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UNICITY OF MERMORPHIC FUNCTIONS CONCERNING
SHARED FUNCTIONS WITH THEIR DIFFERENCE

BinéMAO DENG, MINGLIANG FANG, AND DAN Liu

ABSTRACT. In this paper, we investigate the uniqueness of meromorphic
functions of finite order concerning sharing small functions and prove that
if f(z) and A f(z) share a(z),b(z), 00 CM, where a(z), b(z)(# o0) are two
distinct small functions of f(z), then f(z) = Acf(z). The result improves
the results due to Li et al. ([9]), Cui et al. ([1]) and Lii et al. ([12]).

1. Introduction

Throughout this paper, a meromorphic function always means a function
which is meromorphic in the whole complex plane C. We assume that the
reader is familiar with the fundamental results and the standard notations of
the Nevanlinna theory (see [7,15,16]).

In addition, we denote by S(r, f) any quantity satisfying S(r, f) = o(T'(r, f))
as r — oo possibly outside of a set E with finite linear or logarithmic measure,
not necessarily the same at each occurrence. We say that a(z) is a small
function of f(z) if T(r,a) = S(r, ).

We use p(f) to denote the order of f. We say that two meromorphic func-
tions f and g share a IM (ignoring multiplicities) if f — a and g — a have the
same zeros. If f —a and g —a have the same zeros with the same multiplicities,
then we say that they share a CM (counting multiplicities), where a is a small
function of f and g.

For a meromorphic function f(z), we define its shift by f.(z) = f(z+¢) and
its difference operator by A.f(z) = f(z +¢) — f(2).

In 1929, Nevanlinna [13] proved the following famous five-value theorem.

Theorem 1.1. Let f(2) and g(z) be two nonconstant meromorphic functions,
and let a; (7 =1,2,3,4,5) be five distinct values in the extended complex plane.
If f(2) and g(z) share a; (j =1,2,3,4,5) IM, then f(z) = g(z).
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In 2000, Li and Qiao [10] proved that Theorem 1.1 is still valid for five small
functions, they proved:

Theorem 1.2. Let f(z) and g(z) be two nonconstant meromorphic functions,
and let a;j(z) (j = 1,2,3,4,5) (one of them can be c0) be five distinct small
functions of f(z) and g(z). If f(2) and g(z) share a;(z) (j = 1,2,3,4,5) IM,
then f(z) = g(2).

Recently, value distribution in difference analogue of meromorphic functions
has become a subject of some interests, see ([1-6,8,17]).

In 2014, Zhang and Liao [17], Liu et al. [11] proved the following result
independently.

Theorem 1.3. Let f(z) be a transcendental entire function of finite order,
and let a,b be two distinct constants. If f(z) and A.f(z) share a,b CM, then
f(z) = Acf(2).

In fact, Liu et al. [11] proved the following more general case.
Theorem 1.4. Let f(z) be a transcendental entire function of finite order,

and let a(2)(#£ 0),b(2)(Z£ 0) be two distinct small functions of f(z). If f(z) and
A.f(z) share a(z),b(z) CM, then f(z) = A f(2).

More recently, Li et al. [9], Cui et al. [1], Lii et al. [12], proved that Theorem
1.3 still holds for meromorphic functions of finite order if f(z) and A.f(z)
sharing oo CM. They proved:

Theorem 1.5. Let f(z) be a transcendental meromorphic function of finite
order, and let a,b be two distinct constants. If f(z) and A.f(2) share a,b, o0
CM, then f(z) = A.f(2).

A nature problem arise: Does Theorem 1.5 still hold if f(z) and A.f(2)
share a(z),b(z) and co CM, where a(z),b(z) are two distinct small functions of

f(2)?

In this paper, we study the problem and give a positive answer to the ques-
tion.
Theorem 1.6. Let f(z) be a transcendental meromorphic function of finite
order, and let a(z)(# 00),b(z)(#£ 00) be two distinct small functions of f(z). If
f(2) and A f(2) share a(z),b(z ) oo CM, then f(z) = A.f(2).
Example 1.7. Let f(z) = 9224-1’ ¢ =i, a(z) = 0. Then A.f(z) = f(z +
c)—f(z) = 2z+1 Obviously, A.f(z) and f(z) share a(z), 00, but A.f(z) #
f(z). This example shows that the number of shared functions can not be
reduce to two.

