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COCYCLIC MORPHISM SETS DEPENDING ON A
MORPHISM IN THE CATEGORY OF PAIRS

JIYEAN KiM AND KEE YOUNG LEE

ABSTRACT. In this paper, we apply the notion of cocyclic maps to the
category of pairs proposed by Hilton and obtain more general concepts.
We discuss the concept of cocyclic morphisms with respect to a morphism
and find that it is a dual concept of cyclic morphisms with respect to a
morphism and a generalization of the notion of cocyclic morphisms with
respect to a map. Moreover, we investigate its basic properties including
the preservation of cocyclic properties by morphisms and find conditions
for which the set of all homotopy classes of cocyclic morphisms with
respect to a morphism will have a group structure.

1. Introduction

Given a topological space X, Gottlieb [1,2] introduced and studied the eval-
uation subgroups G, (X) of the homotopy groups m,(X) using the concept of
cyclic homotopies. The author investigated the relationship between the eval-
uation subgroups and Euler characteristic, universal bundle, and cohomology
groups, etc. Varadarajan [9] extended the concept of cyclic homotopies to that
of cyclic maps and introduced the concept of cocyclic maps as a dual concept.
Furthermore, the author called the sets of cyclic and cocyclic maps Gottlieb
and dual Gottlieb sets, respectively, and studied their properties based on the
Whitehead product, Puppe sequence, and Eckmann—Hilton duality [3]. Woo
and Kim [10] introduced the generalized Gottlieb groups G, (X, A) for a topo-
logical pair (X, A), while Woo and Lee [11] introduced the relative Gottlieb
groups GE¢(X, A) for a topological pair (X, A) and G-sequence. It is well-
known that G-sequences are not always exact except under certain conditions
[6,8,12]. Furthermore, Lee and Woo [5,6] also introduced the concepts of cyclic
morphism, cocyclic morphism, and dual G-sequence in the category of pairs.
As in the case of G-sequences, the dual G-sequences are not always exact ex-
cept under certain conditions. In [4], Lee and Kim introduced a more general
concept of cyclic morphisms with respect to a map and studied their properties.

Received January 5, 2019; Revised April 24, 2019; Accepted May 10, 2019.
2010 Mathematics Subject Classification. Primary 55Q05; Secondary 55P30.
Key words and phrases. cocyclic map, cocyclic morphism, category of pairs.
This work was supported by a Korea University Grant.

(©2019 Korean Mathematical Society



1590 J. KIM AND K. Y. LEE

The category of pairs proposed by Hilton [3] is a category in which the
objects are maps (A, x) — (B, *) and a map from « : A1 — Ay to 8: By — Bo
is a pair of maps (f1, f2) such that the diagram

Ay —= Ay

N

BlﬁBg

is commutative, that is, 8f1 = faa. We shall call the maps in this category
morphisms to distinguish them from the maps between spaces. Two morphisms
(f1,12),(91,92) : @« — B are said to be homotopic if there exists a morphism
(Hy,Hs) : ax 17 — 8 such that Hy and Hy are homotopies between f; and ¢,
and between f> and go, respectively, where 1; is the identity map on the unit
interval.

The set II(«, ) is the set of all homotopy classes of morphisms from « to
B in the category of pairs. In particular, IT,(«, 8) = II(X"«, ) is a group if
n > 1 and abelian if n > 2, where X"« : ¥" A1 — 3™ A5 is the n-fold suspension
map. Moreover, if o = i, : ¥" 1A — CX" 14 is the natural inclusion, then
(c, B) is denoted by II,,(4, 8). Also, if 3 is an inclusion and A = S°, then
we obtain ordinary relative homotopy groups. Furthermore, if § : x — B,
I, (A, B) =11,,(A, B) and if 3 : B — x*, then 11, (A, 8) = I1,,_1 (4, B).

In this paper, we extend the concept of cocyclic morphisms to that of co-
cyclic morphisms with respect to a morphism in the category of pairs and
investigate its homotopy properties. Furthermore, we discuss the set of all ho-
motopy classes of cocyclic morphisms with respect to a morphism referred to
as the cocyclic morphism set depending on a morphism. The set of cocyclic
morphisms from « to S depending the morphism (hy, hy) from « to itself is
denoted by DG"1:"2)(q, §) (Definition 3.3). We investigate whether a cocyclic
morphism set depending on a morphism is homotopy invariant or has a group
structure. The proof of our main results (Corollary 3.6 and Theorem 3.8) has
been presented in Section 3.

