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ON THE ORBITAL STABILITY OF INHOMOGENEOUS
NONLINEAR SCHRODINGER EQUATIONS WITH
SINGULAR POTENTIAL

YONGGEUN CHO AND MISUNG LEE

ABSTRACT. We show the existence of ground state and orbital stability
of standing waves of nonlinear Schrédinger equations with singular linear
potential and essentially mass-subcritical power type nonlinearity. For
this purpose we establish the existence of ground state in H'. We do
not assume symmetry or monotonicity. We also consider local and global
well-posedness of Strichartz solutions of energy-subcritical equations. We
improve the range of inhomogeneous coefficient in [5,12] slightly in 3
dimensions.

1. Introduction

In this paper we consider the following Cauchy problem:

(1.1) { i) — A = N(z,¢) in R,

’ ¥(0,2) = ¢o(z) in R™.
Heren >1,9¢:R*" - Cand N:R" x C — C.

To present our results let us set N(z,v) = V(z)y + g(x)|[p[P~1y (p > 1)
and describe assumptions:
(A1) V e C(R™\ {0},R) and for some constants A > 0 and a > 0,

V(@) < Az~
(A2) g € C(R™\ {0}, ]0,4+00)) and for some constants B > 0 and b > 0
g(x) < Blz|™" for all € R™\ {0}.

(A3) There exist By, R > 0 and by > b such that

g(x) > Bolz|™% if |2| > R, and lim g(x) = 0.
|z]—o0
The model of (1.1) can be a dilute Bose-Einstein condensate when interac-
tions of the condensate are considered to be inhomogeneous. For this see [2,18]
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and the references therein. Also it has been considered to study the laser guid-
ing in an axially nonuniform plasma channel. For this see [11,15,17]. If V' =0
and g = v|z| = for a fixed v € R\ {0}, then the equation has scaling invariant

2—b
structure. That is, the scaled function ux(t,x) = A" »=tu(5z, §) is also the

solution of (1.1). If p=1+ @, then the space scaling is L2-invariant. We
call the equation with this p mass-critical one. If p < 1 + @ (if >), then
we say that it is mass-sub (super) critical.

We define energy functional E by

1 1 1
Bw) = 5IVl3 — 5 [Vl do - — [ oot do

2 p+1

and also mass m by m(¢)) = [ |¢|> dz. By a standing wave of (1.1) we mean a
solution v (t, z) of the form e™?u for some w € R, where u is a solution of the
equation

(1.2) —Au —wu = V(x)u+ g(z)|ulP " u.

Many authors have studied the existence of w and (in)stability of standing
waves under suitable conditions on V, g. For instance see [4,8,10] and references
therein. For this purpose they showed that if (uy) is a minimizing sequence of
the problem

I, =inf{E(u):ues,}, S,={ueH' R"C):mu)=pn}

with a prescribed positive number g, then uy — u in H' up to a subsequence,
where u is a solution of (1.2) for some w. Here H' denotes the usual L?-
Sobolev space with the norm ||ullgr = |lullzz + ||Vul/z2. In this paper we
will also use the L"-Sobolev space H,}(l < r < 00) whose norm is defined by
lullgy = llullr + [ Vul|r

Now by following the definition of Cazenave-Lions, we set

O, ={ueS,:Eu) =1}

Our first result is the existence of ground states of case when p < 1 + M,

n
which is usually referred as mass-subcritical case.

Proposition 1.1. Letn > 1, 0 < b < by < min(n,2), 1 < p < min(3,1 +
%’2)_%)), and w < a < min(n,2). Suppose that V', and g satisfy
the assumptions (A1), and (A2) and (A3), respectively. Then O, is not
empty for any p > 0. If b =0, then we have the same conclusion for 0 < by <

min(n, 2).

For the proof we use the standard concentration-compactness argument of
[14]. The difficulty is coming from the competition between the singularities
of linear and nonlinear potentials. We find a room for singularity of linear
potential to settle it. For this the lower bound of a is necessary. The case b =0
seems new as far as we know. When by = b = 0, it would be interesting to
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show the existence of ground state by assuming lim;|_,o g(x) = By > 0. One
may try this issue with the argument of [1].

