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MINIMAL AND CONSTANT MEAN CURVATURE SURFACES
IN S* FOLIATED BY CIRCLES

SuNG-Ho PARK

ABSTRACT. We classify minimal surfaces in S® which are foliated by cir-
cles and ruled constant mean curvature (cmc) surfaces in S®. First we
show that minimal surfaces in S® which are foliated by circles are either
ruled (that is, foliated by geodesics) or rotationally symmetric (that is,
invariant under an isometric S!-action which fixes a geodesic). Secondly,
we show that, locally, there is only one ruled cmc surface in S® up to isom-
etry for each nonnegative mean curvature. We give a parametrization of
the ruled cmc surface in S? (cf. Theorem 3).

1. Introduction

In this paper, we classify minimal surfaces and surfaces of constant mean
curvature (cmc) in S, which are foliated by circular arcs or circles. Let S* be
embedded as the unit sphere in R* centered at the origin. We say that a smooth
surface ¥ in S? is foliated by circular arcs or circles, if there is a smooth one
parameter family of 2-planes {P;} in R?* such that, taking smoothly assigned
orthonormal frames {e;(t),e2(t)} in the 2-planes P;, the expression

X(t,0) = c(t) + r(t)(cos(f)eq (t) + sin(f)ea(t))

gives a nonsingular parameterization of ¥. We note that c(t) and r(t) are the
Euclidean center and radius of the circular arc on the plane ¢(t) + P;.

A surface in S? is said to be rotationally symmetric if it is invariant under
an isometric S'-action which fixes a geodesic. The smooth complete rotation-
ally symmetric surfaces of constant mean curvature are classified in [3]. In
particular, there are 5 qualitative types of rotationally symmetric cmc surfaces
analogous to the Delaunay surfaces in R3.

We first show that a minimal surface in S® which is foliated by circular
arcs is either part of a ruled minimal surface, that is, each circular arc of
the foliation is part of a geodesic, or part of a rotationally symmetric minimal
surface. Recently, Kutev and Milousheva classified minimal surfaces in S® which
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are foliated by circles [4]. They showed that there are two types of minimal
surfaces in S? which are foliated by circles. The first type is ruled, and the
circles of the second type are principal lines. Our result shows that the second
type surfaces are rotationally symmetric.

Helicoid is the only nonplanar ruled minimal surface in R? up to homothety
[1]. In S3, there is a one parameter family of ruled minimal surfaces [5]. On
the other hand, round cylinder is the only ruled cmc surface of given nonzero
constant mean curvature in R®. We show that there is only one ruled cmc
surface in S? for each nonzero mean curvature, whose parametrization is given
in Theorem 3.

2. Minimal surfaces in S® which are foliated by circles

In the following, S3 is embedded in R* as the unit sphere centered at the
origin. Let 1 : M — S® C R* be an isometric immersion of a Riemann surface
M. Then v is a minimal immersion into S® if and only if

where A is the Laplace-Beltrami operator on M [5]. If (x1,z2) is a local
coordinates of M, then

1 2
A:%Z

ij=1

9

where Y g;;da’da? is the metric of M, (¢%7) = (gr)”" " and g = det (gij) - In
general, if v is a unit normal vector field on M C S, then the mean curvature
H of M with respect to v is given by

0
ozt

1

Let ¥ be a smooth surface in S® which is foliated by circular arcs. Let {P;}
be the smooth one parameter family of 2-planes in R* containing the circular
arcs of foliation of ¥. We recall the result of Frank and Giering [2]. It says
that the frames {e;(t), ea(t)} of P; can be chosen in such a way, along with an
extension to an orthonormal frame {e;(t), e2(t), e3(t), e4(t)} of R*, that certain
Frenet type equations hold. We give a proof for the completeness.

Theorem A. Let {P;} be a smooth one-parameter family of planes in R*
passing through the origin. There is a one-parameter family of orthonormal
frame {e1(t), ea(t), e3(t), ea(t)} of R* such that e1(t) and ex(t) span P;, and the
following equations hold

e1 0 I3 k 0 el
€9 . -6 0 0 T )
(2) e3 - -k 0 0 7§ es |’

ey 0O -7 —m O eq4
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where ' = 8/0t and k* > 2.

