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A MULTIPLE RECURRENCE THEOREM FOR COUNTABLE
DIRECTED PARTIAL SEMIGROUP ACTIONS

TIAOYING ZENG

ABSTRACT. We show a multiple recurrence theorem for topological
dynamical systems with countable directed partial semigroup actions,
which generalizes the well-know IP-version of multiple recurrence the-
orem proved by Furstenberg and Weiss.

1. Introduction

Recurrence is one of the central topics in the study of topological dynamics.
A classical result by Birkhoff states that if T is a continuous map from a
compact metric space X to itself, then there exist + € X and an increasing
sequence {ny}72, of positive integers such that limy_,o, 7™z = z.

In the seminal paper [5], Furstenberg and Weiss showed that the well-known
van der Waerden theorem is equivalent to the multiple recurrence theorem in
topological dynamics. They also proved the following IP-version of multiple
recurrence theorem (see Theorem 8.19 of [4] for this version).

Theorem 1.1. Let {S{}, {S$}, ..., {S§'} be £ IP-systems of maps of a com-
pact metric space X, all contained in a commutative group of homeomorphisms
of X. Then there exist a point x € X and a homomorphism ¢: F — F such
that

SHYy s i=1,2,.. . L

Recently, the authors in [1] studied topological dynamical systems indexed
by directed partial semigroups. Examples of directed partial semigroup actions
are IP-systems in [5] and dynamics systems indexed by words in [2]. Under
some conditions, the authors in [1] obtained the following multiple recurrence
theorem for directed partial semigroup actions.

Theorem 1.2. Let (A, <,x*) be a directed partial semigroup and B a suitable
cotdeal basis for (A, =<,x*) with the (D)-property. Let X be a compact metric
space and G an abelian subgroup of homeomorphisms of X. Assume that £ > 1
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and {T} }xen are A-systems on G fori=1,... L. If the systems {T}}ren and
{(TM) " }aen are equicontinuous, then for every B € B, there exist A € B with
A C B and x € X such that

limTi)‘x:x, i=1,...,L.

A€A

It should be noticed that Theorem 1.2 requires equicontinuity of the action,

which is a strong condition. The main idea of this paper is to prove the following
reasonable multiple recurrence theorem for directed partial semigroup actions.
We do not require the condition of equicontinuity, but the convergence that we
obtain is slightly weaker.

Theorem 1.3. Let (A, <,*) be a directed partial semigroup and B a suitable
cotdeal basis for (A, =<,x*) with the (D)-property. Let X be a compact metric
space and G an abelian subgroup of homeomorphisms of X. Assume that £ > 1
and {T? }xen are A-systems in G fori=1,..., L. Then for every B € B, there
exist t € X and a sequence {\,}°2, in B tending to infinity, such that

lim TZ-’\"‘Q::QS, i=1,...,L.
n—oo

The organization of this paper is as follows. In Section 2, we introduce
some notions and results which will be used later. In Section 3, after some
preparation we prove the main result Theorem 1.3.

2. Preliminaries

Let N denote the set of all positive integers.

2.1. Directed set and coideal basis

Definition 2.1. Let A be a non-empty countable set and < a relation on A.
If the relation < satisfies the following conditions:
(1) For every AL, Ag € A with A\ < A2, A1 ?é Aa.
(2) For every Al7 )\2, A3 € A with A1 < XAy and Ao < )\3, A1 < As.
(3) For every A1, A2 € A, there exists A3 € A such that \y < A3 and
Ao < As.
Then we say that (A, <) is a directed set.

Remark 2.2. The definition of directed partial semigroup in this paper requires
the set A is a non-empty countable set, while the one in reference [1] only
requires the set A is a non-empty infinite set.

Definition 2.3. Let (A, <) be a directed set. A collection B of subsets of A is
a coideal basis on (A, <) if it satisfies the following conditions:
(1) For every A € B and A\ € A there exists A2 € A such that \; < Aa.
(2) For every A € B and A = A; U A, there exists B € B such that either
B C A1 or B C A2.
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Let B be a coideal basis on (A, <). It is clear that for every A € B, (4, <) is
also a directed set.