We say that O, is stable if it is not empty and satisfies that for any € > 0,
there exists a § > 0 such that if 1y € H' with

inf — s <0
Jnf o e <5,

then
i f t . s
ulenou [, -) — ulla: <e

for all t € [~Ty,Ty]. Here 1 is the unique solution to (1.1) in C([-T1,T]; H')
with m(¢(t)) = m(e) and E(¢(t)) = E(¢y) for all t € [T, T3]
Let us introduce our main result.

Theorem 1.2. Letn > 1, 0 < b < by < min(n,2), 1 < p < min(3,1 +
w), and Me=D+2 o min(n,2). Suppose that V satisfies
the assumption (A1) and g satisfy (A2) and (A3). Let ¢ be a solution in

(=T, To); HY) with m((t)) = m(vo) and B@(t) = Eo) for all t €
[T, T»]. Then O, is stable.

In [8,10] the authors studied the stability when p < 14 2(2 J)

when 1 + 2(2 b < p <1+ (2 b)( > 3). We only con51dered the stability
result because the approach of instability will be much different from the one
used in this paper. We will treat the instability issue in a different place.

We now consider the well-posedness of Strichartz solutions of (1.1). By
Duhamel’s formula, (1.1) is written as an integral equation

and instability

(1.3) u=U(t)po — z/o U(t —t')N(z,(t"))dt’

Here we define the linear propagator U (t) given by the linear problem i0;v = Av
with initial datum v(0) = f. It is formally given by

(1.4 UOf = (2 [ e fe) ag,

where f: F(f) denotes the Fourier transform of f and F~! the inverse Fourier
transform such that

FON = [ @) dn, F o)) = 2m) [ gl
The well-posedness can be shown by a classical argument of [3] based on the
functional analysis. But in this paper we use the standard contraction principle
via Strichartz estimates for future work about scattering and blowup.
If a pair (g, r) satisfies that 2 < ¢, < oo, %—l—% = 5,and (n,q,r) # (2,2, 00),
then it is said to be admissible. Let (q,r) and (¢,7) be any admissible pair.
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Then we have the following Strichartz estimates [13]
IU@®)ella—7,7;m) < Cllellez,
t
”/0 Ut - tl)th/”Lq(—T,T;LT) < CHFHL&'(—T,T;LF'),

where the constant C does not depend on T'.
To simplify our well-posedness result we define the following numbers

. 1if n=1,2

5 { oo if n=1,2, 43 3 i 3’ ’

b= 2(2-b) . an = 5 In=y,
1+5= ifn23 2 if n > 4.

Theorem 1.3. Letnz1,0§a<§,0§b<§andl<p<2b. Let us
assume that V,g € C*(R™\ {0}) satisfy the assumptions (A1) and (A2) and
that VV,Vg € L*(|z| > 1). Suppose that there exist positive constants A', B’
depending on n such that if n = 1, then for some 0 < a’, b’ < 1

d o d Y
V@ < A~ [g(@)| < Bllal ™, 0< |2 <1,
and if n > 2, then
[VV ()] < A'lz|7*7Y, |Vg(e)| < B'la[™"7Y, 0< | < 1.

Then for any o € H?' there exists maximal time interval I, = (=T,,T*)
for T, T* € (0,+00] such that there exist a unique v € C(I,; H') and ¢ €
Li(~Ty, To; HY) for any admissible pair (q,r) and for any [-Ty,T»] C L.
satisfying that m(Y(t)) = m(o) and E(P(t)) = E(g) for all t € R. If
p<1l+ 2(24’), then I, = R.

n

Guzmén [12] and Dinh [5] considered well-posedness in H! when V = 0 and
g = |z|7®. When n = 3 they could get the well-posedness for 0 < b < 1 and
l<p<2p,and 1 <b< % and p < g;—_?i’, respectively. We improve the range
of pup to 2, when 1 < b < % by dividing Vg in- and outside the unit ball.
The global well-posedness for mass-critical and mass-supercritical case will be
interesting. For the case V =0, see [6,7,9].