Proof. Let {f1(t), f2(t)} be an orthonormal frame of {P;} smooth in ¢t. For
smooth f(t) = Y0,_ ,%i(t) fu(t) with 71 (t)* 4+ 72(t)* = 1, let

3) F@ =70 — S0, ) filt)

i=1,2

the projection of f’(t) onto P;-. For simplicity, we omit ¢ in the following.
Clearly

hi= = ST = B f2) fe
j=1,2
and
fo=fo — {f3, f1) fr-

We claim that there is an orthonormal frame {ej, es} of P; such that

(4) | & 12> 11 € |12 and (6, &) = 0.
We have
= =S =S =S g | = S ki
i=1,2 i=1,2 j=1,2 i=1,2

For each fixed ¢ € I, there exists a point (v1(t),y2(t)) € St where
o =(Fo.f0)= 5 s (i o, o)

attains minimum.
For a fixed ty € I, we may assume that (0,1) € S* is the minimum point

of ||f(to)||?>. Hence fa(tp) minimizes ||f(to)||?>. Since ||f(to)||? is quadratic in
71 (to) and ’72(t0) we have (f1 (to), f2 (to)) = 0 and (1,0) € S! is the maximum
point of ||f(t0)|\2 Therefore f(tp) maximizes ||f(t0)||2, and

1F(t0) 12 = ¥2 (ko) F1 (bo) |12 + 2 (to) | Fa (ko) |2

with [|f1(t0)|[* = [l f2(to)[|* > 0.

We define an orthonormal frame {e;(t),ex(t)} as follows. For each ¢, let
e1(t) and ex(t) be the unit vectors on P; corresponding to the maximizer and
minimizer of ||f(#)||? respectively. The above argument shows that e;(¢) and
eo(t) are smooth in ¢t with e; L es and (4) holds. We define e5(t) and ey (t) by

| €1 [les :==c1= €] — (e}, ea)ea, | €2 |lea :=co= €} — (€}, e1)er.
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From (3) and (4), we have (e;,e;) = d;; for 1 < 4,5 < 4. Hence

e = (e}, ea)ea + || €1 |les,

ey = (eh,er)er + || €2 [|ea,

ey =—| €1 |lex + (eh, ea)eu,

/!
/

L=l €2 |lea + (¢h, e3)es.

D

This completes the proof. (I

Using the above orthonormal frame of R*, a circle-foliated surface ¥ is
parametrized by

(5) X (t,0) = c(t) + r(t)(cos fe; + sin fes).
We note that ¢(t) and r(t) are the Euclidean center and the Euclidean radius
of the circle of foliation on the plane c(t) + P, where

r? + le()|® = 1.

We define ag, . .., a4 to satisfy

4
d(t) = Z i (t)es ().

Let ¢; = {(c(t),e;(t)) for i = 1,...,4. Clearly, ¢; = ¢a = 0. The following are
straightforward.
Xi = (a1 + 7' cos —rBsinf)e; + (ag + ' sinf + rBcosf)es
+ (ag + rrcosf)es + (aq + r7sinf)ey,
Xy = — rsinfle; + rcosfes.
Let
h:ASR? — R?
be the canonical isomorphism. A normal vector N of X is perpendicular to
X, Xy and X. Hence N is parallel to h(X; A Xy A X). Direct computation
shows that
hMX: A Xog ANX)=rcostcs(as +r7sinb) — cy(ag + rrcos )] eq
+ rsinf [cs(ag + r7sinf) — ca(as + recos )] es
+ [7"04(7“’ + a1 cosf + agsin @) — r%(ay + r7sin 9)] es3
— [res(r' + a1 cos 0 + azsin @) — r*(as + rrcos )] ey.
For the local classification of minimal surface foliated by circular arcs, it
suffices to assume that ¢ is in an open interval I. We consider two cases: I)

c(t) # 0 except for finitely many ¢t € I, or II) ¢(t) =0 on I. If ¢(t) # 0, then
c(t) = cz ez + caeq and, from (2), we have

d(t) = dyes + c3(—rer + neq) + ¢y eq + ca(—Tea — mes).
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X1 = —KC3, (g = —TCy4,

/ /
Q3 = C3 — NCy4, (g = Cy + 1)C3.

h(X: A Xog A X)

N =
(™) 7 [c3(aq + r7sinf) — cy(as + rrcos )]’

unless the denominator is 0. Note that || N|| # 1.

