frames implemented in the same system, no statistical significance
was revealed in the results of the 3D transformation techniques, even if the testing area becomes large as the
Asia-Oceania continent. Among the 2D transformations, it was possible for the NTv2 grid modeling technique
to deliver improved transformation accuracy. Finally, it was possible from the results analyzed in this study to
propose the Helmert transformation to geodetic control points and the NTv2 technique to the 2D spatial data
transformation of the geodetic systems.

Keywords : Geodetic Reference System, Geodetic Reference Frame, 3-dimensional Transformation,
2-dimensional Transformation
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A Adi9lr] #4712l sidshe SATIEAA
(geodetic reference system, ©|5} 7|&=AA)= 24 o
A, & 9 71 dA A, 293 Y e 22 &
A A o] ZH 07 Aot Aot} 7|EAIAE BE5Hol
B H5Agrder S93 RAGTEREADY SAFE
o HdlEE 248 dA AAl] T Ae SAEZ
% (geodetic reference frame, ©|5} 7|2 Y)olat ket
(Seeber, 2003).

AR U 71zl sidete TSR 5
2 ] Soll e RE, A6z MASAA= 19959 g
& VLBI #EHAFYE L2 3531 dlo]glof| 7]8ksf) ITRF2000
(International Terrestrial Reference Frame)-& $HIFEo]| L&
Sk Ao g2 11 U7 ATte] 71& A A (reference epoch)-S 2002
W19 1otk @ 7|EAA =Y ez A FHESAA
7128 W7} 91 V)20 BARE 2usa 29lE B
7} GNSS (Global Navigation Satellite System), <A A=
F 5 2 SHIE E8 At s 8 SAVIERY
A =S =Y 4= US8Ich oo Wl =7} GIS (Geographic
Information System) & 7|8} u}, AnfEES H]|ZE3H
GNSS & AbY] 243 5 d8 7ISA1Al= 1A 716t 7%
o] 2 e sigkent 7z e fA-e] B
W, 223l S E 28 FokE S uf E 7R EAK O]
SACTHNGIL, 2017). A WA= A A5 A(KDG2002: Korean
Geodetic Datum 2002) T=¢] o] & of 2| 2} 2HAYgE x| 2o $-
gufet 7|z ol vzl Fak-e AA-5] jEYskR] ZstaL Sl
© oL, F WA= Algko] Ao whet 2| 2tolE A o=
ITRFQ} A =7} Wolx|= A, mpA|eke & ITRFE} AlAS
A A Abo] gk WiRio] AlFE 2] oFob AAIRE A S S
(PPP: Precise Point Positioning) 7|& &-g&of AjoFo] w2t
= Zolek ol2fet FAIE At A ER| Y HAU-E 57
ZQUITRF 7¥Alo]| whet 917 Ak} Al & B 78AlsH= Al
2 71z =9 ks Aekch(NGII, 2019). 3
Fetol m= &8 7|EZ e dHAS B A
gk olue} 7lE x| Y o Hete ol 24l e ek
Ao 2 7| e A =2 ITRF7}F - wjnjct 7]
HEZ A 28 2E =Yt Hof ofz 7]z
Ao EASH= S ob7 I3tk whebA] Aol A1
FH-2E-S Pl 71E Al 7= Y Abe] Wk
7} Qs
Yun et al. (2004)2 3291 ECEF (Earth-Centered, and
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Earth-Fixed) Z}3£o] 7]9Fst Bursa-Wolf, Molodensky-
Badekas, Veis, Krakiwsky-Thomson, Affine &+ 7| o] &
e sk, 49 13} 1 el 07 7o 2 7]
#19) WEbA4 2 2550 807) Aol K ek S TS
8ygick ZF 759 tigt RMSE (Root Mean Square Error)
AI}E v A5to] Affine WS 7|HS 5745
A} AASAA Abe] Wgho] 7HE A&t Ao = A AR
t}. Song et al. (2007)-2 H3} 7]%H Bursa-Wolf, Molodensky-
Badekas, Veis¢} th52l|A o2 FHSAA A9 #xs
AAZAAC tig Ao ekl Age St of
NGII (2006)2] EDM (Electronic Distance Measurement)3}
GPS (Global Positioning System) 2443} % 125 2P
93581 354, 345 A 99174E A e = A
Hgh Hete S vjwskyleh 71 A A i wgk 71 Sl
4] Molodensky-Badekas7} $-2jifet A9S A8 gjito =z
o) 744 gttt AE-E =&t Hong er al. (2009)
FRSAANA AASAAZE] Ak v} AAHE A5
I olg Bl agF o] f-Agh e WekS AASHIch
Affine #2790 -8-/3& AF8aL vl b ol 7155
3emEz A|lRFYom #ghe] AHgt 354 S 105 + 16
EAT 1o 2 SEA Y R £33t 1/1,000 22| F
= A W3 F2ZAR R (Ver 1LO)(NGII, 2005a)0l| 4] F
3t kol Hlsl A& & ARt RS SR
th Jung and Kang (2014)= A2 5-5-2] 7|24 A] #gho] =
2 A4-5 143 2244 Conformal H2He] 58745 A|Alst
A} A1 Al AA7]EH, LAl SHA] A1 AT A
Az E T EAG 2 DA FAH Sl thet Mgk A3
Sl 2EAef WA MakE £AFCE 7]E A A
SAA Y} AAZAA Aro] WSS 913t 214 7194
EEFoU AR 71 o] Fet Aol QoA AIAISAA
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5 o2 B2 ML, AT /1SS 41K 229 H
3 HE0] Hgalis 53] AT Stk 771y A8 AT
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2. EX7|EAA Het