Definition 2.4. Let (A, <) be a directed set. If a sequence {\,}22; in A
satisfies the following two conditions:

(1) Ay < Apt1, ¥neN.

(2) for every A € A, there exists n € N such that A < \,,.

Then we say that the sequence {\,}2; tends to infinity, denoted by A, — oo
as n — 0o.

Definition 2.5. Let X be a non-empty set and (A, <) be a directed set. We
say that a sequence {z)}rea in X indexed by A is a A-sequence.

Lemma 2.6. Let (A, <) be a directed set and B be a coideal basis on (A, <).
Let X be a compact metric space and {x)}rea be a A-sequence in X. Then for
every B € B, there exist a point x € X and a sequence {\,}5°; in B tending
to infinity such that lim,_,. xx, = .

Proof. Fix a B € B. Let d be a compatible metric on X. For every z € X and
e > 0, we set Uz, 5) ={y € X : d(z,y) < e}. Since X is compact, we have
that X = (J", U(x}, 3) for some z1,...,2}, € X.
Let B; = B. Then By = |J[X, C;, where C; = {\ € By : zy € U(zl, 3).
i

As B is a coideal basis, there exist By € B with Bo C By and 1 < i3 <
my such that Bs C C;, and consequently {z) : A € BQ} C Uz}, %). We
continue analogously Since X is compact, there exist x2,... ,xfm € X such

that Uz} ,3) € Uiy U(22, 1), and consequently there exist Bs € B with
B3 C Ay and 1 < iy < 'mg such that {x\ : A € Bs} CU(x} ,3) NU(z2, ]).

Inductwely7 we construct a sequence {By}52 with B,, € B and By O By D

, and also a sequence {U (z7 , 5)}52 such that
{zx: A€ By} C m Uz, &) for every n € N.
j=1

As X is compact, without loss of generality, assume that 2! — z¢ € X as
n — oco. As A is countable, let {a1,aq, ..., an, i1, .. be an enumeration
of A. Since B is a coideal basis on (A, <) and B,, € B for each n € N, then we
can choose a sequence {\,}22 ; inductively such that X,, € By, A, < An41 and
apn < Apgq for all n € N. Then {),}22; tends to infinity and lim, . ), =
Zo- O

Definition 2.7 ([1]). Let (A, <) be a directed set and B be a coideal basis on
(A, <). We say that B has the (D)-property if for every sequence {A,}5 ; in
B with A, D A, 11, there exists A € BB such that for every n € N, there exists
kyn € N satisfying

max{k € N: I\;,..., \p € A\ A, with \; < X < < N} < Ep.
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Definition 2.8. Assume that X is a topological space and {x)}rca is a A-
sequence in X. For x € X, if for any neighborhood V of x there exists A\g =
Ao(V') € A such that x) € X for every A € A with A\g < A, then we say that the
A-sequence {x\}ren converges to x, or x is the limit point of the A-sequence
{zx}xren, which is denoted by limyecp x5 = z. It is clear that if X is HausdorfT,
then the limit of any A-sequence is unique.

The following result is Theorem 2.10 in [1].

Theorem 2.9. Let (A, <) be a directed set and B be a coideal basis on (A, <)
with the (D)-property. Assume that X is a compact metric space and {x)}rea
is a A-sequence in X. Then for every B € B there exists A € B with A C B
such that {xx}rca is convergent in X.

Remark 2.10. It should be noticed that if {xx}rca converges to = as an A-
sequence then there exists a sequence {A,}22; in A tending to infinity, such
that lim,_,oo 5, = x. So the conclusion of Theorem 2.9 is stronger than the
one of Lemma 2.6, but in Lemma 2.6, we do not require the coideal basis to
have the (D)-property.

2.2. G-system

Definition 2.11. Let X be a compact metric space. Denote

End(X)={T: X — X | T is continuous} and
Aut(X) ={T: X — X | T is a homeomorphsim}.

End(X) and Aut(X) are semigroups under the composition operator of maps.