If IT) holds, then the circles of the foliation are geodesics and r = 1, ¢; =
a;=0fori=1,...,4. Then

h(X: AN XoANX)= —7sinfes + kcosfey.
In this case, we let
(8) N = —7sinfes + kcosOey.
For simplicity, we let
(9) N = ecosfe; + esinfes + ves + dey,

where € = 1 if ¢(t) # 0 and € = 0 if II) holds.
B. Lawson classified ruled minimal surfaces in S* (Proposition 7.2 of [5]).

Proposition 1. Every ruled minimal surface in S? is an open submanifold of
one of the surfaces My, given by

(10) T(x,y) = (cos ax cosy, sin ax cos y, cos x sin y, sin x sin y)
for some a > 0.

We give a proof of the proposition later.
Let E, F and GG be the coefficients of the first fundamental form of X:

4
E=|X?= Za? "% 41282 4+ 20 oy cos 0 + 21 g sin O
z—127“0416 sin 0 + 2ras B cos 0 + 2razk cos
+1r2k2 cos? 0 + 2ra,Tsin 0 + r27% sin? 0,
F =X, Xg=—rajsind + ras cosf + r28,
G = |Xp|? =r%
Let
l=Xu N, m=Xp- N, n=Xgg-N,
where N is given by (7) or (8). Let

H:=IG +nE —2mkF.
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Direct computation shows that

€ [a’l cosf + 1" — azBcosf + a1 Bsinf + afy sin§ — r3?
—agkcosl — rr2cos? § — a7 sin 6 — r72 sin? 0]
20 o ab + 2r'kcosf + ayk + K’ cos >
—rBrsin® — ayn — rrnsin 6
o)y +2r'7sinf + aot 4 r7’sin 6
(1) H= (S( +rBT cos O + agn + rEn cosd )
2?21 02 + 1'% + 1282 4+ 2r g cos B + 21y sin 0
—€er s —2ra1fBsind + 2rasf cos + 2rask cosf
+1r2K2 cos? 0 + 2rayTsin 0 + 272 sin? 0
—2(—er — ryksinf + ré7 cos 0)(—ray sinf + rag cos + r23).

Proof of Proposition 1. Let ¥ be a ruled minimal surface in S3. Then ¢(t) =0
and r = 1in (5) and H = 0. Clearly, a; = 0 for ¢ = 1,...,4. From (8), we
have k # 0. Let e =0, y = —7sinf and § = kcos @ in (9). Substituting these
into (11), we have

(12) H = nr?cos® 0+ nr2sin® 6 — (k'T — k7') cosOsin @ — BkT.

Hence /7 — k7’ =0, 1 (k% — 7%) = 0 and 7% — BT = 0. From &'t — k7’ =0,
we have either i) 7 = 0 and |k| > 0 or ii) |k| = a|r| > 0 for some constant
a>1.

If i) holds, then n = 0. Hence ¢} = 0, and X lies in a 3-dimensional subspace.
Therefore ¥ is part of a great sphere. If ii) holds with a > 1, then n = 0 and
B =0. Upon a change of the variable ¢, we may assume that k = 1. In (2), we
may let e; = (cost,sint, 0,0) and ey = (0,0, cos 7t,sin 7¢). Letting « = 7, ¥ is
parametrized by (10).

If ii) holds with a = 1, we may assume that x = 7. From H = 0, we have
n— B =0. Let ¢ satisfy ¢/ = 3. For

€1 =cospe; —singey, €3 =singe; + cosges,

€3 =cospes —singey, €4 =singes+ cospey,

we have €] = kés3, €, = Kéy, €5 = —ké; and €, = —kéy. By changing the
variable ¢, we may assume that x = 1. Then ¥ is the Clifford torus, which is
M. O

3. Local classification

We first consider the local case. Suppose that ¥ C S? is foliated by circular
arcs and let e, es, e3 and e4 be as in Theorem A. We note that a great sphere
admits various foliations by circles.