Corollary 3.6. DG"1:"2) (o, B) is two-sided homotopy invariant.

Theorem 3.8. Let o : Ay — As be an object and 8 : By — By be an H-
group object. If (hi,ha) : @« = « is a homotopy equivalent morphism, then
DGh2) (o, B) is a subgroup of T(a, ).

Throughout this paper, all spaces are pointed, connected and have the ho-
motopy type of a CW-complex. Moreover, all maps and homotopies preserve
the base points, and we use the same notation for a map f: X — Y and its
homotopy class in [X,Y].

2. Definitions and notations

In this section, we explain several concepts mentioned in Section 1.
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A map f: A — X issaid to be cyclic [9] if there exists amap H : AxX — X
such that the diagram

AxXx -2 . x

1o
Avx L xvx

is commutative, where j is the inclusion map and V is the folding map.

We denote the set of all homotopy classes of cyclic maps from A to X
by G(A, X) (see [9]), that is, G(A, X) = {[f] € II(A,X)| f is a cyclic map},
equivalently, G(A4,X) = w.(II(4,X"Y)), where w : X*¥ — X is the eval-
uation map. In particular, G(X"A, X) is denoted by G, (A,X). Clearly,
wi (I, (A, X¥)) = Gn(A,X). The subgroup G, (A, X) is a generalization of
G(A, X) and the Gottlieb group G,(X). In fact, Go(A,X) = G(A, X) and
Gn(S% X) =G (X).

A map f: X — A is said to be cocyclic [7] if there exists a map ¢ : X —
X V A such that the following diagram is homotopy commutative:

XXXLJ;XXA

S

X— 2. xva,

where j is the inclusion map and A is the folding map.

Such a map ¢ is called a coassociated map of f. The set of all homotopy
classes of cocyclic maps from X to A is denoted by DG(X, A) (see [7]), that
is, DG(X,A) = {[f] € II(X, A) | f is a cocyclic map}.

Let o : Ay — As, B: By = By, and v : X — Y be the objects and let
(h1,h2) : v — 8 be a morphism in the category of pairs. A map (f1, f2) : o« —
is called a cyclic morphism with respect to (hy,ha) [4] if there exists a map
(Hl,Hg) TaxXy — ﬁ such that (H17H2)|a = (fl,fg) and (Hl,HQ)‘fY = (hl,hg).

In this case, (Hy, Ha) is called an affiliated morphism of (f1, f2) with respect
to (hi, he). Moreover, if (hq, he) : 8 — [ is the identity morphism, then (f1, f2)
is called a cyclic morphism.

The subset G(":"2)(a, B) of TI(a, ) is defined as the set of homotopy classes
of cyclic morphisms with respect to (hy,ha) : v — 5 (see [4]). That is,

G2 (o, B)={[f1, fo] € I(a, B)|(f1, f2) is a cyclic morphism w.r.t (hy, ho)}.

3. Cocyclic morphism with respect to a morphism

In this section, we introduce and discuss the concept of cocyclic morphisms
with respect to a morphism in the category of a pair, which is a dual concept of
cyclic morphisms with respect to a morphism as discussed in [4]. We begin by
introducing the definition of a cocyclic morphism with respect to a morphism.
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Let a: Ay — Ay and 8 : By — Bs be objects in the category of pairs and
let (hi,hs) : @ = a be a morphism.

Definition 3.1. A morphism (fi, f2) : @ — B is said to be cocyclic with
respect to (hy, hs) if there exists a morphism (u1,u2) : @ — aV 8 such that
(J1,J2) © (p1, p2) : @ = a X « is homotopic to ((h1 X f1) o Aq, (he X f2) 0 Ay),
where (A1, Ag) is the diagonal morphism and (j1,72) : @« V 8 — a x (3 is the
inclusion morphism.