Our paper is organized as follows. In Section 2 we will prove the existence of
ground states by showing the compactness of the minimizing sequences of the
constrained variational problem. This is a key step to show the orbital stability
of standing waves. This goal is achieved in Theorem 1.2, which will be shown
in Section 3. In the last section, we will discuss the Strichartz solutions of the
Cauchy problem for a large class of nonlinearities.

2. Ground state

2.1. Proof of Proposition 1.1

fl<p<l+ 2229 and 0 < a < 2, then from Hardy-Sobolev’s, Gagliardo-

n
Nirenberg’s, and then Young’s inequalities it follows that for any u € S,, there
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exists a constant Cy > 0 such that

_1 2 ,l 2 ,L p+1
@1 B = Va5 [Vl de - oo [ gt ds

1 1
—|V 2—*14 —a 2d _7/ —b p-‘rld
IVt = 54 [ lalelul? e = - Z [l o

Y

1 —a
> SlIVullz: - 3 ~Ac, IIUH IVl
BCIW p+1—e=L+2b nlp=1)+2
el Va2
1
> 1 IVuli: = Colu® + "),
where 0(p) = (p+1 — ”(p}l)wb) . 4—n(p2—1)—2b' Thus I,, > —oo for all ;> 0.
Now we show that
(2.2) I, <0 forall pu>0.

In fact, for 0 < A < 1 letting ox(z) = AZp(A\z) for a nonnegative, rapidly
decreasing radial smooth function ¢ in S, we see that ¢y € S, and

1 1
B(e) = 5190l — 5 [V@erPdo - [a@)enyt o

1 1

< <[Vl "/v dr — —— 9(@)(02)"* d
5IVerllz: =5 [ Viz)(e 2)? PES (@)(px)
1 AC, —a a

< §>\2||V<p|\2,;2 + 5 ||<P,\H%z IVorllz-

Bo n(p+1)
- AT *"H’O/ || =" (p ()P d.
p+1 |z|>R

Since 0 < A < 1 and ¢ is smooth and rapidly decreasing, there exist constants
C1,Cy > 0 such that

n(p—1)+2bg

E(py) < A0y — A0 0y,

M if A\ is sufficiently

which is strictly negative from the condition a >
small.

On the other hand, one can easily show that I, is continuous on (0, 00). The
proof will be given in Section 2.2.

Using the continuity, we deduce that for each p > 0 and 6 > 1 there exist
e<—I,(1 —9_%1), and v € S, such that I, < E(v) < I,,+¢. Then it follows

from the definition of E and I, that

Ip, < E(VOv) < 0" E(v) < 0™ (I, +¢) < 01,
which implies that
(2.3) I, <I,+1,_, forall 0 <v<p.
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For the general situation we refer the readers to Lemma II. 1 of [14].

Let (uj) C S, be a minimizing sequence such that E(u;) — I,,. From (2.1)
we deduce that (u;) is bounded in H'. To show O, # @ we will use the
concentration-compactness (see [14]). Let the concentration function m; be
defined by

m;(r) = Sup/ luj(z)|? dz for r > 0.
yeER™ Jlz—y|<r
Set

v = lim liminfm;(r).
r—00 j—00

Then 0 < v < p and there exists a subsequence u; (still denoted by wu;)
satisfying the following properties (see [14] or [3]).

(1) If v =0, then ||u;| a — O as j — oo for all g with 2 < ¢ < 2%, 2* = 22
ifn>2and 2*=o00ifn=1,2.

(2) If v = p, then there exists a sequence (y;) C R™ and u € H' such that
for any ¢ with 2 < ¢ < 2*

u;j(-+vy;) >u as j— oo in LY

and given € > 0 there exist jo(¢) and r(¢) such that
/ luj|*dr > p— e, whenever j > jo(e).
le—y;[<r(e)
3) If 0 < v < p, then there exist (v;), (w;) C H' such that

supp v; N supp w; = J,

lim; oo m(v;) =v, limjom(w;)=p—v,
liminf; oo (IVuylZ2 = Vo [172 — [[Vw;72) >0
) lim;_o |lu; —v; —wjllpe =0, 2<g<2*%.