Let (G, -) be a countable semigroup. If there exists a semigroup homomor-
phism ¢: G — End(X), then we say that (X,G) is a G-system. In fact, we
also identify the element ¢ € G and its images ¢(g) € End(X), that is, g is
regarded as a continuous self-map on X.

Definition 2.12. Let (X,G) is a G-system and Y C X. If for every g € G,
g9(Y) C Y, then we say that Y is G-invariant. If there is no non-empty proper
closed G-invariant subset of X, then we say that (X, G) is minimal.

The following three lemmas are well-known result for G-systems, we refer
the reader to Section 1.4 of [4].

Lemma 2.13. For every G-system (X,QG), there exists a non-empty closed
G-invariant subset Y of X such that (Y, G) is minimal.

Lemma 2.14. Let (X,G) be a G-system. The following statements are equiv-
alent:

(1) (X,G) is minimal.
(2) For each x € X, the set {gx : g € G} is dense in X.



A MULTIPLE RECURRENCE THEOREM 1581

(3) For every open subset U of X, there exist finitely many elements g1,.. .,
gn € G such that

CJ gi_lU = X.
i=1

Lemma 2.15. If a G-system (X, G) is minimal, then for every ¢ > 0 there
exists a finite subset Go of G such that for any x,y € X there exists g € Gy
with d(gz,y) < e.

2.3. Directed partial semigroup and its action

Definition 2.16 ([1]). Let (A, <) be a directed set. If an operator * on A
satisfies the following conditions: for every Aj, Ao, A3 € A with A\; < Ay < Ag,
one has A1 < Ag % Az, A1 * Ao < Az and (A1 * A2) * A3 = A1 * (A2 * \3), then we
say that (A, <, %) is a directed partial semigroup.

Let B be a coideal basis on (A, <). If for every B € B and A1, Ay € B with
A1 < A9, A1 * Ay € B, then we called that B is suitable.

Example 2.17. Let n € N. For x = (z1,z9,...,z,) andy = (y1,Y2,.--,Yn) €
N™, if maxj<i<n, ®; < minj<;<p y;, then we say that x < y. We define an
operator + on N" as x +y = (21 + y1,2%2 + Y2, . ., Tn + Yn). Then (N < +)
is a directed partial semigroup. Let

B = {B = {bhbg,...,bk,...} C N": by < bk+1,Vk S N}

Then B is a coideal basis with the (D)-property for (N, <,+), but it is not
suitable.

Example 2.18. Let F be the collection of all finite non-empty subsets of N.
For o, € F, if maxa < min 3, then we say that « < 5. Then (F, <,U) is a
directed partial semigroup.

For a sequence {a,,}22 in F, we set

FU({an}2,) = {U w:fBe ]-'}.
i€p
By the well-known Hindman theorem (see [6]), it is not hard to see that the
collection
B={FU({an}s2i): {an}r> is a sequence in F and oy < g < -+ }
is a suitable coideal basis with the (D)-property for (F, <,U).

Definition 2.19. Let (A, <, *) be a directed partial semigroup and (G, ) be
a semigroup. If a A-sequence {x)}reca in G satisfies the following property: for
every A1, A2 € A with A; < Ao, Tx, 40, = T, - T),, then we say that {z)}rea is
a A-system in G.

Definition 2.20. Let (A, <,*) be a directed partial semigroup and X be a
compact metric space. If {T*} ca be a A-system on End(X), then we say that
(X, {T*}ren) is a A-topological dynamical system.
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Definition 2.21. Let (X, {T*},ca) be a A-topological dynamical system and
z e X.

(1) If there exists a sequence {A,}22; in A tending to infinity such that
limy,_y0o T @ = z, then we say that x is recurrent.

(2) Let B be a coideal basis for (A, <, ) and B € B. If there exists A € B
with A C B such that limycy T*z = x, then we say that z is B-
recurrent.

Theorem 2.22 ([1, Theorem 3.6]). If a directed partial semigroup (A, =<, *)
admits a suitable coideal basis B with the (D)-property, then for every A-
topological dynamical system (X,{T*}xea) and B € B, X contains some B-
recurrent point.