2.1, 3xHH et
ZIEAA M7 e O 8ol Bagt #3x0 Fejof w
e} ECEF®} 24240 7[Mshs 210 2 L83 % 9lek. 7
Z}ofl+= Helmert, Bursa-Wolf, Molodensky-Badekas ¥%k, &
A= Standard Molodensky H2F7|HHo| o %] o]t}
Helmert H$H-& ZF Blofo]| 4] U] AF&E| = A s ]
W S SR A ddols 3, 5 3 3, a2
A M= F 77 HEHAl 5 S48 Fig. 13 Zo] &= 4-474]
O] THAIE Yehdith T8e Y 25 3]7o] xoF y= 329

G U1 S e o 4 glon], ofo] w2 xo}y% 3
3 Wsks 2 %0) Yol 502 E THssiths 4 B9l 3

3T O
G Slk R AT A2 Aol Wae] o HEg
70 2 4 A ch(Kutoglu et al., 2002; Zinn, 2004; NGII,
2005b; Deakin, 2006). < 3] 7zFo] n]4gt 7-$- 3|
A AR st 4 9lo, oY Taste
Helmert ¥%+2 Bursa-Wolf ®&lo]2} Slch(Featherstone,
1997; Mahmoud, 2013).

T t}2 ECEF 3% 7|41 W7l Molodensky-Badekas
L Helmert} A5} Fig. 20] kbl 213t o] A% %74
2 913 TEAY 34U TAFY HEES 1 v 5
107]¢] Al &-8-5= 7o) Apololrt. IHE 53l =<l
o4 el 9 IAT A A& 3 EHEY HATA
LAl sl F=7d517] wimell WolsF} o]5 Ato] At
A& A = glem, ofof| whe} 2| ut A4 7] EA
A Afo] ¥Zlo|| Hr} 2 &s}ch(Featherstone, 1997; Kutoglu
et al., 2002; NGII, 2005b; Deakin, 2006).