(
)
) [ojllr + llwillar < Cllugllae,
)
)

If v = 0, then using Hardy-Sobolev’s and Gagliardo-Nirenberg’s inequality
near the origin as in (2.1),

(2.9)
1 2 1 p+1
3 | V@uyl"de + —— P 9(@)|u; |77 da

< Ollusi72 |I|<1)||VUJHL2 + Ol ™l 2y

iz a1

1 np=D)+2b 1+2b )
+ C||u]||1£2 |x\<1) : ”VUJ'HLZ 2 + C||uj||1£p+1(|w\>1) — 0 as j — oo.

This implies I, = lim;_,oc E(u;) > % liminf |[Vu;||2, > 0 and contradicts (2.2).
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If 0 < v < p, then from the support condition (2.4) it follows that
E(u;) = E(vj) — E(w;)

1
= 5 (Vw22 = 1VuslIZ: = [Vw;72)
1 1
- §/V($)(|Uj\2—|”j +wj|2)dl"—m (@) (s [P —[vj +w;[P*) da
From (2.7), (2.8), and estimates in (2.9) we deduce that

tim inf(E(u) ~ (o) — E(w;)) > 0

and thus

I, = lim E(u;) > liminf E(v;) + liminf F(w;).
j—o00 j—o0 j—o00

Since m(vj) — v and m(w;) — p— v, by the continuity of I,, on (0, 00) we get
>0, + 1,0,
which contradicts (2.3).

Therefore v = p. Set w;j(x) = uj(x+y;). Then u,u; € S, and u; — w in LY
for all 2 < ¢ < 2*. On the other hand, (u;) is bounded in H'. Hence there is
a subsequence (still denoted by u;) converging to v weakly in H' and strongly
in L} for any 1 < ¢ < 2*. If (y;) are unbounded, then up to subsequence we
may assume that |y;| — oco. Since u; — win L?, uj —u(-—y;) — 0 in the sense
of distributions. But u(- — y;) — 0 and u; — v in the sense of distributions
and thus v = 0.

Now for any € > 0 we can find Ry, jo > 1 such that if j > jp, then

/ IV ()|(juy[? + |v]?) dz < CRy® < =,
|2|>Ro 4

/‘ V(@) (fus] + [o]) g — o] dz
|z|<Ro

— 9
< Ol 23 gy oy M1 + ol el = Vlzaqorcre) < 5

where % < g < 2*, and also such that

(1) Case: b>0

/ 9(@)(jus [+ ol o < CRy® < <,
|z[>Ro 4

/ 9(@)(|ug[” + |v|P)|u; — v] dz
|z|<Ro

< Oal ™1, o meno ] + [ol1Bs ;= vl 2ot <n
1
<% for M<q<2*.

4 n—>ob
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(2) Case: b=0and |y;| < R;

/ g(@)(jug [P+ + [oP+) d
{lz—y;|>Ro}n{|z|>Ro}

< C’/ | [P+ d:chC’/ lo|PT! da < 5,
{l|>Ro} {lo>Ro} 4

/ g(@)(ju P + o) u; — v de
{lz—y;|<Ro}U{|z|<Ro}

< Cllfuy] + ol

I3
L oar Ity = VllLa(zi<rot Ry) < g for2s pq’ < 2%

(3) Case: b=0 and (y;) are unbounded

/ @) (a4 o) dr < © e < .
{|e—y;|>Ro}n{|z|>Ro} {|o|>Ro} 4

/ (@) fusl? + o) u; = vl do
{lz—y;[<Ro}U{|z|<Ro}

< / (x)]u; |p+1 dx +C |uj|p+1 dx
{lz— UJ|<R0} {lz|<Ro}
/ g(z+y;)|u; —u\p“dﬂchC/ gz +y;)|uPTde + cct
{|2|<Ro} {l2|<Ro} 8 4

due to the fact u; — u in L? and g(z + y;) — 0.