Al X A1 ha Xy Al X Bl

A —" A vB

axXa al ia\/ﬁ axf

Ay — 2 Ay v By

haX f2

AQXA2 AQXB2

In this case, (u1, p2) is called a coaffiliated morphism of (f1, f2) with respect
to (hi,ha). If (hi,ha) = (ida,,ida,), then a cocyclic morphism (f, f2) with
respect to (h1, ha) is called a cocyclic morphism.

Lemma 3.1. If (f1, f2) : @« — B is a cocyclic morphism, then (fi1, f2) is a
cocyclic morphism with respect to any morphism (h1, ha) : @ — .

Proof. Let (u1, 12) be a coaffiliated morphism of (f1, f2). Then, ((hy Vidp,) o
t1, (heVidp, )opus) is a coaffiliated morphism of (f1, fo) with respect to (hy, ha).
In fact,

(J1,d2) o ((h1 Vidp,) o pu1, (ha Vidp,) o p2)
= (j1o(h1 Vidp,)op1,j2 0 (he Vidp,) o pi2)
= ((h1 xidp,) 0 j1 0 p1, (he X idp,) © j2 © 12
>~ ((h1 x idp, )(ida, x f1) o Ay, (he X idp,)(ida, X f2) 0 Asg)
= (h1 X f1,ha X f3) o (A, As). 0

Remark. Suppose that (ci,¢2) : @ — « is the constant morphism, that is,
ci: Ay = A; is given by ¢;(a) = * for i = 1,2, and u; : A; = A; V B; is defined
by wi(z) = (x, fi(x)) for i = 1,2. Then, (u1,u2) : @ = a V 3 is a coaffiliated
morphism of (f1, f2) : @« — 8 with respect to (c1,cz). This implies that every
morphism (f1, f2) : @« — B is cocyclic with respect to the constant morphism

(01,62).
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Definition 3.2. A map a: A; — A is said to be a co-H -object with respect
to a morphism (hi,hs) : @ — «a if there exists a morphism (u1, p2) : @ = aVa
such that (j1,72) o (g1, p2) : @ = a X « is homotopic to ((h1,id 4, ), (he,id4,)).

If (h1,hs) is the identity morphism (ida,,ida,), then a co-H-object with
respect to (h1, ha) is a co-H-object.

Example 1. Every object o : A; — As is a co-H-object with respect to the
constant morphism (¢1,¢2) : @ = «a. Let y; : A; = A; V A; be the inclusion
pi(a) = (x,a) for ¢ = 1,2. Then, j; o p;(a) = ji(*,a) = (*,a) = (c;,1d 4, )(a) for
i=1,2.

Example 2. If « is a co-H-object, then it is a co-H-object with respect to
any morphism (h1,hs) : @« — «a. Let a be a co-H-object and (hi,h2) : @ = «
be a morphism. Then, there exists a morphism (g1, p2) : @« = @ V a such that
(J1,72) o (11, t2) : @ = a X a is homotopic to (A1, As), where (j1,72) : aVa —
a X «a is the inclusion and (A1, As) : @ = a X « is the diagonal morphism.
Define fi; = (h; Vida,) o p; for i = 1,2. Then, (j1,j2) o (71, H2) : @ = a X a is
homotopic to ((h1,id 4, ), (he,id4,)).

Example 3. Let (A1, 1) and (As, o) be co-H-spaces and o : A1 — As be a
map. If (p1, p2) : @« = aV a is a morphism, then « is a co-H-object. Hence, «
is a co-H-object with respect to any morphism (hy, hs) : @ — «.

Suppose « is a co-H-object with respect to a morphism (hy,hs) : @ — «.
Then every morphism (f1, f2) : @ — [ is cocyclic with respect to (hi, hs
Moreover, if (u1, p2) : @« = oV «a is a co-H-structure with respect to (hq, ho
then ((1V f1)ou1,(1V f2) o pus) is a coaffiliated morphism of (fy, fa).