2. Some lemmas

Lemma 2.1. Let A(# —1) be a nonzero constant. Suppose that f(z) Z 0 is a
meromorphic solution of finite order to the following difference equation

(1) Af(z)+ f(z+¢) =0,
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Then there exists a real number B > 0 such that T(r, f) > Br.

Proof. We consider three cases.

Case 1. f(z) # 0,00. Then f(z) = eP*), where p(2) is a polynomial. It
follows from (1) that p(z) is a nonconstant polynomial. Let p(z) = a,2z™ +
An_12""1 4+ -+ ag, where a,, # 0, n > 1. Hence there exists B > 0 such that

T(r,e*)
2

1 n
T(r, f) > ET(r, ) > > Br.

Case 2. There exists zo such that f(zp) = 0. Without loss of generality, let
z9 = 0. Then it follows from (1) that nc (n =0,1,2,...) are also zeros of f(z).
For |2nc| < r < |(2n + 1)¢|, we have

" n(t, EN 0, 1
T(r.f) = N(r. ) + 0(1) = / wdt+n<o,}>1ogr+0(1>

2n—1 [(G+1el 1 1
> ) j/ Zdt+n(0,?)1ogr+0(1)
|7
1
D logr +0(1)

f
)logr + O(1)

= (0
1

> nlog2+ n(0, 7

r=+|c| 1
> log2 4+ n(0,—)logr + O(1
o ©0.7) 1)
r
> —.
~ 4
Case 3. There exists z; such that f(z1) = oco. Without loss of generality, let
z1 = 0. Then it follows from (1) that nc (n = 0,1,2,...) are also poles of f(z).
For |2nc| < r < |(2n + 1)¢|, we have
T t _
1) 2 N ) = [ D2 0,108
0
21 (e
> Z j/ ;dt—kn(O,f) log r
J=1 Je
(2n)2n—1
> log m +n(0, f)logr
>nlog2+ n(0, f)logr + O(1)
> T;|_c||c log 2 + n(0, f)logr + O(1)
r
> —.
— Al

This completes the proof of Lemma 2.1. (I
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Lemma 2.2 ([4,5]). Let f(z) be a meromorphic function of finite order, and
let ¢ be a nonzero complex constant. Then

T(r, f(z+¢))=T(r, ) + S(r, f).

Lemma 2.3 ([4,5]). Let ¢ € C, let k be a positive integer, and let f(z) be a
meromorphic function of finite order. Then

Akf(z))

mr, == = S(r, f).

(- 555) = s

Lemma 2.4 (see [15] Theorem 1.51). Suppose that fi(z) (i =1,2,...,n) and
gi(z) (i=1,2,...,n) (n > 2) are entire functions satisfying

(i) 325 1fn( )69’ ) =o0.

(ii) g;(2) — gr(2) are not constants for 1 < j <k < n.
(111)F0r1<z<n 1<k<i<n,

T(r, fi) = o{T(r,e?* %)} (r— o0, r € E).
Then fi(z) =0 (i=1,2,...,n).

Lemma 2.5 ([14]). Suppose that f(z) is a meromorphic function in the com-
plex plane, and that F(z) = a,(2)f™(2) + an_1(2)f"1(2) + - - + ao(2), where
aop(z),a1(z),...,an(# 0) are small functions of f(z). Then

(2) T(r,F) =nT(r,f)+5(r f).

3. Proof of Theorem 1.6

Proof. Since f(z) and A.f(z) share a(z),b(z) and oo CM, and f is a transcen-
dental meromorphic function with finite order, combing that with Lemma 2.3,

we have
3) Acf(z) —alz) _ _ ea(®) Acf(z) —b(z) _ B(2)
f(z) —a(2) T f(2) = b(z) ’
where a(z) and f(z) are two polynomials such that
(1) max{dega(z), deg B(2)} < p(1).
It follows from (3) that
(5) (e — P f(2) = a(2)e®™® — b(2)e”™ — [a(z) — b(2)].
If ¢*(*) = ¢A(*) then from (5) we obtain
(a(z) — b(2))(e**) —1) = 0.