Set P(w) := E(w) — %||Vwl||?2. Then P(u;) — P(v) as j — co. Suppose
that (y;) is unbounded. Then v = 0 and hence P(u;) — 0 as j — oco. This
implies that I, = limj o F(u;) > 0, which contradicts (2.2). Thus (y;) is
bounded. Now let Ry = sup;~; |y;|. Then for any & > 0 we have

/ wlde> [ juPdezp-e it i,
|z|<R1+r(e) lz—y;|<r(e)

and thus

m(v) > / |v[*dz > lim lu;|* de > p—e.
|z|<Ri+7(e) I J]z|<Ry+7(e)

This means m(v) > p, while the semi-continuity of weak limit implies m(v) < p.
Then v € S,,. Since P(u;) — P(v), we have

1
(2.10) I, < E(v) < liminf §|\Vuj||iz + P(v) = liminf(E(u;)) = I,,.
Therefore E(v) = I,,. This completes the proof of Proposition 1.1.

2.2. Proof of continuity of I,

For any p > 0 let us take sequences y; € (0,00) and u; € S, such that
pj — pand I, < E(uj) < I, + % From (2.1) it follows that H’LL]HHI <M
for some constant M > 0. Then ||u; — —u]||H1 < M1 — £ and hence

Hj
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there exists jo such that [ju; — Fu;| 2 < M for j > jo. On the other hand,
E e CYHYR),E' € C(H',H™ ') and for any v,h € H!

(E'(v),h) = (Vv,Vh) — (Vv, h) — Re(g|v|P"tv, h).

Thus for any v € H! with ||v|| g1 < 2M we have from Hardy-Sobolev inequality
that

(2.11)
[(E'(v), )]
J __b
< M||h||r + Alllz| =20l g2l ~*/* R 2 + Bll|z|~ 7T 0]} i [l 2] 75 b o
p(l_n<§71)1+2b) p(n(2p71?l+2b) 1_17,(571)?217 71.(571)14»217
< CM|Allgs + ol 7 IVl " bl 2T ([ VR]Y

< C(M + CMP)||h|| g

and therefore || E' (v)| g-: < C(M+ MP). Using this and Mean Value Theorem
we get

Bu) - B )] < Ot M |1 -
122 122

if j > jo. This implies that [, <liminf;_, E(#L?u]) < liminf;_, o0 I,

Now we choose a sequence (v;) C S, such that E(v;) — I,. By (2.1) we
deduce that there exists K > 0 such that |lvj]|g < K. Thus from (2.11) it
follows that

Ty < B(ULuy) < [B(SL0g) = B(uy)] + Bleg) < O + KK 2]+ B().
This implies that limsup;_, . I;,; < I,,. This concludes the proof.

3. Proof of Theorem 1.2

The proof proceeds by contradiction. Suppose that O, is not stable, then
either O,, is empty or there exist w € O, and a sequence ¥} € H ! such that

4 — wllz — 0 as j — oo
but
(3.1) nt (e, — ol > =
for some sequence t; € [—T1, 7] and eo, where Y9 (t,+) is the solution of (1.1)

corresponding to the initial data 1. Let w; = ¢7(¢;,-). Since w € S, and
E(w) = I,,, it follows from the continuity of L? norm and E in H' that

[43]72 = p and E() — L.
Thus we deduce from the conservation laws that

lwjll7e = 05117 = 1y E(w;) = B(W]) = L.
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Therefore (w;) has a subsequence converging to an element v € H' such that
[v'||2. = p and E(v) = I,,. This shows that v’ € O, but

Jnf (97015, = vl < g =o',

which contradicts (3.1). Since O, is not empty, to show the orbital stability of
O,, one has to prove that any sequence (w;) C H* with

(3.2) ||w]||2L2 — p and E(w;) = I,

is relatively compact in H'. Let p; = ||w;||3. and u; = %w] Then u; € S,

and since I, is finite for all © € (0,00) and p < 1+ @, by the arguments
in the proof of Proposition 1.1 we may assume that (u;) is bounded in H' and
also verify from all argument around (2.10) that by passing to a subsequence
there exists v € H' such that

(3.3) uj = v in H' and lim ||Vu,|/z2 = | Vvl 2.
J—00

This implies w; — v in H' and thus the relative compactness.