Fﬂjl]— %XU%O]% 74]_/1\_ /\]-o] =0 AI—JJ-/H e} E/dx% [s=4 o]oﬂzﬂ

Fig. 2. Geometric
representation of
Molodensky-Badekas
transformation

Fig. 1. Geometric
representation of Helmert
transformation

b 2705t M| HE-2 ECEF #3975kl =

LAow
SAHTE T2 A Ao BrhHel R A

%

= aeisl o, Ao e e 22 g AL A
0|4 o= B 1Y-& 4=utgict. o] ef 22 A4
3+ w8l 7| A A S H3Fsla1 A} Standard Molodensky#}
L XS 7Ho] 7= 9ok (Evers and Kundsen, 2017).
ol T 7|EAIA 9] #sx5o] Basirt= 7Hol 71ukel &
=¥ wEEPAl Bq. (1) AHEELE 7o 8 Al Ea) o
I Qo] AAHER 3N, F 7IEEEAl Al Aol 2705
AL st SR FFE A7 g5 o] 7k it
Kol Zof f2(F)AAE T 4= glonh, A Fat HAEA 9]
A 7] Aro] ®Wig 5 Eq. (1) 5= Al9] 7Hd& RESsHA] &F
= A9 W3}l Al 7} sleksl = A eFo] glth(Deakin, 2004).
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height, a, f are semi-major axis, and flattening, p, v are
radius of curvature in the meridian and the prime vertical
plane, respectively. They are about the reference system that’s

going to be converted.

QA ket 339 A 477 AEe) 548
Table 10]] QoFgitt 713 utbd o 7 2% = Helmert ¥
#7482 ECEF 21329} 77 A4:0] ofs) #iho] ol 5o},
RAAFHR) 917 713 Aol Wighe] sick Aot 3%o]
S|A 7o AFe AL 3PP A 7EASE 4 Q)
11, ©]& Bursa-Wolf 7] 0|2} 3t} Molodensky-Badekas=
2Age] 339 TAFY HES F7h2 229 5 10749
A% Weks Saehs 1902, Aolz A7 718
A Ajo] witol o gk Ao % el sk Was 2
% 2] % s7ko] 388 nl4eki, FEHo] WAFHLR
85D 9l FEUSE AT A7 5431 Lok
= 7% ECEF #3t 7|4k ¥H&l7]HH] Helmert, Bursa-Wolf,
712]31 Molodensky-Badekas7} 0]22%] 0 2 Fslc}(Zinn,
2004). Standard Molodensky 3+ th2 3717 7|WHEx} &
®) X380 Fkshe Ao ol A%S Baw sh
A B wigto] Fh el T el AHgHgloL, % 7]
FA7le) o] AT A AHT N ATE 9L 5
ek, WE 5] ol 548 1Ak ulo] v, NGII
(2019)8] wetof whet 7|E 2| oS =Y T o 7] & Al 3
Kfo] ighol Helmert 71418 245} o] Ejeat ol
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Table 1. A summary of the 3 dimensional transformation schemes

Schemes Re.ference Parameters Remarks
coordinate types
Helmert 3 translations + 3 rotations Suitable between global systems or frames
Bursa-Wolf ECEF + 1 scale Helmert transformation with small rotation angle
X,Y,27)
Molodensky- XY, 7 helmert parameters .
Badekas +3 barycenter coordinates Suitable between global & local systems or frames
Molodensk Geodetic 3 translations + 2 differences of | Under the assumption of the axes of two reference
Y (¢, A\, h) reference ellipsoidal specifications systems are parallel
2.2. 2xHd tHet N,
2319 BN 7|EAA WBtol s ZA Ak Of% 3 A
Ak} A LA o3t BT /]S B8 4 s
a
O, A= Abridged Molodensky, ZA}= Conformali}
Affine ¥3lo| gjmAlo|t}. 2] ZA|H 0 2 F8Ao] o}z R
T QM= NTv2 H3He Qeka 0 2 7-9]w 230 7]uls}s 7| S»
oAt A mataze] ot Mghe 7155}k T ] E
Abridged Molodensky HZ7|H-E Aol e} LA A4 ad =
o] 4] ekokd T] 2319 ZX|HE, 2 A 9Eito 7 7)% 1

AAE HE}LA} Standard Molodensky H2F 4] Eq. (1)
Eq. ()} o] T@<=3}st o[tk of7]ofli= o]3} A](binomial
theorem)of] 2J3F R-G-A T} 2} QA - EHE th<es), =73 9] €
LA 37} 5 TG 9ol B3 - vl elekz 7o) w2 A
2o Rhog=|2lcH(Deakin, 2004).