).
)

)

Lemma 3.2. For a given morphism (hi,hs) : a = «, if (f1,f2):a— B isa
cocyclic morphism with respect to (hy, ha) and (01,02) : 8 — ~ is an arbitrary
morphism, then (61,02) o (f1, f2) : a — v is a cocyclic morphism with respect
to (hl, hz)

Proof. Let a : A1 — As, f: By — Bs, and v : (7 — C5 be objects. Since
(f1,f2) : @« = B is a cocyclic morphism with respect to (hy, ha), then there
exists a coaffiliated morphism (p1,p2) : @ = a V B with respect to (hq, ha).
Consequently, (1V 01,1V €)oo (u1,p2) : @ = aVy is an affiliated morphism of
(01,92) o (fl, fz) In fact,

(J1:J2) o (1 V61,1V ) 0 (1, p2) = (1 x 61,1 x 02) o (ji1,52) © (1, p2)
~ (1 X 91,1 X 92)([’),1 X f1,h2 X fg)

= (h1 X 01f1,h2 X 02 f3),
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and we have the following homotopy commutative diagram:
h 1x0
A1XA1 S A1X31*>X 3 A1><C’1
k J1 Ji
1vo
A — 4 vB -4 v G
axXo ai aVvp aVy
A2 WAQ\/BQ WAQ\/CQ

A ) ,
J2 J2

A2 XAQ hrax fa A2 XBQTQZ)AQ XCQ

O

From the definition of a cocyclic morphism with respect to a morphism,
we can say that if (f1, fo) is homotopic to (g1,¢92) and (f1, f2) is a cocyclic
morphism with respect to (hy, hz2), then (g1,¢2) is a cocyclic morphism with
respect to (hy, ha).

Definition 3.3. The subset DG("1:"2)(a, B) of TI(a, B) is defined as the set of
all elements of II(«a, 8), which is a cocyclic morphism with respect to (hy, he).
That is,

DG (a, )
= {[f1, f2] € U(e, B)|(f1, f2) is a cocyclic morphism w.r.t. (hy, h2)}.

DG2) (o, B) is called the cocyclic morphism set from a to 3 depending on
the morphism (h, ha).

From Lemma 3.1 and the remark above, we have that
DG(a, §) = DG4 1442 (o, ) C DG (a, B)
C DG (a, B) = TI(a, B).

The following result gives a characterization of a co-H-object with respect
to a morphism in terms of the cocyclicity of a morphism with respect to the
morphism.

Proposition 3.3. Let a : Ay — Ay be an object and (h1,h2) : & = « be a
morphism. Then, the following are equivalent:
(a) a is a co-H-object with respect to (hy, hs);
(b) 1o = (ida,, ida,) : @ = « is a cocyclic morphism with respect to (hy, hsa);
(c) DG™M2) (@, B) = Ti(a, B).

Proof. (a) < (b). This follows immediately from the definitions of the co-
H-object with respect to (hy, hs) and the cocyclic morphism with respect to

(h1, ha).
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(b) = (). Let [f1,fa] € T(a,B). As (fi,f2) = (f1,[2) o (ida,,ida,),
(f1, f2) is a cocyclic morphism with respect to (hy, he) by Lemma 3.2. Thus,
[f1, f2] € DGh1:h2) (o) B).

(c) = (b). By the hypothesis, (ida,,ids,) € (o, a) = DGP2(a, q).
Thus, (ida,,id4,) is a cocyclic morphism with respect to (hq, hs). O

It has been observed that if (01,62) : 8 — 7 is a homotopy equivalence, then
(61,02)s : (e, B) — (v, ) is a one-to-one correspondence.

Let o : Ay — Ay, 8 : By — By and v : C; — C3 be objects and let
(h1,h2) : @« — « be a morphism. Then, we have the following lemma.

Lemma 3.4. If (01,02) : B — 7 is a homotopy equivalence, then (01,02). maps
DG"2) (o B) onto DGM2) (q, ).

Proof. The proof follows immediately from Lemma 3.2. In fact, if (87", 605") is
the homotopy inverse of (01,65), then

(674,651 (DG" ") (o, 7)) € DG (a0, ). O

Note that if (g1,92) : 7 — « is a homotopy equivalence, then (g1,¢92)* :
(v, 8) — II(n, B) is a one-to-one correspondence.

Lemma 3.5. Let (g1,92) : 1 — « be a homotopy equivalence. Then (g1,92)*
maps DG"1:"2)(, B) onto DG(9f1h191’951h292)(n, B). Moreover, (g7, 95")*
maps DG(gflhlglag{lhzgz)(mﬁ) onto DG2) (, B).