Remark 2.23. By Remark 2.10, if z is B-recurrent, then it is also recurrent. By
Theorem 2.22 if a directed partial semigroup (A, <, *) admits a suitable coideal
basis B with the (D)-property, then every A-topological dynamical system con-
tains some recurrent point. But the following question is still open.

Question 2.24. Does every A-topological dynamical system (X, {T*}xea) con-
tain some recurrent point?

Definition 2.25. Let (A, <,*) be a directed partial semigroup and {\,}52
be a sequence in A. We define the finite product of {A\,}22; as

FP({)\H}ZO:I)Z{/\il*)\iz*---*)\ik:1Si1<i2<"'<ik,k‘EN}.

Proposition 2.26. Let (X,{T*},ca) be a A-topological dynamical system. If
a point x € X is recurrent, then there exists a sequence {A\,}°2, in A\ such
that for any open neighborhood U of x, there exists k € N such that for any
ANEFP({M\}2,), Trz € U.

Proof. As A is countable, enumerate it as {a1, ao, ..., @, Qni1,. .. . Let d be
a compatible metric on X. Fix an open neighborhood V; of x with diameter
less than 1. As z is recurrent, there exists Ay € A with oy < A1 such that
T*x € Vi. Then Vi N (T™)~(V}) is also an open neighborhood of x. Pick an
open neighborhood V5 of x with diameter less than % and Vo C ViN(T*)~1(17).
There exists Ay € A with as < Ay and A\; < A9 such that T*22 € V4. Then
TrM*r2g ¢ TMV, C V. Assume that A, Xo,..., A\, and Vi, Va,...,V, have
been found that

(1) Ai < /\i+1 fori=1,2,...,n—1;

(2) a; <A fori=1,2,...,n;

(3) Vigr1 C Vi (T*)" W, for i =1,2,...,n — 1;

(4) V; is an open neighborhood of z with diameter less than % for i =

1,2,...,n.

Pick an open neighborhood V,, 11 of x with diameter less than # and V41 C
Vo, 0 (TA)~Y(V,,). There exists A1 € A with a1 < App1 and Ay < Mg
such that T*"+1z € V,,4;. By induction, we get a sequence {\,}2%; in A and a
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sequence {V,,}5°; of neighborhoods of x satisfying the previous properties. It
is clear that A, tends to infinity and the diameter of V,, tends to 0 as n — oo.
For every k € N and any A € FP({\,}°2,), T*x € V;. Then the sequence
{An}22, is as required. O

3. Proof of the main result

In this section, we give the proof of the main result in this article. Before
doing this, we need some preparation.

Definition 3.1. Let (X, {T*}xca) be a A-topological dynamical system and
Y be a closed subset of X. If there exists a semigroup G of End(X) such that
for any g € Gand A € A, goT* = T* 0 g, Y is G-invariant and (Y, Q) is
minimal, then we say that Y is homogeneous in (X, {T*}ren)-

Lemma 3.2. Let (A, <,x*) be a directed partial semigroup and B is a coideal
basis for (A, <,*). Assume that (X,{T*}xen) is a A-topological dynamical
system, Y is a homogeneous subset of X and B € B. Consider the following
statements.
(1) For everye >0 and \g € A, there exist x,y € Y and X\ € B with A\g < A
and d(T*y, x) < &;
(2) For everye >0, z €Y and X\g € A, there exist y € Y and X € B with
Ao < A such that d(Ty,z) < &;
(3) For every e > 0 and \g € A, there exist z € Y and A € B with Ao < A
such that d(T*z, z) < e.

Then, we have (1) = (2) = (3).