Since a(z) # b(z), we get e*(*) = 1, hence f(z) = A.f(2).
Next, we consider the case of e®(?) % ¢8(2),
It follows from (5) and the first equation in (3) that

a(2)e®®) — b(2)eP®) — [a(z) — b(z
©)  flz)= (2) :ﬁ(z)) _65(2)[ (z) —b( )]7
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e Lg(2)e®) —b(2)eP?) — [a(z) — bz
0 A = eoc(bzg zeﬁ(z) 22) ZVEM _ o peater — 1,

It follows from (6) that
Acf(z) = f(z+¢) = f(2)

_a(z+0)et) —b(z + )ePEF) — [a(z + ¢) — b(z + ¢)]
(8) o ec(z+c) _ eB(z+c)

3 a(2)e®) —b(2)eP?) —[a(z) — b(2)]
ea(z) — eB(2) ’
By (7) and (8), we obtain
[a(z) — b(2)]e*EToEHAHBE) L 1(2) — a(z + ¢) + b(z)]e ) Halz+e)

(2) = b(2)]e¥HHBEFTBGEF) _[g(2) 4 b(z) — b(z + )] HAGET)
[a(2) — a(z + ¢) + b(z)]eFTAIHAE)
[a(2) 4+ b(2) — b(z + )] HBE+e)
[a(

~ [a(z) — b)) + [a(z) — b(2)}eBEHO) = 0.
It follows from (6) and T'(r,a) + T'(r,b) = S(r, f) that

al(2)e®® Z b()eB® _ (alz) — bz
T(r, §(2)) = T(r, 2&) Zg ) _65(25 () = b)),

< 2(T(r,e*) + T(r, 6’8)) + S(r, f).

Hence, we have

(10) T(r,a) +T(r,b) = o(T(r,e®) + T(r,e?)).
By (10) and Lemma 2.2, we also obtain
(11) T(r,a(z +¢)) + T(r,b(z + ¢)) = o(T(r, e*) + T(r,e?)).

Next, we consider three cases.
Case 1. dega(z) > deg S(2). Then (9) can be rewritten as

(12) Hy(2)e2*?) 4 Hy(2)e®?) + Hy(z) = 0,
where
Hy(2) = [a(2) — b(2)]e2“HBE) 4 [a(2) — a(z + ¢) + b(z)]ePe*),
a(2) — B a(2) +b(z) — bz + )+
(13) +la(z+¢)=blz+c)] —[a(z) —alz+c)+ b(z)]eACa(zHB(z)
[

=
—
I3
~
Il
=
—~
N
~
+
S
N
|
S
—~
N
_|_
o
P
9]
™
O
+
=
N
+
&
|
=
—~
I3
_"_
o
~
|
S
—~
I3
_|_
o
Pt
D
=
X



1516 B. M. DENG, M. L. FANG, AND D. LIU

It follows from (10), (11) and dega(z) > deg B(z) that T(H;(2)) = S(r,e**))
(1=0,1,2). If Hy(z) # 0, then by Lemma 2.5, we have
2T (r,e®) + S(r,e%) = T(r, Hye®*) 4+ S(r,e)
=T(r,—Hye* — Hy) + S(r,e%)
< T(r,e®) + S(r,e%).

Hence, we get T'(r,e®) = S(r,e®). This implies e® is a constant, but it contra-
dicts deg a(z) > deg B(z) > 0.

By the same way, we deduce that Hy(z) = Hi(z) = Ha(z) = 0.

Hence, by (13) and Hy(z) = Hy(z) = 0, we obtain
(14) [a(z) — b(2)]e?® + [a(z) — a(z + ¢) + b(2)] = 0,
(15) [a(2) +b(2) — b(z + ¢)]e” T —[a(z + ¢) — b(z + ¢)]

+ [a(z) — b(2))ePEHI=BE) =,

It follows from Hy(z) =0 and (14)-(15) that
(16) PR+ (te) _ Bl+e)—B(z) _ [625(2) _ 1]6Ac04(2) =0.

Next, we consider two subcases.

Case 1.1. deg A.a(2) > deg 3(2). Then it is easy to deduce that e2#(*) = 1,
which implies that 3(z) is a constant satisfying e® =1, or e = —1.

If ¢’ = 1, then by the second equation of (3), we obtain f(z) = A.f(2).