—singcosA —singsin\ cos¢  fsin2¢  asin2¢ | [§x]
op p \ P \ P p p 5 @
S\ |= —sin — oS 0Z
oh VoS VCOSP 0 0 0 da

cospcosA  cosgsinh  sing —1+ fsin’p asin’p | LOf

Conformal¥} Affine W22 713 de] d&2 2219 7|
AA W27 & PR ol5o ol 3w = F A A
o] ¥A|+= Fig. 30]| Yehd A2t 2tk Conformal HEH-2 = =
O 3 Al 5,0 571 FYUS A= ) Hpof gk 71
oAl Affine 2 AE 17 2451 67} ek

HIAIAL HZo]c)(Paul and Charles, 2006). H3HA~ =741}
I Ag g HEe] AR 7 S48 79 Conformal
Wglo] Hsle L slelsl| Bt Affine W3S A2 T}
=2 Algro o8| Bt AAS dF vk 5= Itk (Andrei,
2006).
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Fig. 3. Geometric representation of conformal and affine
transformation

NTv2= 7iueh Sx] 5704 NAD277} NADS3 Afo]
MﬁéLgéﬂﬁoﬁTﬁX} #3L 7|#o]cHNRCAN, 2020).
B AR of] AT xS Q= B F 7IEA A o
ﬂJhiﬂﬂﬂzﬂ%;iﬁﬁgzi 3f Fig. 49} ZFo] Ax}2]
el it ks Ak o] ARF iR o] 1S

QIS Fig. 49] A4S Shriat R Eolq Bolis At 2
o) 74 27 42) 243 Aol s u+ 3he 20 el o

Joiete s e 4 L, 7—11 94 Yo whet
21thH(Garnero, 2013).
o] ket vle) 9 s, 50 5 B
& UetollA s 7S s 28 SolH, o7 GIS £
zEgol o] 71Ho] ofat 917 71 W )5 A}
(Autodesk, 2020; Cadcorp, 2020; ESRI, 2020). HFH, NTv2+=
22 Ao v 7|1 EAA] The 3 A3 2jolE ZEsle
of 5}7] wiizel] Alg=of] ofgk Bigke] ulsf tlolg ¢Fo] oLy,
ol Al HFE Adoe 1A o I ARES AR e
ohd Zo & oFaj#] ¢tk NGII (20052)%= 1/1,000 522 A F %
71EAA Wk Al A e By A8 F TAE A
A= A5} oLk NIV A4 0.2 o Ree whlsh
B2 gk RS St w2 ksl 4 ik
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Fig. 4. NTv2 grid and geometric representation of its
application

270g 221 ME7 I 280l D agh 2hE P, WA,
J2]al E4-S Table 20] A5tk Abridged Molodensky
WIRh A9Io] Z]vkel s BRI 7o 2 ol et 418
Lk Bl Bl A O B PSERUESEY
U= 79 Agof oj32-0] Qlt ¥hH Conformal ¥} Affine ¥

she. wuixmao] ofst Hulnal Moz, Ade vl
ZH0] AL WS SAHE 2709 24 A A wlA
A} wigtol, 21§ BIEO] £ TS Tefafof Sk NTv2

L AR A8 TESHE B4 7 s 2
ol Sf8) - Yot SRR 702 T g ol
91, BRARIE 055 of o] ko] ek el

B2 371e 7eIY 0o} o] 1 AR A
NTVE FHABE, AH 5 52240 FUAR 71244
WIEo] 2 §5He Aol ukeralg Solek