Theorem 1. A minimal surface in S® which is foliated by circular arcs is
locally either foliated by geodesic arcs, that is, part of a ruled minimal surface,
or part of a rotationally symmetric minimal surface, or part of a great sphere.
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Proof. Let ¥ be a minimal surface in S* which is foliated by circular arcs and
let (5) be a parametrization of 3 with e; and es satisfying (2). Let I be an
interval for which Theorem A holds.

(I) First we assume that K =0 on I. Then we have 7 = 0, and «; = 0 and
as = 0 by (6). If 8 = 0, then e; and ey are constant. This implies that the
plane P, of Theorem A is fixed. Then the plane P+, spanned by es and ey, is
also fixed, and c(t) lies on PL. If ¢(t) = 0, then X is a great circle, which is
impossible. Otherwise, the planes ¢(t) + P; are parallel. We may assume that
7 =0. Then a1 = a3 =0, ag = ¢ and ay = . Let C(t) be the circular arc
of the foliation on P;. Clearly C(t) lies on the hyperplane spanned by e1, es
and c(t), and the spherical center of C(t) is on the geodesic P+ NS3. It follows
that each circular arc of ¥ is part of circle invariant under the rotation of S3
fixing P+ NS3. Hence ¥ is part of a rotationally symmetric minimal surface.

If 8 # 0, then we define ¢ to satisfy ¢’ = 8. For

€1 =cospe; —singes, €o =singe; + cos @ es,

we have €] = &, = 0. Since é; and é; also spans P, P; is fixed and ¥ is part
of a rotationally symmetric surface as above.

(IT) Now we assume that x # 0 on I. (If necessary, we replace I with a
subinterval to assume that x # 0 on I.) (II-1) First assume that oy = 0 and
az =0 on I. From (6), we have two cases:

i) cs=0and ¢4 =0on I,
ii) c3=0and ¢4 #0on I.

In the first case, we have ¢(t) = 0 on I. Hence the circular foliating ¥ are
geodesic arcs and X is part of a ruled surface.

If the second case holds, then we have 7 = 0 on I from (6) and ¢(t) = ¢4 e4.
From X;- N = X - N =0, we have, in (9),

roy — car’ r

7= ca(az +rrcosf)’ T

The trigonometric polynomial c4(as + 7k cos )H is of degree 3. The coefficient
of cos 30 of cy(az + rrcosO)H is (1/2)r*cyk?. Since H = 0, we have x = 0.
This is a contradiction. Therefore if k # 0, oy = 0 and as = 0, then ¢(t) =0
and ¥ is part of a ruled surface.

(II-2) Suppose that x # 0, oy # 0 and az = 0 on I. From (6), we have
cs #0and apg = —7¢4 =0. If 7 =0, ¢4 =0 and oy = 0, then n = 0 from
(6). It follows that e} = 0 and c(¢) = c3es. Hence X lies in a 3-dimensional
subspace, and X is part of a great sphere.

If7=0,c4y =0 and ag # 0. Then czayH is of degree 2. The coefficient
of cos20 of czayH is (1/2)r3kn from (6) and 72 + ||c(t)||* = 1. Hence n = 0,
which contradicts a4 # 0.
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Suppose now that ¢4 # 0 and 7 = 0 or ¢4 = 0 and 7 # 0 on I. From
X;-N=X-N =0, we have
_cy(r'+arcosf) —r(ay +r7sinb)

c3(ayg +r7sinf) — cq(ag + 16 cos0)’

es(r’ + aq cosf) — r(as + rrcos6)
c3(ag +r7sinf) — cq(ag + 15008 0)

For the above v and J, the trigonometric polynomial
(c3(ag +r7sinf) — cy(as +rrcosf)) H

is of degree 3, and the coefficient of cos(36) is (1/2)rcsr [r?(k* — 72) + o] by
(6) and r% + |[c(t)||*> = 1. Since £ > 72 and H = 0, we have % = 72 and
a? = 0, which is a contradiction.