Proof. (1) = (2) Since Y is a homogeneous subset of X, there exists a semi-
group G of End(X) such that for any g € G and A € A, goT* = T* o g and
(Y, @) is minimal. Fix e > 0, z € Y and \g € A. By Lemma 2.15 there exists
a finite subset G of G such that for every u,v € Y
3
in d(gu,v) < —=.
min (gu,v) < 5
There exists ¢ > 0 such that if u,v € X and d(u,v) < §, then d(gu, gv) < § for
every g € Gy. According to the hypothesis, there exist zg,yo € Y and A € B
with A\g < A and d(T*yg,z) < 6. Then for every g € Gy,
€
d(T(gy0), g0) = d(g(T yo), go) < >
Since there exists g € G such that d(gzo,r) < 5, we have that

d(T*(gyo), x) < d(T*(gyo), gzo) + d(gzo, z) < &,
which ends the proof.
(2) = (3) We fix e > 0 and A\g € A. Let zp € Y. By our hypothesis, there
exists Ay € B with A\g < A1 and z; € Y such that

AT 21, 2) < g
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Let mo = § — d(T)‘lzl,zo) > 0. Then there exists 0 < d2 < 5 such that

d(TMu, TMv) < 19 for any u,v € X with d(u,v) < d,. Again by our hypothe-
sis, there exist zo € Y and Ay € B with A\; < A9 such that

d(TkZZQ,Zl) < 0o < g

It follows that

AT (25), 20) < AT (), T (21)) + d(T 2, 20) < .
Assume that there exist z1,...,2zx € Y and Aq,..., Ay € B satisfying

d(T)‘i“*”'*)‘fzj,zi) < % foreach 0 <i< j<k.
Let
Nha1 = min{% —d(Tr+* "N 2): 0<i<j < k} > 0.

There exists 0 < g1 such that for every u,v € X, if d(u,v) < k41, then

d(T’\u,T’\v) <My forall A=A x---xX;,0<i<j<Ek.

By our hypothesis, there exist 25411 € B and A € B such that

MNk41

9
d(T)\k“Zk_;,_hzk) <41 < 5

Then for every 1 = 1,2,...,k
d(TAi'H*W*)\k*)\k*lzk_*_l, Zz) S d(T)\’:'*'l*“‘*)\k*)\kJrle_;_l,TAi'*'l*m*)\ka)

+ d(TAiHr** Ak g 2

)

< Mgt + d(THH Ny 2 < ;

Inductively, we can construct a sequence {z}7>, and {Az}72, such that for
each 0 <i < j,
€
d(T/\iJrl*m*/\j Zj, Z,L) < 5
Since X is compact, there exists 0 <1 < j such that d(z;,2;) < §. Let z = z;
and A = Aj4q % -+ x A;. Since B is suitable, A € B. Then we obtain that

d(T*2,2) < A(TAH**N 25, 2) + d(21, 2) < e
This ends the proof. O

Remark 3.3. In proving (2) = (3), we only use the assumption that Y is closed
rather than Y is homogeneous.

Proposition 3.4. Let (A, <,%) be a directed partial semigroup and B is a
coideal basis for (A,<,x). Let X be a compact metric space and G is an
abelian subgroup of Aut(X) such that (X, G) is minimal. Assume that £ > 1
and {T}}xen are A-systems on G for i = 1,.... L. Then the following four
statements are equivalent:
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(1) For every non-empty open subset U of X, B € B and \g € B there exists
A € B with A\g < X\ such that

¢
Un( (1)U #0.
i=1
(2) For every e > 0, for every B € B and Ao € A there exist x € X and
A € B with \g < A such that d(T?x,z) < e fori=1,2,...,¢.
(3) For every B € B there exists a sequence {\,}22, in B tending to infinity
and z € X such that

lim TiA"az:m, i=1,...,¢
n—o0

(4) For every B € B there exists a dense Gs subset A of X such that for any
x € A there exists a sequence {\,}2, in B tending to infinity satisfying

lim TiA"x:m, i=1,...,¢
n—oo

Proof. (2) = (1). Let U be non-empty open subset of X, B € B and A\g € B.
Since (X, @) is minimal, there exists a finite subset Gy of G such that X =
Ugea, 97 'U. Let € be a Lebesgue number of the open cover {g~'U: g € Go}.
There exist + € X and A € B with Ay < X such that d(T}z,x) < e for
i=1,2,...,L. Choose g € Gy such that z, T}z € g~'U for every 1 < i < /.