If e# = —1, then it follows from (14)-(15) that

2b(z) —a(z +¢) =0,
2b(z) = b(z+c¢) =0.

Hence, we get a(z) = b(z), a contradiction.

Case 1.2. deg Aca(z) =degf(z) > 1.

Case 1.2.1. deg[28(z) — Aca(z)] = degB(z) and deg[208(z) + Aca(z)] =
deg $(z). Then (16) can be rewritten as follows.

4

(17) D Li(z)es) =0,
where
Lyi(z) = eAeP2), 91(2) = 28(z),
Lo(z) = —1, 92(2) = Acp(2),
L3(z) = —1, 93(2) = 28(2) + Aca(z),
La() = 1, 94(2) = Acal2).

Obviously, for any 1 <i < j <4, n=1,2,3,4, we have
T(r,Ly) = o0{T(r,e% %)} .
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Hence, it follows from (17) and Lemma 2.4 that Li(z) = La(z) = L3(z) =
Ly(z) = 0. But Ly(2) = e2PE)N(#£ 0), La(z) = —1(#£ 0), Ls(z) = —1(# 0),
Ly(z) = 1(3# 0), we get a contradiction.

Case 1.2.2. deg[28(z) — Aca(z)] < deg B(=). Let 28(z) — Aca(z) = —p1(2),
then A.a(z) = 28(2) + p1(2). So (16) can be rewritten as follows.

(18) i M;(z)e® =0,
i=1
where
Mi(z) = AP0 £ en®) () = 26(2)
Ms(z) = —1, 92(2) = A B(2),
Ms(z) = —eP1 (), 93(z) = 45(2)
Obviously, for any 1 <i< j<3,n=1,2,3, we have

T(r,M,)=o0 {T(r, eg"'*gj)} .
Hence, it follows from (18) and Lemma 2.4 that M;(z) = Ma(z) = M3(z) = 0.
But My(z) = —1(# 0), M3(z) = —eP*(*)(# 0), we get a contradiction.
Case 1.2.3. deg[20(2) + Aca(z)] < degf(z). Let 28(z) + Aca(z) = pa(2),
then A a(z) = —28(%) + p2(2). So (16) can be rewritten as follows.

3
(19) Z Mi(z)eg’i(z) =0,
i=1
where
Ml(z) — CACB(Z)7 gl(z) = 26(2)7
MQ(Z) — eAcﬁ(Z) €P2(z) 92(2;) =0,
M3 (z) = eP2(®), g93(z) = —2B(z).

IN

1< j<3 n=1,2,3, we have
T(r,M,)=o0 {T(r, eg"’_gj)} .

Hence, it follows from (19) and Lemma 2.4 that M;(z) = Ma(z) = M3(z) = 0.
But M, (z) = e2<#(2) (£ 0), we get a contradiction.

Case 1.3. degAca(z) = degf(z) = 0. Then S(z2) and A.a(z) are two
constants, and a(z) = Az + B, (A # 0). So, by (14)-(15), we obtain

[2b(2) — b(z + )](e” — 1) = 0.

This implies that e® = 1, or 2b(z) — b(z + ¢) = 0.

If e = 1, then it follows from the second equation of (3) that f(2) = A.f(2).

Next, we consider the case 2b(z) — b(z + ¢) = 0. In this case, we divide it
into two subcases.

Case 1.3.1. b(z) # 0. Then by Lemma 2.1, there exists D; > 0 such
that T'(r,b(z)) > Dyr. On the other hand, by a(z) = Az + B, there exists

Obviously, for any 1
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Dy > 0 such that T(r,e*(®)) = T(r, eA*+B) < Dyr. Hence, we have T(r, b(z)) >
B—;T(r, e®*)) but it contradicts with (10).

Case 1.3.2. b(z) = 0. Then it follows from (14) that (e +1)a(z)—a(z+c) = 0,
obviously, e® + 1 # 1. Since a(z) # b(z), we have a(z) # 0. Using the same
argument as case 1.3.1, we get a contradiction.