(I1-3) Now suppose that £ # 0, @1 = 0 and as # 0 on I. Then ¢5 = 0,
T #0,c4 #0and r2 + ¢] = 1. From (6), we have ag = —7cy, az = —ncy and
a4 = ¢y. Then

_ r(ag+7r7sin) —ca(r’ + azsind)  roy —1r'cy + 7sinf

ca(as + 1R cos0) ~ cylaz +recosh)

r

0=——:

C4

The trigonometric polynomial ¢4(ag + 7k cos 0)H is of degree 3, and the coeffi-
cient of cos 30 is (1/2)r2cyk(72 — r2k?). Therefore we have r?k? = 72. We may
assume that 7 = rk. Direct computation shows that the coefficient of cos 26
of cq(as + rrcosO)H is (5/2)r2c3k?n. Hence we have n = 0, and a3 = 0 from
(6). Then the coefficient of sin 26 of c4(az + rrcos@)H is (5/2)r?k%r’. Hence
r’ = 0. Since rr’ +c4cy, = 0 from 72 +¢c2 = 1, r and ¢4 are constant and ay = 0.
It follows that the coefficients of cos @ is —3rc,73. Therefore 7 = 0, which is a
contradiction.

(I1-4) Finally, suppose that x # 0 and a;as # 0 on I. From (7), we have
cq(r' + oy cos + agsin @) — r(ay + rrsinf)
c3(ay + r7sinf) — cq(ag + rrcos )

)

c3(r’ + ag cosf + assinf) — r(ag + rkcosf)

6 =
cs(ayg + r7sinf) — cq(ag + rrcos )

The trigonometric polynomial (cz(ay~+r7sinf)—cy(ag+rk cosd))H is of degree
3, and the coefficients of cos 30 and sin 30 are
1
57"204,% [TQ(FLz —72) (a2 —ad) + 20372]
and )
—57"2037' [7‘2(n2 — 71 4 (a? —a3) — 26421%2] ,
which must be 0. Therefore, we have

A +Ak? =0.
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This contradicts ajas # 0.

(IIT) Suppose that x = 0 at an isolated point ¢ty € I. The above result about
case (IT) shows that ¢(t) = 0 on I’ \ {to} for some subinterval I’ of I. Hence ¥
is ruled. d

4. Global classification

Now we give the global classification. For the following lemma, we recall
some results about rotationally symmetric minimal surfaces in S* from [3]. For
now, we use the stereographic projection of S?, that is, R? equipped with the

2 2 2

%. For an immersed surface M C R3, let N, be the
Euclidean unit normal of M. Let H, be the mean curvature of M with respect
to ds?, and let H, be the mean curvature of M with respect to the Euclidean

metric dz? + dy? + d2? in the direction N,. Then we have [3]

(1+1X%)
2

where X is the position vector of M and - denotes the Euclidean inner product.

Let ¥ be a rotationally symmetric surface in S, whose axis of rotational
symmetry is the great circle on the zy-plane centered at the origin O of R3.
Then the circles of ¥ are perpendicular to the zy-plane and the great sphere
centered at O. Let IIy be the plane containing the z-axis whose angle with the
rz-plane is 6.

Locally, we consider two cases: i) X NIl = @) except for a fixed 6y, or ii)
X NIy # () for  varying in some interval of [0,2m). If i) holds, then we may
let 6y = 0. Hence X lies on the plane IIj locally.

When ii) holds and X N1y # 0, let Cp and p be the Euclidean center and
radius of the circle X N1ly. For a point P € X N1y, let ¢ be the angle between
CpP and the ray CyO. Then ¥ is parametrized as follows:

X(0,¢) = (/14 p2 — pcos) (cos,sin,0) + (0,0, psin @).
Straightforward computations using (13) show that [3]

V2 +1p(p* +1)p" = p? +p* = 1)
2p(p + p? +1)3/2 '

metric ds? =

(13) Hs = He+X'Ne,

H, =
Lemma 1. Let ¥ be a complete rotationally symmetric minimal surface in S3.
Then % is either a great sphere or foliated by mon-geodesic circles.

Proof. We show that, if ¥ is not a great sphere, then no circle of ¥ is a geodesic.
Suppose that the above condition ii) holds. Then p satisfies

(14) p(p2+1)p”—,0/2+p4—1=0,

where / = & (cf. equation (25) of [3]). The solution of (14) is bounded and
periodic [3]. Therefore no circle of ¥ is a great circle.
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The first integral of (14) is
p
VRSV Y
where ¢ is a constant. Hence p’ is also bounded, and the graph of the polar
equation p = p(6) on the zy-plane is transversal to each ray 6§ = constant. It
follows that 3 is transversal to each plane containing the circle of foliation.
If i) holds, then the corresponding circles of 3 foliates the xz-plane. From

the above argument, we see that the circles of 3 should stay in the zz-plane.
Hence ¥ is a great sphere. (I

)

In the following theorem, the parametrization X is allowed to be singular
at isolated ¢ or f as long as ¥ is regular. As an example, one may consider the
foliation of S? C R? induced by the rotation of R? about the z-axis.