Proof. Let [f1, f2] € DG":"2)(a, B). Then, there exists a coaffiliated map
(,LL’/LQ) ta—aV 6 That iS, ]7.,“41 ~ (hl X fz)Au where .]z : Al \ Bl — Al X Bz
is the inclusion and A; : A; — A; x A; is the diagonal map for i = 1,2. Define
7 = (g7 vidp,)uig: for i = 1,2, where (g;*, g5 ") is the inverse morphism
of (g1,92). Then, (fi1,fiz) is a coaffiliated map (f1g1, f2g2) with respect to
(g7 ' h1g1. 95 ' hago).

1.
g1Xg1 h1X f1 g1 Xidp,

Cl ><C1*>A1 XA1 *>A1 XB1H01 XBl

Al Al jl ]

g7 tvid
4 7 Aq - A1V By 145101 V By

n a aVvp nvg
Cy Aq AoV By ——= (C5 V By
g2 2 g2_1\/id32
AP Ag J2 J2
CQXCQHAQXAQHAQXBQHC2XB2
92X g2 ha X f2 g5 " xidp,
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Therefore, (g1, g2)*[f1, 2] = [f11, faga] € DG1 To1:92"h292) (1 ) Similanly,
if [y, ko] € DG(91 Ihigrgz "hage) ( B) | then

(91", 93 ") [ky, ka] = [k1gy ' kagy ']
e DG o e 03 ) T ey ha0202 ) (o, B) = DG (a1, B).

It follows that (g1,g2)* maps DG"1:12) (o, B) onto DG(91 hi91.95  heg2) (y 3).
Similarly, (g7 ", g5 *)* maps DG(-‘?flhlghQ{lhzgz)(n’ﬂ) onto DGM:h2) (o, B).
This completes the proof of the lemma. O

From Lemmas 3.4 and 3.5, we have the following corollary.
Corollary 3.6. DG"'2)(«, B) is two-sided homotopy invariant.

Definition 3.4 (Lee and Woo [6]). We say that « : A; — Ay is an H-object
if there exists a morphism (mq,ms) : @ X a — « such that (my,ms) o (j1,752) :
aV a — « is homotopic to (V1,Vs), where (j1,j2) : @ Va — a X « is the
inclusion map and V; : A; V A; — A; is the folding map for ¢ = 1, 2.

Here, we recall a well-known fact.

Fact. For any space X, let ex : X — QXX be the usual map given by
ex(z)(s) = (x,s). If @« : X — Y is an object, then (ex,ey) : a = QX is a
morphism. In fact,

ey (a(x))(s) = (a(z), s) = Talz, s5) = Talex (z)(s)) = (a0 ex(2))(s).

In particular, if X is an H-space, then there exists a map sx : QXX — X such
that sx o ex ~ 1x. Moreover, (sx,sy) : 2Xa — « is a morphism if « is an
H-object.

Lemma 3.7. Let a: A1 — As be an object, 5 : By — By be an H-object, and
(h1,h2) : @« = « be a morphism. Then, (f1, f2) : o = B is a cocyclic morphism
with respect to (hy, hs) if and only if (ep,,eB,) o (f1, f2) is a cocyclic morphism
with respect to (hy, ha).

Proof. The “only if” part follows from Lemma 3.2.

Let (eB,,en,)°(f1, f2) be a cocyclic morphism with respect to (hq, ha) with
respect to (h1,hs) and (sp,,sp,) be the morphism mentioned above. From
Lemma 3.2, (sp,,5B,) o (eB;,€B,) o (f1, f2) is a cocyclic morphism with respect
to (h1,h2). Since (sp,,sp,) © (€, €p,) © (f1, f2) = (f1, f2), (f1, f2) is cocyclic
with respect to (hy, ha). O

Now, we discuss the group structure of DG("1:72)(a, B). Let a : A; — A
and : By — By be objects. Then, the set II(a, 8) has a group structure if
is an H-group object. Let (mq, ma) be an H-structure with inverse structure
(v1,v2). I [f1, f2], [91, 92] € (v, B), then [f1, fo]+([g1, go] is defined by [mq (f1 x
g1)A1, ma(fa X g2)As], where (A1, Ag) : & — a X « is the diagonal morphism.
Moreover, [f1, f2] 1 is given by [v1 f1, v2fo]. In [6], it was shown that DG(a, )
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is a subgroup of (a, ) if 8 is an H-group object. Therefore, if 8 is an H-
group object, then DG("1:72)(q, B) is a subgroup of II(«, 8) provided (hy, hy) =
(1a,,14,) or (h1,ha) = (c1,c2), where (14,,14,) : @ — « is the identity
morphism and (c¢1,¢2) : @ — « is the constant morphism. This follows from
the fact that DG(141:142)(q, ) = DG(a, B) and DG¢2) (v, B) = (e, B).