Case 2. dega(z) < deg 8(z). Then (9) can be rewritten as

(20) Ko (2)e?P®) + K, (2)eP®) + Ko(2) =0,
where
K(2) = — [a(2) = b(2)]e” 2P 1 [a(2) 4 b(2) — b(z + o)]e ),
Ki1(2) = [a(z) — b(2)]e®@TEH) _[a(2) 4 b(2) — b(z + ¢)]e*HTAAE)
(21) — [a(2) — a(z + ¢) + b(2)]e*EH) — [a(z + ¢) — b(z + ¢)]

+ [a(z) — b(z)]e?7),
Ko(2) = [a(2) — a(z + &) + b(2)]e*@ ) 1 [o(s + ¢) — b(z + ]e)
— [a(z) = b(z)]e*=Fe).
It follows from (10)-(11) and deg a(2) < deg 3(z) that T(r, K;(z)) = S(r,e’*)
(1 =0,1,2). Using the same argument as Case 1, we obtain Ky(z) = K;(z) =
Hence, by (21) and K3(z) = Ko(z) = 0, we obtain
(22) [a(2) = b(2)]e*®) — [a(2) + b(2) — b(z + )] = 0,
(23) [a(2) = a(z + ¢) + b(2)]e*F) + [a(z +¢) = b(z + )]
~ [a(z) ~ bR FI0E) =,

It follows from Ki(z) =0 and (22)-(23) that

(24) (R Hatte) _ ga(e)=a(z) _ [o2a(2) _ 1)oA:8() =

Next, we consider two subcases.

Case 2.1. deg A.3(z) > dega(z). Then it is easy to deduce that ¢?*(*) =1,
which implies that a(z) is a constant satisfying e* =1, or e® = —1.

If e* = 1, then by the first equation of (3), we obtam f)=Af(2).

If e = —1, then it follows from (22)-(23) that

2a(z) = b(z+¢) =0,
2a(z) —a(z+¢) =0.

Hence, we get a(z) = b(z), a contradiction.
Case 2.2. deg A B(z) =dega(z) > 1.
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Case 2.2.1. deg[2a(z) — A.f(2)] = dega(z) and deg[2a(z) + AB(2)] =
deg a(z). Then (24) can be rewritten as follows.

(25) 3 Ji(z)en ) =0,
where
Ji(z) = e gi(z) = 20(2),
Jo(z) = —1, 92(2) = Aca(z),
J3(z) = —1, 93(2) = 2a(2) + AcB(2),
Ji(z) =1, 94(2) = AcB(2)

Obviously, for any 1 <i < j<4,n=1,2,3,4, we have
T(r,Jn) =0 {T(r, egi_gf)} )

Hence, it follows from (25) and Lemma 2.4 that Ji(z) = Ja(z) = J3(2) =
Ju(2) = 0. But Jy(2) = €22 Jh(2) = —1, J3(2) = —1, Ju(2) = 1, we get a
contradiction.

Case 2.2.2. deg[2a(z) — A.B(2)] < dega(z). Let 2a(z) — AB(2) = —ps(2),
then A.B(z) = 2a(z) + p3(z). So (24) can be rewritten as follows.

3

(26) D Ni(z)e?) =,

i=1

where
Ni(z) = 2G4 ) gy(2) = 20(2),
NZ(’Z) = - ]-7 gQ(Z) = ACQ(Z),
N3(z) = —ePs®) 93(z) = da(2).

Obviously, for any 1 <i < j <3, n=1,2,3, we have
T(r,N,)=o0 {T(r, egi*gj)} .

Hence, it follows from (26) and Lemma 2.4 that Ni(z) = Na(z) = N3(z) =
0. But Ni(z) = e2ee(®) 4 er3(2) Ny(z) = —1, N3(z) = —eP*®), we get a
contradiction.

Case 2.2.3. deg2a(z) + A B(2)] < dega(z). Let 2a(z) + AB(z) = pa(z),
then A 3(z) = —2a(z) + pa(z). So (24) can be rewritten as follows.

3

(27) ZNi(z)egi(z) =0,

i=1
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where
Ni(z) = ePee®), g1(2) = 2a(z),
No(z) = — elea(z) _ em(Z)’ g2(2) = 0,
Nj(z) = eP1(®), 93(2) = —2a(z).
Obviously, for any 1 <i < j <3, n=1,2,3, we have

T(r,Nn) =0 {T(r,e% 9)}.