B3l AAISAA Atel, FB5AAL AIAISAIA Abel, 12
31 IGS (International GNSS Service) 7|22 Alo] ¥+
AL 23] o] 2 B3] U 7| ZAAS L8 7| F
zeflo) Abo] WBL A2 THE 71 ZAA) Ato] W e
o o H15I7} ool Alotlot 202 ol o 2+
74 A Ase] HolE BAskA Sgick Wetol: @
3l Fatejst Aol A Matlab 23 HES 7[HEO.= 2H4
5t Geodetic Transformation Toolbox(Wasmeier, 2018)5 &+

SROm, NTV2 ko] Bagt A4 Blolel2 A4 Sl
FEAo] AR Axo] 7F APo g Hrlsle AggE

A4 7} 74 48 ATHs ek 1ajo] e} RMSE
ofl A H|5FAIL, StudentT 74-& B3] 2 Avte] £
08 BT £ Aol BAEAe A5
3} S Bq. ()= Aekar, pmmele] e f.ol4
Z 5% AT Aggon), Eq @el s AxE
AgApo] AR 7S Holuhs 4% ARHIE 71230t
(Kim et al., 2009).

_&FE
o
_9.

ORY U 1 mlm o

Hy: The mean of thetrasnformation residuals of cach technigue is statistically cqual 3
H < The mena of the trans formation residuals of cach technique is not statistically equat (3)
> >
_ o ngtny, (n,—1) e sS4 (n,—1) « )
T= (a—b)/ . " @)
Ty, n, T

Where H, and H, are null and alternative hypothesis, 7" is
the test statistic of the Student-T, a, b are the mean of each

sample, n,, s; are the number of samples and their variance.

32, Znt W 2N

3.2.1. MASXIA Ato] #gh

e AR uele] fzg 71EAA =9 Bk AR A
< FAT AN EAAE 7I9ko 2 T A2 Tk 7|2

oMK 0|2 ERS AR 771K 7244 wek /e o Abel B Aol AR 23k M Es= Fig. 5ol vrebd A
ERS AR 07 H|m-EASIA} 4714] FE A ES 8 3} Zro] NGII (2017)2 58 53k 3671 914171%79] 2002
Table 2. A summary of the 2 dimensional transformation schemes

Schemes Re.f erence Parameters Remarks
coordinate types
Abridged Geodetic 3 translations + 2 differences of Under some assumption & simplification by
Molodensky (0, \) reference ellipsoidal specifications binomial theorem
Conformal Plane 2 translations + 1 rotation + 1 scale ) o
— ; Need to consider projection zone
Affine (N, E) 2 translations + 4 affine parameters
NTv2 Geodetic(¢, \) Coordinate differences between two Simple, effective transformation but heavy
or Plane(N, E) reference frames at every node of grid data

565



Journal of the Korean Society of Surveying, Geodesy, Photogrammetry and Cartography, Vol. 38, No. 6, 561-571, 2020
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Fig. 5. Layout of GNSS stations used in the
transformations between KGD2002 frames
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, ©li= GNSS Z9]9] 4=21gk st 7} = 3of vlsf| Rt
ARAlo] ko] Axkg Holck Helmert2} Molodensky-Badeka
W27 0] Hehies U AtEo] ARA o= o]5o] A}
o7t Gla& BRI 4= glom, 1 o= T 71 ze|Yel A
ATARI 71ZAIAE 7|8k 2 A7 ] w0 = wiekec)
Affine?} NTv2 $2H7]H 0] 74-9- 20039 52 thA|xlo] &Js)
g 2 yet X 2% 43 (Kim and Bae, 2012; Ha et al.,
2013) 50 = WS 7|24 Abo] el o] EtAdS vt
3t 5 glo] AL HREsL 2 A0 R R, 5
gk 2k 7ol whE AeHe Zfol= mm ol Eae Bk of