Theorem 2. Let ¥ be a complete minimal surface in S® foliated by circles.
Then 3 is either ruled or rotationally symmetric, or a great sphere.

Proof. Let X (t,0) be regular for ¢ € I and € in some interval of [0,27). By
Theorem 1, open part X, of ¥, where X (¢,60) is regular, is part of either i) a
ruled minimal surface, or ii) a rotationally symmetric minimal surface, or iii)
a great sphere with non-rotationally symmetric foliation.

Suppose that a circle C in the foliation of ¥ is not a great circle. Clearly
circles close to C are not great circles either. By Theorem 1, either ii) or iii)
holds. If ¥, is part of a rotationally symmetric minimal surface and not part
of a geodesic, then ¥ is rotationally symmetric by Lemma 1.

If ¥, is part of a rotationally symmetric minimal surface and part of a great
sphere or iii) holds, then all the circles of ¥ should lie in the great sphere by
Lemma 1. Hence X is a great sphere. (I

5. Ruled cmc surfaces in S3

Let v : M — S3 C R* be an isometric immersion of a Riemann surface
M with constant mean curvature H with respect to some unit normal v of
(M) C S3. Then 1 satisfies

(15) Avp = 2Hv — 2.

We use the results of §2 to classify ruled cmc surfaces in S?. Let ¥ be a
surface in S? which is foliated by geodesics and has nonzero constant mean
curvature H. Let (5) be a parametrization of 3. Let v = N/||N||. Since H of
(11) is computed with respect to N, the mean curvature H satisfies

(16) 2H(EG — F?)|N|| = H.
Theorem 3. Ruled surface of constant mean curvature H in S® is an open

submanifold of
X(t,0) = cosfe; + sinfey,



CIRCLE FOLIATED MINIMAL AND CMC SURFACES IN §* 1549

where e1 and es are part of an orthonormal frame e, ..., es of R* satisfying
er )’ 0o 0 1 0 el
€9 . 0 0 0 1 €9

(17) es o -1 0 0 2H es3
€4 0 -1 —-2H 0 €4

Proof. Suppose that ¥ is parametrized by (5). Since X is ruled, ¢(t) = 0 and
r =1. Then EG — F? = k?cos? 0 + 72sin? 6 with x # 0. One may let € = 0,
7 = —7sinf and § = kcosf in (9). Hence || N||?> = x%cos? 0 + 72sin® §. From
(11) and (16), we have
3
2H(EG — F?)|N|| — H = 2H (k* cos® 0 4+ 7% sin” §) 2
— (nx® cos® @ + n7?sin® 0 + (—K'T + K7') cos Osin 6 — BrT) = 0.

Since this equation holds for all 8, we have k% = 72 and
k% (2H|k| —n+ B) = 0.

We may assume that kK = 7 > 0. Straightforward computation shows that
1 k2 + B2
ax=1 {xtt - <5) Xy 20X, 4 10 ng}.
K K/, K K

Since v = N/||N|| = —sinfe3 + cosf ey in (15), the coefficient of e; of AX —
2Hv +2X is

’ 2
—p%cosf — k?cos — B sin + <ﬁ> sinf + — cos @ + Kk cos b,
K K

which is 0. From the coefficient of cos8, it follows that x = 1. Hence
n=2H+ f.

Let ¢ satisfy ¢/ = 8. For

€1 =cospe; —singes, €s =singe; + cos @ es,

€3 =cospes —singey, €4 =singes + cosgey,
we have

¢y =é3, €y =¢y, ¢ = —¢1 +2Hé, and &) = —é; — 2Hé;.
Then
X(t,0) =cos@é; +sinfés

is the desired parametrization of a ruled cme surface in S* with mean curvature
H and é;, és, €3 and é4 satisty (17). O
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