Hence, it follows from (27) and Lemma 2.4 that Ny(z) = Na(z) = N3(z) = 0.
But Ny (z) = e2*(3) we get a contradiction.

Case 2.3. degA.5(z) = dega(z) = 0. Then a(z) and A.5(z) are two
constants, and 3(z) = Asz + Ba, (A2 # 0). So, by (22)-(23), we obtain

[2a(z) — a(z + ¢)](e* — 1) = 0.

This implies that e® =1, or 2a(z) — a(z +¢) = 0.

If e = 1, then it follows form the first equation of (3) that f(z) = A.f(2).

Next, we consider the case 2a(z) — a(z + ¢) = 0. In this case, we divide it
into two subcases.

Case 2.3.1. a(z) # 0. Then by Lemma 2.1, there exists D; > 0 such that
T(r,a(z)) > Dyr. On the other hand, by 3(z) = Az + B, there exists Dy > 0
such that T(r,ef?)) = T(r,eA*+B) < Dyr. Hence, we have T(r,a(z)) >
%T(r, e#(2)), but it contradicts with (10).

Case 2.3.2. a(z) = 0. Then it follows from (22) that (e*+1)b(2)—b(z+c) = 0,
obviously, e® + 1 # 1. Since a(z) # b(z), we have b(z) # 0. Using the same
argument as case 2.3.1, we get a contradiction.

Case 3. dega(z) = deg 8(z). Then (9) can be rewritten as follows.

7

(28) N Wiz)en® =0,
=1
where
Wi(z) = [a(z) — b(z)]e?), 91(2) = 2a(2) + B(2),
Wa(2) = [a(z) — a(z + ¢) + b(2)]e?*), 92(2) = 2a(2),
Ws(z) = — [a(z) — b(z)]e2P) 93(2) = a(z) +2B(z),
Wa(z) = [a(2) + b(z) — b(z + ¢)]eBP), 9a(z) = 2B(z),
Wi(2) = —[a(2) — a(z + ) + b(z)]e2e) 95(2) = o(2) + 5(2),

) ]
2) + b(z) — b(z + ¢)]e2<P),
¢) —b(z + o)) — [a(z) — b(2)]e®*), go(2) = a(z),
Wr(z) = la(z) — b(z)]eAC’B(Z) —la(z +¢) = b(z+c)], g7(z) = B(2).

—
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5
—
I\
~—
I
=)
—
I
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If degla(2) — B(2)], degla(z) + B(2)], deg[2a(2) — B(2)], deg[28(2) — a(2)] are
all equal to dega(z). Then, for any 1 <i < j <7, n=12...,7, we have
T(r,Wy) = o{T(r,e%9)}. Hence, it follows from (28) and Lemma 2.4 that
Wi(z) =0 (i = 1,2,...,7). By Wi(2) = (a(2) — b(2))e2*) = 0, we get
a(z) = b(z), a contradiction.

Next, we only need to discuss the cases that some of degla(z) — B(2)],
degla(z) + B(z)], deg[2a(z) — B(z)], deg[2B8(z) — a(z)] are less than dega(z).

Case 3.1. degla(z) — B(#)] < dega(z). Let a(z) — B(2) = —pa(z), then
B(z) = a(z) + psa(z) and (28) can be rewritten as follows.

(29) Fy(2)e2*®) 4+ Fy(2)e*®) + Fi(2) =0,

where

F3(2) = [a(z) — b(z)]eAca(Z)-irm(Z) —[a(z) — b(z)]eAcﬁ(Z)-s-Qm(Z),

Fy(2) = [a(2) — a(z + ¢) + b(2)]e2<*®) 4 [a(2) + b(2) — b(z + ¢)]eRF)+2Pa(2)
a(2) — az + ) + ()=

—

+la(z) + b(z) — b(z + C)]eAcﬁ(z)} ePa(2)
Fi(2) = a(z +¢) — b(z + ¢) — [a(2) — b(z)]e2=>)
_ {[a(z +¢) = b(z+ )] — [a(z) — b(z)]edF@) } opa(2)
Obviously, for any 1 <4 < j <3, n = 1,2,3, we have
T(r,F,) = o{T(r,e™)}.