Uk 7Ha7 el w2t 7o) Wk At $AR0 2 5

= oox

Rl

U3 A0 2 e o5 B3l SUg 7IEAAIE g 7]
Q) Afo] FEA A 0 2 A FAECA o
718E Hgoteiehe $5a 20 wigk Yoke st rbs
2 o 4 lek
3
. 4 )
38N g ° ,
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[ ]
= o
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Fig. 6. Horizontal residuals of the Helmert transformation
without velocity vectors

Table 3. RMSE and hypothesis test statistics of the global frame transformations without velocity vectors

RMSE (cm) Test statistics Confidence
Schemes .
Horizontal Vertical Horizontal Vertical interval
Helmert 1.268 1.497 -
Moldensk-Badekas 1.268 1.497 0.000 0.000
Standard Moldensky 1.204 1.626 0.155 -0.059
Abridged Molodensky 1.204 0.155 -2.042
Conformal 1.267 0.003 2042
Affine 1.181 ) 0311 )
NTv2 1.216 -0.163
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SEMES Tefs) Al AAMS] Helmert WEk 457
F2 Fig. 70l AT5H91a1, 2} 7]%je] thet RMSESEH 574

J

otk
R
N

2% AT Table 40] UERRT), 45825} g} gohe
247+ 6.3mm, 9.4mm Yol SEHE 1]2g Algo] va)

E21oH, Figs. 6 and 79] H|WE E3A = o5 &olst
. ol=ZH 713 £ 1Ed] 200297} 2015 Alo]
Pyg ul 2Rl 2|2} o) Fof] mhE =& Fadf #EdS
7= A7 2o 2 AT Fig. 7oA A SOUL
7F o2 71230l vlal] iAo 2 2 AS FRls 4=
AL G AAR ] &l =4 ATt v
7] gl50 2 o)At} Table 40] 2=HH}eF HE w2 Abm K
ZAPHSE 7S 7R FARSEL Affine 7ol ATiA o & =
A9ENTV2= ol /g2t ge] 78 @2 2E & = Qlok §igh]
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Fig. 7. Horizontal residuals of the Helmert transformation
with velocity vectors
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Table 4. RMSE and hypothesis test statistics of the global frame transformations with velocity vectors

RMSE (cm) Test statistics Confidence
Schemes .
Horizontal Vertical Horizontal Vertical interval
Helmert 0.633 0.948 -
Moldensk-Badekas 0.633 0.948 0.000 0.000
Standard Moldensky 0.626 0.935 0.032 -0.031
Abridged Molodensky 0.626 0.032 -2.042
Conformal 0.633 0.002 2042
Affine 0.609 ' 0.197 '
NTv2 0.654 -0.420
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Fig. 10. Residuals of the conformal transformation in OO
city
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Fig. 11. Residuals of the NTv2 transformation in OO city

Table 5. RMSE and hypothesis test statistics of the geodetic system transformation in Daejeon

Test statistics
Schemes RMSE (cm) Cpnﬁdence
Conf Affn interval
Conformal 2.614 -
Affine 2.265 2.394 -
-1.970 ~ 1.970
NTv2 2.099 4.081 1.651

Table 6. RMSE and hypothesis test statistics of the geodetic system transformation tests in OO city

Schemes RMSE (cm) Test statistics Confidence interval
Conformal 11.271 -
Affine 11.142 1.057
-1.960 ~ 1.960
NTv2 4.796 52.913
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Fig. 12. Layout of GNSS stations in Asia-Oceania region
used in the IGS frame transformations
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Table 7. RMSE and hypothesis test statistics of the IGS frame transformations

Schemes RMSE (cm) Test statistics Confidence
Horizontal Vertical Horizontal Vertical interval
Helmert 0.502 0.566 -
Molodensky-Badekas 0.502 0.566 0.000 0.000 -1.980
Standard Molodensky 0.496 0.577 -0.086 0.330 ~
Abridged Molodensky 0.496 ] -0.086 - 1.980
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