These facts naturally raise the following questions. If 3 is an H-group object,
does DG":12) (@, B) have a group structure for any morphism (hy, ha) : a — a?
If not, is there any morphism (hy, hs) different from the identity and con-
stant morphisms mentioned above, such that DG("1:72)(q, B) is a subgroup of
II(r, 8)? Theorem 3.8 below provides an affirmative answer to the last ques-
tion.

Theorem 3.8. Let a : A1 — Ay be an object and § : By — Bs be an H-
group object. If (hi,ha) : @ = « is a homotopy equivalent morphism, then
DG"Mh2) (, B) is a subgroup of T(a, ).

Proof. Let (mq1,m2) be the H-structure and (v1,v2) be the inverse structure
on 3. Then, the inverse of [f1, f2] in the group II(«, 3) is the homotopy class
of [Vlfla VQfQ]. ACCOI‘dng to Lemma 327 (Vlfl,ljgfg) = (I/l,VQ) ] (fl,fg) is a
cocyclic morphism with respect to (hy, he) if (f1, f2) is cocyclic with respect to
(h1, h). Thus, DG1:"2)(q, B) is closed under the inverse structure.

Next, we show that DG("1:72)(a, B) is closed under the additive operation.
Let [f1, f2], [g1, 92] € DG":72)(a, B). Then, we have two affiliated morphisms
(¢1,02) : @ = aV B and (¢1,92) : @ = aV B such that jo1 ~ (k1 X f1)A,
Joo ~ (h1 X fa)A, ji1 ~ (h1 X g1)A and jipa =~ (ha X g2)A. Let g : (A V
By) V By — Ay V (By, x By) be the inclusion for k = 1,2. Define A; = (14, V
my)i1(¢rhy PV 1, )1 and Ay = (1a, Vma)ia(dohy ' V1p,)1a, where (hyt, hyt)
is the inverse morphism of (hy, hs). Then, we have jA; ~ (hy X (f1 +¢1))A and
jAa = (ha x (f2 4 g2))A. This conclusion follows from the following diagram:

(Ak V Bk) V By LG ApV (Bk X Bk)I% AV By,

dxhy 'Vip
JjVv1 J J
hi< fr)Ah vl
Ay v BT e

k*>( kXBk)\/Bk*i>Ak><(BkXBk)l%AkXBk

> P

AkHAkXBkH AkXBk)XBk
(hexgr)A (hk;xfk)AhklxlBk

for k = 1,2, where the two triangular diagrams on the left are commutative up
to homotopy and the other diagrams are commutative. Furthermore, since

(] \ lBk) 0 (¢kh1§1 v 1Bk) :j(zskhlzl Vi, ~ (hk x fk)Ahlzl Vg,

we have jA\p ~ (1a, x my) o ((hx x fr)Ahy' x 15, = (14, x mg) o ((hy x
F) AR g x ge) A = (1a, < mg) (hie X fi) A X gi) A = (hy, X me(fr X gi)) A =
(hie X (fie + gi))A for i =1,2.
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Hence, to show that (A1, \2) is an affiliated map of [f1 + g1, fo + g2] with
respect to (hi, hs), it is sufficient to show that (A1, A2) is a morphism from «
to a Vv 3. In fact,

Ay oo =[(1a, Vma)ia(dahy' V1p, )] oa
= (La, Vma)ia(d2hy 'V 1g,)(aV B
( in(pahs 'V By
( i2((aV B)grhi ' V By
= (La, Vma)ia((aV B) V B) o (d1h "V 15,1
= (1a, Vma)(aV (B x B)) oir(grhy 'V 1p, )1
(
(
(
(