Hence
¢

gr € UN () (TH ).
i=1
(3) = (2) and (4) = (3) are obvious.
(1) = (4). Fix B € B. For every m € N and )\ € B, we set

1
A(m,A) = {xeX:d(x,Tf‘x) < — i= 1,2,...,6}.

It is clear that A(m,\) is an open subset of X. We first show the following
claim.

Claim: For every Ao € B, the set [Jycp 5, <x A(m, ) is dense in X.

Indeed, let U be a non-empty open subset of X. Choose a non-empty open
subset V' of U such that the diameter of V is less than % There exists A\ € B
with A\g < A; such that

‘
V@)V #£0.
i=1
Pick a point z € V' N ﬂle(Ti’\l)’lV. Then z, TNz € V for i = 1,2,..., 0.
As the diameter of V is less than -, d(z, TMz) < L fori=1,2,...,0. Then
zeUNA(m,\),.
To finish the proof of the statement, let

A= N1 NageB UneBag<aA(m, ).
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As B is countable, by the Baire’s theorem, A is dense G5 subset of X. It is
easy to see that z € X if and only if there exists a sequence {A,}7%, in B
tending to infinity such that

lim Tf‘"z: zfori=1,...,¢,
n—oo
which completes the proof of the claim. O

Remark 3.5. The “countability” assumption is needed in the proof of Proposi-
tion 3.4 (1) = (4) in order to use Baire’s theorem.

Now we give the proof of the main result.

Proof of Theorem 1.3. Without loss of generality, we assume that (X,G) is
minimal, otherwise we can replace X by a G-minimal subset of X. We proceed
by induction on ¢. For ¢ = 1 the theorem is valid by Theorem 2.22 and
Remark 2.23. Assume that the theorem holds for £ — 1. Let B € B and
{TPYsen, - {T}}x € A be £ A-topological dynamical systems satisfying the
hypothesis of the theorem. Set

Ay ={(z,z,...,x) € X" 12 € X},

g(x1,...,xe) = (921, ..., 9T¢).

If we set m: Ay = X, (x,2,...,2) — x, then 7 is a topological conjugacy

between (A, G) and (X, G). It follows that (Ay, G) is also a minimal system.
Then Ay is homogeneous in (X*, {T*}xca). We first show the following claim.

Claim: For every € > 0 and A\g € A, there exist z*,y* € Ay, and A € B with
Ao < A such that
d(T*y*, z*) < e.
Indeed, for 1 <¢ < /£ —1, set
R} =T} o (T7) .
Applying the induction hypothesis, we have the existence of x € X and a
sequence {\,}2; in B tending to infinity such that

lim Rl’»\"x:x fori=1,...,0—1.
n—sco
Let
z* = (x,2,...,x) and y* = ((T)") " a, (T)) Lo, ..., (T)) " La).
Then we have that
(T y* a*) = d(TM x Ty x -+ Te)‘"y*,x*)
=d((T} o (Té)‘")_lx, e ,TZ‘" ° (TZ\")_lx, x), (z,z,...,x))
=d

((Ri\”ac7 .. ,Rg\jlz,x), (z,z,--- ,x)).
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For every £ > 0 and )\ € A, we can select an large enough n such that A\, € B
with A, > A¢ and satisfying

d(T My, 2*) < e.

To end the proof, by Lemma 3.2, with the above claim we deduced that for
every € > 0 and Ag € A there exist x € X and A € B with A\¢g < A such
that d(T?z,r) < e for i = 1,2,...,£. Then the result follows from Proposi-
tion 3.4(2) = (3). O

Remark 3.6. According to Example 2.18 and Proposition 2.26, our Theorem 1.3
is a generalization of Furstenberg-Weiss’s multiple recurrence theorem (Theo-
rem 1.1).

Remark 3.7. A semigroup with a digital representation was studied in [3]. The
authors in [1] showed that a semigroup with digital representation in a proper
relation has s suitable coideal basis satisfying the (D)-property. Theorem 1.3
can be applied to this setting too.

Remark 3.8. In the proof of Theorem 1.3, we only require the (D)-property of
the suitable coideal basis B in Theorem 2.22. If Question 2.24 has a positive
answer or holds under some weak conditions, then Theorem 1.3 also holds under
those conditions.
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