4. Well-posedness

In this section we prove Theorem 1.3. Let us first consider the local well-
posednss on [T, T]. Let (X}, dx) be a metric space with metric dy defined
by

Xp= {0 € C(-T, T HY) 0 LRHY < Wl s oy, < ),

dx (¥, ¥') = [lv — 'l/)/HLL}OHlﬂL?FOLTO’

where L, denotes L([—T,T]) and (qo,70) is an admissible pair, which will be
chosen later. Then X7 is clearly complete metric space. We define a mapping
® on X7 by

t
(41) )0 = Ut —i [ Ut~ t)NC0))0) e
0
We have from Strichartz estimates with admissible pairs (g;,7;), 4 =0,1,...,8
that
8
(12) 1808) iz < Ol + SN,

=1
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where
Ny = IV VO g
A@:nvvw|%yhlq,
— gl @ VO
N7 =||Vgly|?

Ny = ||V(1/”VQ/J)HLqTéLTé(thl)7
Ny = vaw“LqTﬁLTi(lwbl
No = llglg P~ (v, Vo) L5 L (> 1)
Ns = IV

)7
5 (J|<1)’

I q7LT7 (|lz|<1)’

)

Here we used the notation ||(f, F)||z- = || fllo- + |F|lz- for F = (f1,-.., fa)-
Let v =1o0rp Sets, =1ifn =1, 1<s,,<m1n(ll)1fn_2 and

Sy = m if n > 3. We proceed by dividing the sum Zi:l'/\[i into two
parts: linear part (i = 1,2,3,4) and nonlinear part (i = 5,6,7,8).

4.1. Linear part

Here we set (qo,70) = (4%, 83%11) and take (¢;,7;) = (qo,70) for i = 1,3 and

(gisri) = (00,2) for i = 2,4. Let ¢ € X%.. Then we have that for n = 1,2
Ny +Ne + Ny < C(T % ||V, 1 (2l <) ¥l g0 2 + TV [z (2> 1) 91| L 1n
+TIVV 2o a> 0 19l Lo 22)
<C(T+ T177)||w||L°°H1r‘|Lq0H1 <C(T+T" " w)p.

If n > 3, then we choose n+27i2a < r <19 = 2" and let (q,r) be the corre-
sponding admissible pair. Then we get

N+ No+ No < O ||z __oue [

LrnF2)=2m (|z]<1)
+ TVl Lo (a>n) 19l Lge mr + TIVV Lo (2> 1) |9l L5 £2)
< CO@+T )l g nrsom < CT+T ).
To treat N3 we need to restrict the range of a. If n = 1, then
Ny < CT|||2]™ | 2 (g <y |¥l] s Lo < CTEp.

If n = 2, then since s1 < % forn =2

1_7
Ns <CT" o |||~ 1H 19l 20 o

T (= |<1)

< CTITHwHLmHg <CT'  %ip,

If n = 3, then since a < 3 , we can choose 7 such that ;=- < r < oo (and
hence 6T(Taj1)) to get
No < CTH ol ™7 ey o W0 22 S CT= 0 g, < CT .

L57‘75(‘$|§1) L 5 Lr
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If n = 4, then we choose 3 < r < min(2, %H) and get
N3 < T |27 g s
S [,3s—4
<OTF Wl e, <criE,
If n > 5, then we choose § < 7 < min(Z,n) (hence 7 : mﬁ;ﬁ < 22 to

get

nr—n+4r

Nz <CT 7 ||| pr(aj<ny |2~

gW%me;<w%wn
L;_’"H

v

Therefore any 1) € X/ we obtain that for some 6 > 0

(4.3) S N <C(T+T)p.