I
[
.
N
<
3
DN
— ~— ~— ~—

= (aVma(B x B))ir(¢1hy "V 1p,)ih
= (aV Bm)ir(d1hy "V 1p, )
=(aVp)(la, V m1)i1(¢1hf1 Vg, )Yn

Thus, [f1+91, fa4g2] € DGP172) (o, B), so that DG"1:72) (o, B) is closed under
the operation of addition. Hence, DG("1:"2)(q, §) is a subgroup of TI(a, 3).
This completes the proof. O

Definition 3.5. A morphism (hi, hs) : @ — « is called a structural morphism
if DG"1:72) (v, B) is a subgroup, where 8 : By — By is an H-object.

Example 4. Let o : Ay — A be an object and § : By — By be an H-
object. Then, the identity morphism (14,,14,) and the constant morphism
(ca1, ca,) are structural morphisms. Furthermore, by Theorem 3.8, a homotopy
equivalent morphism (hi, he) : @ = « is a structural morphism.

Let EX and QX be the path and loop space of a space X, respectively.
Then, the map p : EQX — QX given by p(a) = «(0) is an H-group. Let
h:QFEX — EQX be a homeomorphism given by h(a)(s)(t) = a(t)(s). Define
p: EQX x EQX — EQX by hy/(h~! xh™1), where yi/ is the H-group structure
of QFEX. Then, p is an H-group structure of FQX. In fact, the following
diagram is commutative:

h=tvh~!
EQX V EQX OQOFEX VOQEX

EOX x EQX “2"0EX « QBEX

| &

QFEX

/
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Moreover, the inverse structure of EQ2X is given by hvh~!, where v is the
inverse structure of QFEX. Thus, to show that p is an H-structure object, it is
sufficient to show that the following diagram is commutative:

EQX x EQX Y~ EOX

QXXQXTQX

where p1 and pso are the H-group structures of EQX and QX respectively.
From the definition of pq and pue, it is easy to show that po uy = ps o (p X p).
Moreover, pvi()(t) = vp(a)(t), where v : QX — QX is the inverse structure.

Corollary 3.9. Let a : Ay — As be an object and p : EQX — QX be the
H-structure. Then, DG":"2) (q, p) is a subgroup of Tl(cv, p) if (h1,he) : a —
18 a structural morphism.

In general, the map p,, : EQ"'X — Q"~1X is an H-group object. Thus,
DG"M-h2) (o p,) s a subgroup of M(«,p,) = I, (a, X) for a structural mor-
phism (hy, ha) : @ — a. Denote DG"1:72) (o, p,, ) by DGg“’hz)(a,X) forn > 1.

Theorem 3.10. Let (f1, f2) : @« — B be a morphism. Then f1 is a cocyclic
map with respect to hy with ¢1 as an affiliated map and fo is a cocyclic map
with respect to ho with ¢ as an affiliated map. If o is a cofibration and pocx
is homotopic to (o V B)¢1, then there exists a coaffiliated map ¢’ with respect
to ho such that (¢1, %) is a morphism from « to oV B such that (f1, f2) is a
cocyclic morphism with respect to (hy, ha).

Proof. Let a@ : Ay — As and 8 : By — By be objects. According to the
hypothesis, the following diagram commutes up to homotopy:

h
Al x Aq Hlel Al x By
A J
é1

A1 4>A1 \/Bl

« aVvp

A2 7142 \/32
2

A J

A2 X AQ 4)142 X BQ
ha X fa

Since ¢oax ~ (a0 V )¢y, there exists a homotopy H : Ay x I — Ay V Bs such
that H|a,x1 = (aV B)¢1. Since « is a cofibration, there exists a homotopy
H': Ay xI — AyV By such that H' (ax 1;) = H. Define ¢4, = H'|s,x1. Then,
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we

have
dho = H'|a,x100= H'(a x 1) 4, x1 = H|a,x1 = (@ V B) 1.

Thus, (¢1,¢5) is a morphism from « to a VvV §. However, ¢o ~ ¢) by the
homotopy H. Therefore, (¢1,¢5) is a coaffiliated morphism of (f1, fo) with

res

(1]
2]
3]

[4]

[5]

6]
7
8]
9]

[10]

[11]

(12]

pect to (hy, ha). O
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