Hence, it follows from (29) and Lemma 2.4 that F;(z) =0 (i = 1,2, 3).
By F3 =0, we get

(30) eBeal?) _ oAcB(2)+pa() = (.
It follows from (30) and Fi(z) = 0 that
[a(z +¢) —b(z + o)][1 — PP = 0.

Combing this with a(z) # b(z), we obtain that eP+(*) = 1, this implies that
e®(?) = ¢f(2)  which contradicts with our assumption.

Case 3.2. degla(z) + f(2)] < dega(z). Let a(z) + B(z2) = ps(z), then
B(z) = —a(z) + ps(z) and (28) can be rewritten as follows.

(31)  Ga(2)e®*®) 4 G1(2)e*®) 4+ Gy(2) + G_1e™ ) 4 G_ge223) = 0,
where
Ga(2) = [a(2) — a(z + ¢) + b(2)]e*),
G1(2) = [a(z) — b(2)]e2¥EFPsG) L gz 4 ¢) — b(z + ¢)]
— [a(z) = b(z)]e?"),
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Go(z) = — {[a(z) —a(z 4 ¢) + b(z)]ePe?)
Ha(2) + b(z) = bz + e)]eAFE ),
G_1(2) = —la(z) — b(2)]eAPD25() 4 {[a(z) — b(z)]eP)
—[a(z + ¢) — b(z + ¢)]}ePs(?)
G_2(2) = [a(2) + b(z) — b(2 + )] +2ps(2),
Obviously, for any =2 <i < j <2, n=—2-1,...,2, we have
T(r,Gn) =o{T(r,e*)}.

Hence, it follows from (31) and Lemma 2.4 that G;(z) =0 (i = —2,1,...,2). By
Go =0and G_g =0, we get a(z) —a(z4+¢)+b(z) = 0 and a(z)+b(z)—b(z+c) =
0, which implies a(z) = b(z), a contradiction.

Case 3.3. deg[2a(z) — B(2)] < dega(z). Let 2a(z) — B(z) = —pe(2), then
B(z) = 2a(z) + ps(#) and (28) can be rewritten as follows.

(32) Z Dy(z)e’) =0,
i=1

where
Di(2) = [a(z + ¢) = b(z + ¢)] — [a(z) — b(z)]e®*),
Dy(2) = [a(2) — a(z + ¢) + b(z)]e*)
+{la(z) — b)) P@) ~ [a(z +¢) — bz + ¢)] } o,
Da(2) = —{[a(z) — alz + ) + ()]
Ha(2) + b(2) = b(z + e)]eAFE e,
Da(2) = [a(z) — b(2)]eB=@E@+P6() 1 [a(2) + b(z) — b(z + ¢)]edeFE)+20s(2)
Ds(z) = — [a(z) = b(z)]eR? () +200 (),
Obviously, for any 1< <j <5,n=1,2,...,5 we have
T(r,D,) = 0{T(r,e™)}.

Hence, it follows from (32) and Lemma 2.4 that D;(2) =0 (¢ = 1,2,...,5). By
D5 =0, we get a(z) = b(z), a contradiction.

Case 3.4. deg[28(z) — a(2)] < dega(z). Let 28(2) — a(z) = —p7(2), then
a(z) = 28(z) + p7(z) and (28) can be rewritten as follows.

(33) ZX =) =,

where
X1(2) = [a(z) = b(2)]e*P) — [a(z + ¢) — b(z + ¢,
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Xa(2) = [a(z) + b(z) — b(z + ¢)]e2F)

+{la(z + ¢) = bz + )] = [a(z) — bz)]ere @)} 72,

{
Xa(2) = = {[a(z) = alz + ) + b(z)]eAe )
Ha(z) + b(z) = bz + )] } 7o),
Xu(z) = [a(z) — a(z + ¢) + b(2)]e2e@H27() _[q(2) — b(z)]eRAE)TP7()]
X5(2) = [a(z) — b(z)]eRe()F+2p1(2)
Obviously, for any 1 <i< j <5, n=1,2,...,5, we have
T(r,X,) =o0{T(r,e)}.

Hence, it follows from (33) and Lemma 2.4 that X;(z) =0 (¢ = 1,2,...,5). By
X5 =0, we get a(z) = b(2), a contradiction.
Thus, Theorem 1.6 is proved. ]
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