=1

4.2. Nonlinear part

Now we move onto N;,i = 5,6,8. Let (qo,r0) = (4‘i 23_”1) ifn=1,2 and

n ’sp
(2,2*) if n > 3. Since g < Blz|™® with 0 < b < min(2,n) and p < 2,. For
i =5,6,8 we take (g5,75) = (q0,70), and (¢e, 76) = (¢s,7s) = (00,2) forn = 1,2

and (i((’;tll)),p—&— 1) for n > 3. If n =1, then

Ns + N+ Ng < C(T* + T)(lgllLov zi<1y + 11095 9 Lo (1))
(||¢||LooH1 1Yl za 1, + ‘Iw||i;6H%6)
< O(T? +T)p”

If % (this is possible because 0 < b < 1
and s, < 1). Let r = p—l Then we get
N+ No + Ny < C(T" 30 41" ) lgll T 19, V)l o (ja1>1))

155("

X (1 o + 11 2 Lot 10, 2)||¢IIL;OH¢O)
< C(T" % +T' )P

If n > 3, then let us invoke s, = and choose a small € with p4£2* <

2
n+2—(?1—2)p
2. Let % = "T:f +e¢ and (g, r) be corresponding admissible pair. Then we have

en en

N <CT= g|
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As for i = 6,8 let (¢,7) = (i((fill)) ,p+1). Then ¢ > 2 and we have that
_2 _2
Ne +Ng < C(Tl )[l(g, V9)||L<>c(|x|>1)(||7/’||L°°L' WJ”L" Hl) <cTt qu
Let us now consider N7. We take (q7,77) = (qo,70). If n =1, then we get
Nr < CT3 ||l ™ [l qui<n 19155 oo < CT2p7

If n = 2, then we choose s, > 1 and very close to 1. For a small ¢ > 0 so that

sp(b+
%Efp) < 1 we get that

Ny <CT' %

[y 1 PP
= (lal<1) LFL

< OT " ||y|P -1,
= w0 [[¢p[| 0 g < CT" 70 "

If n = 3, then we divide the range of p into two parts, (i) 1 < p < 2 and (ii)
2 <p < 2, =5—2b. For both cases we need the condition b < %

Case (i): We take a small ¢ > 0 with % < 3. Then we get

Nr < CT |27

2-p
I\IIwH’Z%HL% < CT 19l s
T T

L5 (2| <1)
<or H||¢HH1||¢||H1|| 4
T
<crst lelLooHlHl/Jlle H}

SC’TT

Case (ii): We take a small € > 0 with % < 3 (hence p+ ¢ < 2;). Then
wegetfor%:%—%

Nr < Cflla|=*71| 1 e P [ 4 %

L7vs||<1>

< CllIYl5 IWIIHl IIz/JIIHl 2.
< OT%pP.

If n > 4, then we choose ¢ with % < n. We have from Hardy-
Sobolev’s inequality that

N < an%nLW T T Py oo
< clvie; Srollz
< CT

< CTI%Epp.



1614 Y. CHO AND M. LEE

Therefore we can find §’ > 0 such that
8

(4.4) SN <@+

=5

Taking p, T such that p > 2C||[¢o|| g1 and 2C(2T +T% +T7)pP < p, from (4.3)
and (4.4) we deduce that @ is self-mapping on X7..

4.3. Contraction
By direct calculation we have that for p > 2
[V ([ulPtu) = V([o[P )] < C(lulP~ + [v]P~2)(IVu| + Vo] )Ju — o]
+ C([ufP™ + oY) | Vu — Vo,
and for 1 <p <2
IV ([uP~ ) = V([P o)) < C(julP~! + [P ™) [ Vu = Vo
+ C(|Vu| + |Vo|)|u — vP~L.

Applying the above estimates of self-mapping one can easily obtain the con-
traction

(4.5) d(®(u),®(v)) < —d(u,v),

DN =

provided T is a little smaller than one of self-mapping. This shows the local
well-posedness of (1.1). One can also show the conservation laws by the argu-
ment for Strichartz solutions of [16] or classical argument of [3]. The global
well-posedness follows easily from the conservations and (2.1), which give us
uniform bound of ||V|| 2. We omit the detail.
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